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A New Method of Analyzing Stresses and 
Strains in Work-Hardening 
Plastic Solids 


By WILLIAM PRAGER,? PROVIDENCE, R. I. 


For work-hardening plastic solids, segmentwise linear 
yield conditions and the associated flow rules constitute a 
reasonable compromise between the mathematically con- 
venient but physically unsound total stress-strain laws 
and the physically sound but mathematically inconven- 
ient incremental laws. They allow total stress-strain 
laws to be used in the small, but retain the characteristic 
features of incremental laws in the large. The use of a 
segmentwise linear yield condition and the associated 
flow rule is illustrated by the analysis of the bending mo- 
ments and deflections of a simply supported circular 
plate that is made of a work-hardening material and sub- 
jected to a uniformly distributed transverse load. 


1 INTRODUCTION 


S far as perfectly plastic solids are concerned, recent years 
A have brought significant advances in both the general 
theory and its applications to specific practical problems 
Advances in the field of work-hardening solids have been less 
spectacular and have affected primarily the general theory. 
Foremost among these is the achievement of a better understand- 
ing of the general structure of stress-strain laws in the work- 
hardening range. As a consequence of this, theoretical work in 
this field is now based exclusively on incremental stress-strain 
laws; except for the case of proportional loading, where they can 
be shown to be integrated forms of incremental laws, total stress- 
strain laws have been discarded by the theoreticians. How- 
ever, because the total laws are mathematically more convenient 
than the incremental laws, many solutions of specific problems 
offered in the contemporary literature are still based on the total 
laws. In a typical paper of this kind, the author begins by stat- 
ing that, in principle, these laws are physically unsound; he then 
proceeds to argue that, in the particular case treated in his paper, 
they may all the same be expected to yield approximately correct 
results, even though the conditions for proportional loading are 
not completely fulfilled. 

The present paper indicates a compromise designed to avoid 
this paradoxical situation. It is shown that segmentwise linear 
yield conditions used in conjunction with the appropriate flow 
rules assure the mathematical advantages of the total stress- 


1 The results presented in this paper were obtained in the course of 
research sponsored by the Office of Naval Research, under Contract 
Nonr-562(10), with Brown University. 
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strain laws without sacrificing the essential features of the incre- 
mental laws 

The following section is devoted to some models of the mechani- 
cal behavior of plastic solids, and the advantages of segment- 
wise linear yield conditions and the associated flow rules are dis- 
cussed with the aid of these models. In section 3 the bending of 
a simply supported circular plate by a uniformly distributed trans- 
verse load is treated as an example. The rigid, work-hardening 
plate material is supposed to obey Tresca’s yield condition and 
the associated flow rule. 
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Fig. 1 shows the simple model which the author used in his 
James Clayton Lecture (1)* to represent the mechanical behavior 
of plastic solids under uniaxial stress. The slotted plate A slides 
freely between horizontal frictionless guides B. The pin C slides 
without friction in the slot and imparts a motion of the plate only 
when it engages with one or the other end of the slot. Each of the 
plate A, the guides B, and the pin C carries a vertical index and 
these indexes are originally aligned. For the rigid, perfectly 
plastic solid with the stress-strain diagram of Fig. 2(a), the dis- 
placement of the pin index with respect to the plate index repre- 
sents the stress a, and the displacement of the plate index with 
respect to the guide index represents the strain €, the total free 
displacement of the pin in the slot corresponding to twice the 
yield stress oo. 

The same device can be used for the rigid, work-hardening 
solid with the stress-strain diagram of Fig. 2(b). The manner in 
which stress and strain are represented in this case is indicated in 
Fig. 1, where c denotes the constant slope of the work-hardening 


* branch of the stress-strain diagram. 


Fig. 3 shows a similar model which represents the mechanical 
behavior of plastic solids in plane stress with fixed principal axes. 
The principal stresses are denoted by o; and o», and the cor- 
responding strains by €, and €;. The elliptical frame is mounted 
so that it can perform any translation in its plane. The per- 
fectly smooth pin P is free to move inside the frame and imparts 
a motion to the frame only when it pushes against it. 


? Numbers in parentheses refer to the Bibliography at the end of 
the paper 
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Consider first a rigid, perfectly plastic solid. Originally frame 
and pin are centered at the origin O of the €,, €-plane. As the 
frame is displaced by the moving pin, the vector from the origin 
O to the center C of the frame has the components €; and €, and 
the vector from C to the center P of the pin has the components 
@, and o2. The reader will readily verify that this model cor- 
responds to the yield condition and flow rule of von Mises. In- 
deed, the shape of the frame is dictated by von Mises’ yield con- 
dition (2); for plane stress this has the form 


o;? + o? — 0102 = 


where do is the yield stress in simple tension. Furthermore, in 
the absence of friction between frame and pin, the instantaneous 
translation of the frame is always directed along the exterior 
normal of the frame at the instantaneous point of contact be- 
tween pin and frame. This relation between the position of the 
point of contact (stress) and the instantaneous direction of motion 
of the frame (strain rate) corresponds to the flow rule which the 
theory of the’ plastic potential (3) associates with the Yield 
Condition [1]. 

The manner in which the model of Fig. 1 can be used for both 
the rigid, perfectly plastic and the rigid, work-hardening solids 
suggests that a reasonable stress-strain law for a rigid, work- 
hardening solid in plane stress can be obtained from the model 
of Fig. 3 by interpreting the components of the vector OC as 
cé, and cé2, and the components of the vector OP as a; and a2, 
Fig. 4. This is obviously an incremental law. Given the 
states of stress and strain (positions of pin and frame) and an 
infinitesimal stress increment (displacement of pin), the model 
predicts a uniquely determined strain increment (displacement 
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of frame), but various manners of stressing leading to the same 
final state of stress (various paths of the pin leading to the 
same final position) will result in different fina! states of strain 
(final positions of the frame). 

It is precisely this dependence of the strain on the history of 
stressing that makes the incremental laws mathematically in- 
convenient, because the final state can be determined only by 
following the loading process step by step. This cumbersome 
procedure is avoided when total laws are used, which establish a 
direct relation between the final states of stress and strain. 
Tota! laws, however, are physically unsound (4). 

The mechanical behavior indicated by the model of Fig. 4 
will not change radically if the elliptical frame is replaced by an 
inscribed polygonal frame provided that the polygon has a suf- 
ficiently large number of vertexes which are reasonably spaced 
along the ellipse, Fig. 5. From the mathematical point of view 
there is, however, an important difference between the stress- 
strain laws corresponding to the two types of frame. As long as 
the pin presses against one and the same side of the polygonal 
frame, the rectilinear translation of the frame is directed along 
the exterior normal of this side. The instantaneous position of 
the frame then depends only on (a) its position when the pin be- 
gan to push against the considered side, and (6) the instantaneous 
position of the pin. Similarly, as long as the pin remains engaged 
with a corner of the frame, the curvilinear translation of the 
frame is identical with that of the pin. In this case the instan- 
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taneous position of the frame depends only on (a) its position 
when the pin first engaged with the corner, and (b) the instanta- 
neous position of the pin. 

The use of a polygonal frame, i.e., the use of a segmentwise 
linear yield condition, thus results in a limited independence of 
the strain from the history of stressing. While this independence 
allows total stress-strain laws to be used “in the small,” the 
fact that the pin will as a rule come in contact with several sides 
and corners of the frame requires the successive use of different 
types of total laws. ‘In the large,” segmentwise linear yield 
conditions and the associated flow rules therefore lack the 
physically unsound features of total stress-strain laws. 
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Tresca Yietp ConpITION 


Rather than being merely a mathematically convenient ap- 
proximation, a segmentwise linear yield condition may represent 
the actual yield limit of a plastic material. For plane stress 
with fixed principal axes, for instance, Tresca’s yield condition 
(5) is represented by the hexagon in Fig. 6. 


3 EXAMPLE 


As an example illustrating the use of a segmentwise linear 
yield condition and the associated flow rule for a rigid, work- 
hardening material, consider a simply supported circular plate 
of the radius FR and the uniform thickness A that is subjected to a 
uniformly distributed transverse load of the intensity p per unit 
area of the horizontal middle plane of the plate. 

In the spirit of the technical theory of the bending of plates, 
the states of stress and strain at a generic point of the middle 
surface of the plate are specified by the radial and circumferential 
bending moments M, and My, and the radial and circumferen- 
tial curvatures x, and ky. The bending moments must satisfy 
the equation of equilibrium 


(rM,’) — Mp = —pr?/2. [2] 


where the prime denotes differentiation with respect to r. In 
terms of the deflection w = w(r) of the middle surface, the curva- 
tures are given by 

[3] 


So that earlier results regarding the incipient plastic flow can 
be used, it will be assumed that for the rigid, work-hardening 
plate the relation between the bending moments and curvatures 
is represented by a pin-frame model with the hexagonal frame in 
Fig. 6, where the labels in parentheses should be used and My, = 
ayh?/4. According to Hopkins and Prager (6), plastic flow then 
begins when the load reaches the intensity 


po = 6M)/R? [4] 
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and the bending moments at this instant are distributed along 
the radius according to 


r? 
M, = M, (: = ), M,=M 


At the onset of plasiic flow, the pin of the model corresponding to 
a generic value of r between 0 and FR thus is in contact with 
the side AB of the frame in Fig. 6; for the models corresponding 
tor = Oandr = R, the pins are at A and B, respectively. This 
situation may be briefly described by the statement that, at the 
onset of plastic flow, the plate center is in regime A, the plate 
edge in regime B, and the rest of the plate in regime AB. 

A plate element that enters into the plastic state in regime AB 
will have 
Me. = My + eto... [6] 


’ a ? 


Kk, = 0 
as long as it remains in this regime; it will change to regime 
when M, reaches the value M,; thereafter 


M, = M,+ cx, My = My + ck, 
as long as the element remains in regime A. 

Assume first that the neighborhood of the plate center remains 
in regime AB as the load intensity increases beyond po. Ac- 
cording to the first Equation [6], the deformed middle surface of 
the plate would then have a conical vertex at r = 0. The de- 
flection of a work-hardening plate cannot have this singularity; 
a central region of gradually increasing radius p must therefore 
enter into regime A as the load p grows beyond pp. According to 
Equations [6], [7], and [3], we therefore have 

rforr Sp 
cw'/rforr > p v 
When Equations [8] are substituted into the equation of equi 
librium, I quation [2], the following differential equation for w is 


obtained 


irst Equations [9] and [3 yield 


, on the other hand, 
w’ =Q@Q for r> p 1] 


The differential Equations [10] and [11] must be integrated under 
the following boundary and transition conditions: w’ = 0 at 
r=0,w = Oatr = R, and w, w’, and w” must all be continuous 


+=p. Thus 
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Substitution of the second Equation [12] into the second 


Equation [9] now furnishes 


> 
M, + PI for r>p [13] 
Sr 


When this is in turn substituted into the equation of equilibrium, 
Equation [2], there results the following differential equation for 


M, 
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which must be integrated under the condition that M, = 0 for 
r =R. Thus 





























p/p,* 1.50 
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{[(a) Radial bending moments M;; (6) circumferential bending moments 
Me; (c) deflections w; (M» = fully plastic moment; po = 6Mo/R*).) 


[15] 


Since r = p is the boundary between regimes A and AB, the 
radial bending moment must have the value M, for r = p. In 
conjunction with Equation [15] this condition furnishes the fol- 
lowing relation between p and p 


24Mo es a ® , 
p= = {3 (1 e) (16) 


For a given load intensity p that exceeds po, the value of p is 
found by solving the transcendental Equation [16] numerically. 
The deflection and the bending moments are then obtained from 
Equations [12], [8], [13], and [15]. 

Figs. 7(a-c) show the bending moments and the deflection as 
functions of r/R for some values of p/po. The nonuniformity of 
M, in Fig. 7(b) indicates the nonuniform work-hardening of the 
plate. The vertical marks across the curves of Fig. 7(c) indicate 
the boundaries between regimes A and AB. 
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Three “Neutral’’ Loading Tests 


By S. S. GILL, MANCHESTER, ENGLAND 


Three tests have been carried out using hollow tubes of 
alpha brass subjected to combined torsion and internal 
pressure. An initial torque was applied sufficient to cause 
plastic deformation, and then the torque was decreased 
and the internal pressure increased to keep the octahe- 
dral shear stress constant in two tests and the maximum 
shear stress constant in the third test. These loading 
paths were chosen because they would be neutral loading 
if the material obeyed the von Mises-Hencky or Guest yield 
criterion, respectively. Shear strain, axial, and 
circumferential strain were measured. All 2 
three tests gave some plastic strain during the 
‘‘neutral’”’ loading, but the constant maximum 
shear-stress loading gave much larger plastic 
strains than the constant octahedral stress load- 
ing. The plastic-strain increment vectors have 
been plotted to illustrate their direction rela- 
tive to the loading path. 





NOMENCLATURE 
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The following nomenclature is used in the paper: 
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INTRODUCTION 

Neutral loading tests have often been discussed in the investiga- 
tion of plastic stress-strain relationships. In order to satisfy the 
condition of “continuity” (Handelman, Lin, Prager, 1947),? an 
increment of stress which lies in the yield surface must produce 
no plastic strain. Hence, by carrying out a neutral loading test in 
which the state of stress lies on the yield surface, the change in 
strain should be entirely elastic. This is, of course, the prediction 
of an incremental stress-strain law. 
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longitudinal stress 
circumferential stress 
shear stress 

é, longitudinal strain 
€ circumferential strain 
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shear strain 

internal pressure, psi 
load on torque arm, lb 
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internal diameter of tube 
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mean diameter of tube 
tube-wall thickness 
octahedral shear stress 
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maximum shear stress 
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shear modulus 
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Other symbols are defined when they appear in the text. 
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Fic.1 Loapinec Parus ror THe Taree Tests 
Another problem to be investigated in the derivation of plastic 

stress-strain relationships is the dependence of the yield criterion 

on the history of loading and the possible existence of corners or 


2 ‘On Mechanical Behavior of Metals in Strain-Hardening Range,” 
by G. H. Handelman, C. C. Lin, and W. Prager, Quarterly of Applied 
Mathematics, vol. 4, 1947, pp. 397-407. 
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pointed vertexes in the yield surface produced by the Leas 
previous loading. Simple isotropic work-hardening PACKING 
theories assume that the yield surface increases in size PLUG ] — 

but remains constant in shape during loading. * t0-003" 

The experiments described here were carried out to | POLISHED | 
compare the von Mises-Hencky and Guest (maximum : 
shear stress) yield criterion for the material used. The 
tubes were initially loaded in torsion to cause plastic 
deformation, and then the torsion was decreased and 
the interna! pressure increased to keep either the octa- : o 
hedral shear stress constant in two tests or the maxi- aaa p tm 2 ~ catenins INLET BRASS TUBE 
mum shear stress constant in the third test. In one io be — boy Ay ae 
constant octahedral shear-stress test, the torque was re- 
duced to less than half its initial value, but in the other 
two tests the torque was only reduced to about three 
quarters of its initial value. No tests have been carried out on 
the yield criterion of this material in the fully annealed condition 
so that the tests represent an investigation of the yield criterion 
after different amounts of initial shear stress. Fig. I(a) is a 
sketch showing the loading paths followed in the three tests. 
Fig. i(b) shows a principal stress plot of the loading paths. 

If the material follows the von Mises-Hencky criterion, then we 
would expect purely elastic deformation for the first two tests and 
plastic deformation for the third. If the material follows the 
Guest criterion, all three tests would give purely elastic defor- 
mation. In fact, all three tests show some plastic deformation 
which suggests a tendency for the initial shear loading to stretch 
out the yield surface in the direction of the initial loading. This 
is shown diagrammatically by the dashed line in Fig. 1(a). In 
view of the fact that the initial yield surface was not established, 
this suggestion is not conclusive, but the path dependence of the 
yield surface is also illustrated by the results of the constant 
maximum shear-stress loading (see comments on results later) 
The number of readings in the region of the initial loading point is 
insufficient to investigate the existence of a pointed vertex on the 
yield surface, but the direction of the strain-increment vectors 
does not suggest a sharp corner. 
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GILL—THREE “NEUTRAL” LOADING TESTS 


EXPERIMENTAL DeralLs 


Materials and Specimens. The material used was a nominally 
pure 70-30 alpha brass. The composition was as follows: Cu 
71.78 per cent, Zn 28.07 per cent, Sn 0.08 per cent, Fe 0.07 per 
cent. It was annealed in a sealed box at 400 C for 1'/, hr and 
allowed to cool in the furnace. 

The test specimen for combined torsion and internal-pressure 
tests is shown in Fig. 2. The ratio of wall thickness to radius is 
relatively high but this had to be accepted in view of the difficulty 
of machining the long */;-in-diam bore and obtaining good con- 
centricity. 

Apparatus. A diagrammatic sketch of the apparatus is shown 
in Fig. 3 and a photograph in Fig. 4. Two roller bearings were 
provided in the housing for the torque arm so that there was no 
endwise restraint on the change of length of the specimen. 

The specimen was held in square sockets 0.062 in. larger than 
the square on the end of the specimen. Ground pads 0.031 in. 
thick were inserted on each side to hold the specimen tightly in 





~Insulation 


place. 
SrTRAIN-MEASURING APPARATUS 


Longitudinal Strain. The movement of each of two gage lines 
marked on the specimen was measured by a microscope with a 
micrometer eyepiece. The squareness of the gage lines to the 
axis of the specimen was checked before each test. The sensitivity 
was approximately 1 X 10~* strain on a 3-in. gage length. 

Diametral Strain. The change of diameter was measured by an 


electrical capacitance extensometer especially designed for the 


" = ° . " se 
purpose, Fig. 5. A change in diameter changed the air gap be- —a 
tween two sets of condenser plates connected in parallel. The Section A-A 


change of capacitance was measured by means of a Fielden ca- Fic.5 Larerat ExTensoMETER 
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6 ARRANGEMENT OF STRAIN-MEASURING INSTRUMENTS 
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pacitance comparator. This extensometer was calibrated against 
a Lamb’s lateral extensometer. The sensitivity was approxi- 
mately 1.6 X 107°. 

Angle of Twist. The angular rotation was measured by means of 
torsion mirrors attached on a 3-in. gage length. A circular scale 
was used with its center of curvature on the axis of the specimen. 
The sensitivity was approximately 1.7 X 10-5. A diagram of the 
arrangement is shown in Fig. 6. 


LoapING TECHNIQUE 


Throughout these tests a standard procedure was used in load- 
ing. After application of any increment of load the specimen 
was allowed to creep until the strain-measuring instruments were 
constant within the sensitivity of the instrument. The strain 
readings were then taken. 


Tue Loapine Pats 


If we assume a uniform state of stress throughout the wall 
thickness of the tube, then 
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pd, 
a. = 


where a = 21.54, 5 = 


sions. 


5, and c = 2.273 for the specimen dimen- 


The radial stress is taken as zero since it is zero at the outer sur- 
face of the tube where the strain measurements are made. 
For 7) = const = Ko, say the relation between p and T is given 
by 
2(b? + c? — be)p* + 6a?T? = 9K? 
For To = 
given by 


const = Kg, say the relation between p and T' is 
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GILL—THREE “NEUTRAL” LOADING TESTS 


RESULTS 


Figs. 7, 8, 9 show the curves of the load and strain variables for 
the three tests. These diagrams also show the strains predicted 


by a finite and incremental stress-strain law for the loading path: , 
where 


Fig. 7 7. = 3.88 tons per sq in. H 
Fig. 8 7) = 4.80 tons per sq in. ; : - 
ag Lan r os and is constant for the neutral loading. (B) refers to the values 
A-B is initial loading oi Y and 7 at the point B. 
B-C is constant 7» loading 

3 


C-G is unloading rl 
The dashed line gives the prediction of an incremental law, YIELD SURFACE 
which for this loading path reduces to Hooke’s law. 

The chain line gives the predictions of the following finite law 
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Fig.9 tg = 5.21 tons per sq in. 
A-B is initial loading 
B-C constant Tg loading 
C-G unloading 


The dashed line B-F gives the prediction of Hooke’s law through 
B, and the dashed line E-D gives the prediction of Hooke’s law 
through E. 

Yourg’s modulus = 6.67 X 10* tons per sq in. and Poisson’s 
ratio = 0.33. 

Since Figs. 7, 8, 9 all show plastic strains, it is useful to consider 
the direction of the plastic-strain-increment vectors relative to the 
yield surface. 

Consider a stress space in which the three co-ordinate axes 
represent T, 0;, and o,(Fig.10). Since o,/¢,is constant = 5/2.273 
= 2.2, we can define a variable a, such that 


o,= Voe+ o,; 
2.420, = 5.5 p 


We may consider a two-dimensional section of the yield surface 
with co-ordinates ¢, and tr. The three curves shown in Fig. 11 
are the loading paths for the three tests plotted in this way. 


Srrain-INCREMENT VECTORS 
If the plastic-strain increments 
dy”, de,”, de,” 
are plotted on the same axes as the stresses 7, ¢,, 0, so that 
dW = rdy” + ode” + oe,” 


is the increment of plastic work, then the plastic-strain-increment 


vector with components 
2 


dy?, dev, de? 
will be normal to the yield surface in this stress space (Drucker, 
1951). 

In this case 

**‘A More Fundamental Approach to Plastic Stress-Strain Rela- 
tions,” by D. C. Drucker, Proceedings of the First National Congress 
of Applied Mechanics, 1951, pp. 487-491. 
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5 
de,? 
2.273 


= rdy? + a3 (de,? + 2.2de,”) 
2.42 ‘ 


dW = rdy? +4, («er + 


= tdy? + o,de,” 


Hence the plastic-strain increments to be plotted for the same 
axes as T and @, are 
dy? and de,” 
where 
de,” + 2.2 de,” 


2.42 


de,” = 


These are shown in Fig. 11. Note that the strain-increment vec- 
tor at point 1 corresponds to the stress increment 1-2, the strain- 
increment vector at point 2 corresponds to the stress increment 
2-3, and so on. 

CoMMENTS ON RESULTS 

The fact that the constant 7» tests give small plastic strain sug 
gests that the yield surface is elongated slightly in the direction of 
the initial shear stress, as indicated in Fig. l(a). The strain-in- 
crement vectors, in general, do not deviate much from the normal 
to the constant 7o-curve so that the ro-curve is not very different 
from the true yield curve. The constant Tg test obviously gives 
larger plastic strains and corresponds to loading of the material. 
Note, however, that from point EZ the plastic strains are zero, and 
that “neutral” loading path E-C is definitely elastic unloading. 

The relative direction of the plastic-strain-increment vectors 
for points 4 to 9 of the constant rc-loading and for points 6-13 
of the 7) = 4.80 tons per sq in. loading is significant. The shape 
of the yield surface is clearly path-dependent. 


CONCLUSION 

Much smaller increments of stress will be required with conse- 
quently greater demands on the sensitivity and accuracy of the 
load and strain-measuring equipment, to investigate the loading 
surface in this manner. This work is in progress with a test piece 
of larger diameter/wall thickness ratio and with a more refined 
measuring technique. 
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A Method for Determining the Flexural 
Effects of Statically Loaded Beams 
on Multiple Elastic Supports 


By R. A. DI TARANTO,' PHILADELPHIA, PA. 


Herein is presented a means for calculating the static 
deflections, slopes, moments, and shears of a nonuniform 
beam on two supports for any end conditions and on three 
simple supports when subjected to concentrated loads 
and/or concentrated moments. The method is an exten- 
sion of a simple tabular procedure as used by Myklestad 
(1)? for use on a desk calculator or electronic digital com- 
puter. The procedure is such that it may be easily carried 
out by one who need not have any knowledge of beam 
theory. Influence coefficients may be easily and directly 
calculated for nonuniform beams on two and three elastic 
supports. The two-support beam is formulated for simply 
supported one overhang, two supports with linear and 
torsional springs, and fixed-fixed end conditions. Exten- 
sions of this method to any other boundary conditions are 
indicated. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


station number 

station number of right support 

station number of last station to left of beam 

station number of center support 

length of beam between station n and n + 1 

average stiffness between station n and n + 1 
deflection of mass n from equilibrium 

slope of elastic curve at station n 

shear to left of station n 

moment to left of station n 

slope at station 1 

deflection at station 1 

shear at right support 

shear at center support 

shear at left support 

slope coefficient of the ith unknown at nth station 
deflection coefficient of ith unknown at nth station 
moment coefficient of ith unknown at the nth station 
shear coefficient of ith unknown at the nth station 
an operator which multiplies shear and moment reactions 


at each support. It is zero if station under considera- 


1 Engineer, Defense Electronic Products Division of Radio Cor- 
poration of America. Formerly, Mechanical Engineer, Westing- 
house Aviation Gas Turbine Division. Assoc. Mem. ASME. 

? Numbers in parentheses refer to the Bibliography at the end of 
the paper. 

Presented at the National Applied Mechanics Division Conference, 
Urbana, Ill., June 14-16, 1956, of Tue American Society or Me- 
CHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, November 7, 1955. Paper No. 56—APM-24. 


tion is to right of jth support and is 1 if station under 
consideration is to left of jth support 
F = applied load 
Meg = external restraining moment at right support 
M, external restraining moment at last support 


INTRODUCTION 


Myklestad (1) presents a method for calculating deflections and 
influence coefficients of nonuniform cantilever beams and simply 
supported beams with and without overhangs. To quote Dr. 
Myklestad: “The method consists of using elastic coefficients to 
find the difference in slopes at the two ends of the beam and also 
the difference in the deflections when the slope at one end is zero 
The entire beam is then rotated about the support or end that 
has zero slope, until the boundary conditions at the other support 
are satisfied.’’ A tabular procedure is used to obtain the deflec- 
tions and influence coefficients. 

The method presented herein uses a similar tabular method, 
but accounts for all but the initial boundary conditions in a set of 
linear equations in terms of the initial deflection, slope, and 
reactions at each support and the known imposed concentrated 
loading. The coefficients of the unknowns in this set of equations 
are quantities which have been calculated in the tables. A solu- 
tion of this set of R equations with R unknowns can be obtained 
in terms of the coefficients calculated in the tables and the known 
imposed loading. These calculated values of the initial deflection 
and slopes and reactions at each support can be used in a set of 
linear equations to obtain the deflection, slope, shear, and 
moment at each station along the beam. 

The specific cases formulated herein are: 


A Beam on three elastic supports 
B Two supports 
I Simply supported—one overhang 
II Two supports—torsion and linear springs at each support 


III Fixed-fixed beam 


An example showing the use of the method on a fixed-fixed uni- 
form beam and the agreement between this method and the 
analytical solution are shown herein. 

GENERAL FORMULATION 

The nonuniform beam of Fig. 1 has s number of supports and is 
statically loaded by a load F. This beam is idealized te a weight- 
less beam divided into N stations, with a station located at each 
support, at each point of load application, and any other point at 
which one may be interested in knowing the deflection, slope, 
shear, and/or moment. The method of analysis takes the section 
between two stations and determines the deflection coefficients 
defined as follows: Cantilevering the section of the beam be- 
tween station n and (n + 1) at station (n + 1) we obtain the de- 


flection coefficients as 


deflection at station n due to a unit load at station n 
deflection at station n due to a unit moment at station n 


dp, 
dyn 
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Uy, = slope at station n due to a unit moment at station n 
Ve, = slope at station n due to unit load at station n 


Various methods for obtaining these deflection coefficients are 
available (1 to 4). One method is to take an average of the actual 
El distribution thus considering each station connected by uni- 
form stiffness beams. In this manner, the deflection coefficients 
become 


é,* 


dy, = —— 
-”: oe. 


1,2 
dy, Soy, = 2(ED), 


ln 

ty, = - — 

Me (El). 
These may be tabulated, as in Table 1, to furm a part of the data. 
Taking a typical section, shown in Fig. 2, with the sign conven- 
tion used herein, the relationship between deflection and slope at 
station (n + 1) in terms of these quantities at station n may be 
obtained. These quantities and the shear S, and the moment 

M,, are 


i 1, Qa+i i S,drp es M dun 


=a, S,.Upn —_ M 0Mn 


n 
i > S; 
3 
(n—1) n 
WSs — 75 >, My 
2 


The deflection at station n + 1 is the superposition of the deflec- 
tion at station n, the change in deflection from station n ton + 1 
due to the rotation of this section considered rigid and the elastic 
deflection of this beam considered cantilevered at station (nm + 1), 
loaded at station n by a moment M, and shear S,,. 

The slope at station (n + 1) is the superposition of the slope at 
station n and the change in slope between station n and n + 1 
caused by the elastic rotation due to the shear S, and moment 
M,, acting on the station n with the section considered cantilevered 
at station (n + 1). The shear at station n is the sum of all reac- 
tions and loads at station n and to the right of station n. 

The moment at station M,, is the sum of all moment contribu- 


M, 
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tions of reactions and loads to the right of station n plus all con- 
centrated moments at station n and all stations to the right of 
station n. 

Assuming a linear relationship of these quantities in terms of 
the unknown initial deflection 6 = y;, initial slope @ = a, reac- 
tions and imposed loadings P;, we have 


9400 + gd + ¥; >, HeDnP, 
Sond + f,8 + Yi ds Pj uf 


Goud + Gab + 7; >, GerpaP; 


n 
J 


The symbols are similar to those used by Myklestad (1). For ex- 
ample, the symbol gg, is the coefficient of the unknown initial 
slope @ whose product contributes to the deflection at station n. 
The symbol G;,,’ is the coefficient of the unknown initial deflection 
6 whose product contributes to the moment at station n. The P, 
include ali reactions and external forces. These may be sub- 
stituted in Equations [1] and coefficients of like terms equated to 
obtain the set of recurrence equations (see reference (6) for details) 





DI TARANTO—STATICALLY 


Deflection Coefficients 


Joint) = Jon — L.fe ati) 


n—l 
> LGodun 
i=! 
(n—1) 
Infonet — >, LGadun 
i=] 


, LS Pj 


+1) dr, 


LG Pj darn 


9rinst) = Grn — laf pins) + Irn LiGrdyn 


Slope Coefficients 


foinu 


Sru 


Moment Coefficients 


Shear Coefficients 
G6, 
G5, 
Cup. = 


Gr, 


These recurrence equations may be tabulated for ease of calcu- 
lation in tables similar to those shown in Tables 2 and 3. 

At this point, we have been able to account for the initial slope, 
initial deflection, and all reactions by computing their various 
coefficients at each station to the left of where they start, and 
carried these quantities along as unknowns. The imposed loading 
is carried along as an unknown reaction and its coefficients are 
computed station to station from its point of application to the 
left end of the beam. 

To evaluate the unknown initial deflection and slope and all 
reactions (which constitute R unknowns) in terms of the known 
loading, we must set up R equations based on the remaining 
boundary conditions. These R equations will have as the co- 
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O— Denotes quantity in same row 
Denotes quantity in preceding row 


efficients of the unknowns, quantities previously calculated by 
After solving for these un- 
deflection, 


the use of the recurrence equations. 


knowns in terms of the applied loading, the slope, 


at each station may be obtained by using 
Equations [2] where the coefficients at each station have 
calculated in the tables and the unknown initial slope @, initial 
and shear at each sup- 


moment, and shear 


bee n 


deflection 6, moments at each support M ,, 
port P; have been determined. The method will be clearer as the 


various conditions are formulated 
Tue Case or Turee Evastic Supports (Fia. 3 


As a first step to solving this problem the tables are calculated 
for ¢@ the slope at station 1, 6 the deflection at station 1, and Pp 
the shear at station 1, from station 1 to 6b; Table F, the external 
from the station of application to station 6; and a P, table 
These tables yield the necessary quan- 
The boundary condi- 


force, 
from station c to station b. 
tities to set up the boundary conditions. 
tions are 
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M, = 0 
Kb = Pz 
Ky, = P, 
Kay = Ps 
These may be written in terms of the calculated quantities 
Kilgo@ + 985 + gemcPr + gre) = P. 


Ks[9¢0 + gx + giprwPe + Or) 
= Gud + Gud + GerwPe + GpF | 


Ki6 = Pp 


M, = 0 = Gu'd + Ga'd 
+ Girgy'Pe + Geor'P. + Gn'F | 


Gee P, ; 
Io? + [ orn. + val Pp— K: = —grli 
1 2 


j Gee 
| 960 — K; ] ? 
9d» Ca Gir» 
2 = P 
+ [ os + K, KK K, | R 
7 on | P 


Greer Gr 
oo — —— | P, = | — 
+ [¢ Pe)b K; ] [ K; 


G , 
Gu’? + [ % + Gorn’ Ps + Gr »'P, = —Gp,F 
i 


This may be written in matrix form as: 


9b. 
[ orn + al 
Tob 98> 
K, ice + K, 


| eisen' + 
L 


Gp.’ 


78" 
K, 


or letting 


Ydp Gx Gira» 
A = - —- <n ee eee , 
9¢ ora + K, KK, K, Gir.» 


9b- G Pe . 
+ [orn + | [ euro» — faa Ges 


— i Gey P Gs,’ 
K; [0 EK ] [ Gms + Ge) 


1 


_— K, 


a Cx —_ Gor» é Gores 
a. me 
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+ l + Jd» Ge Gene | Cas’ 
— 7 “+. -- - 7 
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be Gon 
— | opr + > — — | Geo’ 
orn 4 K, ] [ o K, ] 7(Pe)b 


a! — Gires G he Go, 
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The deflection, slope, shear, and moment may now be calcu- 


lated as K2)° 
Yn = GonP + Gnd + GPR PR + gPdnPe + Genk R 


= fin® + fond + fier nPe + SironP. + SeaF 








= Cond + God + Gop Pe + GranP. + GraF Tables Pp and M, are calculated from station R to station 
= Gon'd + Gin’ + Gergyn'Pp b Table F is completed from the station of application to 
+ Gip.n'P, + Gp,'F station ) 
Boundary Conditions 
The case of three rigid supports means that K, = K, = K; = ~. 
Inserting this value for the springs reduces the expressions for A, 
A, B, and E to readily obtained simpler forms. 


The Case or Two Supports 


To keep a succinct form, in the foliowing cases, the tables to be 
calculated will be noted, the boundary conditions written, followed 


by the solution of the resulting equations. ., on ae 








1 Simple Support—One Overhang (Fig. 4). Tables ¢ and 6 are 
calculated from station 1 to station b. Table F is valeulated from 
station of application to station b. Table P, is calculated 
from station FR to station b. 

Boundary Conditions 


YR = Jor? + 5x9 + giprrPe + Orel 


Ye = Ged + 90) + geerePe + Orr solution of this yields 


1(MR)> 


K: 


j Grr , , Cofpe + Grp 
> = 4| Ge Im | Grr» 
' br 


. » GFR — ( F E ureC: + Gop’ + 
UPR» Gs; Gr ( A 


Gir 


j Gry 
J db GFR “— Ve = Gro * K 
Jie Jé 


IFR a f : ge + Gipgy»’ + 
: 3 


GbR 


oe 
a, [oe + Jor? MPR T K; 


9J5R 


von | Gerry’ 
- 2 Jor 
JPR» [Ga _— - ow'| 
sr 


Ua = 96nd + Gand + germnPe + greF........ [16] Where 


M, = = Goe'd + Gu'b + Geppgn’Pe + Gp'F ) ( 
) O(MR 


The solution of this yields 


where 


The deflection is 


2 Two Supports—Torsion and Linear Springs at Each Sup- a 
port (Fig. 5). Tables ¢and 6 are calculated from station 1 to b. 





JOURNAL OF APPLIED MECHANICS 


sill Ges’ | .. [19] 
Ez + Gir’ + c Soe + Ge (Cont. ) 


Giure , Gee Go 
— | sun» + & Go oe 


C, 
| ahem + Geer’ + C fu + - 
1 


The deflection is 


Yn = 96a + Gind + GiPRoPR + GitrnM ge + gp... [20] 














Fic. 6 


3 Fizxed-Fized Beam (Fig. 6). Tables Pg and M, are calcu- 
lated from station 1 to station b. Table F is calculated from the 
station of application to station b. 

Boundary Conditions 


% = 90 
a = 0 
These become 
9imrwM zp + GQiPR»PR = —GreF 
SimrwM 2 + fierwPr= —SrrF 


The solution of this yields 


Me = [9:ernt re — Oreofirr!) - 


Pre = |gmfitre — Gourot rr! 


where 


A= g urot PRY g Pret MR)d 


The deflection is 


Yn = 9uRnM ER + GePRmPR + Oral’ - .. [24] 


Example: An example of this method is given for a uniform 
fixed-fixed beam which has the following characteristics 


EI = 20 X 10° psi 
L = 30 in. 


The beam is arbitrarily divided into six sections with stations with 
equal lengths of 5in. A concentrated load of F lb upward (+) is 
applied 10 in. from left end. The data sheet, Table 1, is shown. 
Calculation of Tables Mz and Pz from station 1 to station 6 is 
shown in Tables 2 and 3. The F table is calculated from station 5 
to station b in Table 2. 

The values of g, G, G’, and f of each table at station b are used 
in Equation [23]. Solving for Pp and Mp, we obtain 
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Mz = —2.22F 


The values of y,, a,, M,, and S, may be calculated using equa- 
tions similar te Equations [13]. These resulting values are tabu- 


lated in Table 4, column A. The agreement with the analytically 
determined values in column B of the same table is almost exact. 


TABLE 4 
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INFLUENCE COEFFICIENTS 

The influence coefficients may be obtained by using the same 
boundary-value coefficients (in general, @, 6, P;, and M; tables) 
with each independently applied unit load at each station. Thus, 
in this case, an F table from station 2 to station b is calculated, Pp 
and M, evaluated, and then y,, evaluated using Equation [24] 
This is repeated for a unit load applied to each of the succeeding 
stations where the same Py and M, coefficients are used in each 
case. The resulting set of deflections at each station for the 
various unit loadings yields the required influence coefficients. 

Externally Applied Moment. An extension of this procedure to 
include externally applied concentrated moments is directly ob- 
tained by interchanging M, the externally applied moment, for F 
and computing the g,,, f,,, G,,, and G,,’ coefficients using the same 
procedure as is used for obtaining the moment-reaction co- 
efficients. The equations expressing the boundary conditions 
must be suitably formulated for each case, solved for the un- 
knowns in terms of the applied moment and then these quantities 
are inserted into the recurrence equations to obtain the deflection, 
slope, shear, and moment along the beam. 
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The Effect of Shear on the Plastic 
Bending of Beams 


By D. C. DRUCKER,? PROVIDENCE, R. I. 


The end-loaded cantilever beam of perfectly plastic ma- 
terial has been studied in considerable detail but many 
questions remain unanswered. Asa first step in extension 
to plates, the concept is explored of an interaction curve 
relating limiting values of shearing force and bending 
moment for perfectly plastic beams. Simple illustrations 
demonstrate that, far more than in the elastic range, such 
interaction is not just a local matter but depends upon the 
geometry and loading of the entire beam. Useful interac- 
tion curves are obtained, nevertheless, with the aid of the 
upper and lower bound techniques of limit analysis, choos- 
ing the maximum-shearing-stress criterion of yielding for 
convenience. It is shown, in particular, that although a 
small amount of shear produces but a second-order re- 
duction in the limit moment of beams, a small moment 
reduces the limiting shear value by a first-order term. 


INTRODUCTION 


LL beams to be considered are assumed to be made of an 
idealized material which is termed perfectly plastic. 
Perfectly plastic material is elastic up to the yield point 

and then flows under constant stress. The analysis of perfectly 
plastic beams in the plastic range is at present in a very satisfac- 
tory state. Bending usually predominates so that the concept of 
simple plastic hinges is sufficient in most cases. Should there be 
axial force in addition, the extending or contracting hinge de- 
scribed by Onat and Prager (1)* takes care of the situation. It 
might be expected that shear force could be included in a similar 
manner. 
considered, it would seem a simple matter to determine whether 
or not the beam is fully plastic at the section. In those problems 
where shear is important, an interaction curve relating V and M 
for fully plastic action would be most desirable for beams of 


If shearing force V and bending moment M alone are 


rectangular cross section, for I-beams, and for each shape in 
common use. Unfortunately, such a curve does not really exist, 
even for any one shape, because the geometry and loading of the 
entire beam are important, not the properties of the section alone. 

The rectangular beam only will be considered in what follows 
and an attempt will be made to clarify the reasons for the lack of 
a unique interaction curve. Studies of the cantilever beam under 
end load have been made by Horne (2), by Onat and Shield (3), 


! The results presented in this paper were obtained in the course of 
research sponsored by the Office of Ordnance Research, under Con- 
tract No. DA-19-020-ORD-3172, Project No. TB2-0001 (1086). 
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by Green (4), and by Leth (5). Much of the information to be 
presented here is contained, therefore, in this previous work but 
the relevant parts of each have not yet been compared in principle 
and some of the peculiarities of the results have not previously 
been explained. 

A start will be made by the analysis of cantilever and simple 
beams with constant shear force. The lower-bound technique of 
limit analysis (6) will be employed first to find a safe relation be- 
tween V and M and to provide reference values for the subsequent 
work. A local criterion will then be sought to relate limit values 
of V and M. The impossibility of complete success with such an 
approach will be discussed. The upper-bound technique of limit 
analysis (6) will then be applied to the simple span and compari- 
The 
cantilever will also be studied and its peculiarities noted. The in- 
fluence of the loading and the geometry away from the section 
Finally, by comparison of all the 


son made with the lower bound and the local criteria 


should then become clearer. 
results, a useful but by no means unique or exact interaction curve 


will be proposed 
Lower Bounps ror Beam or RECTANGULAR Cross SECTION 


The lower-bound theorem of limit analysis deals with states of 
stress which satisfy equilibrium and which do not violate the yield 
condition. For convenience the maximum-shearing-stress cri- 
terion will be assumed so that the maximum shear stress may not 
exceed 0o/2 where o> is the yield point in tension and in compres- 
sion. Any such equilibrium states of stress correspond to loads 
which are safe or at most at the limit load. 


p 





Fic. 1 CANTILEVER 
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Fic. 2 Simpve Span 

Figs. 1 and 2 show problems which are almost but not quite 
equivalent, a cantilever beam under end load and a simple beam 
under central loading. The equations of equilibrium to be satis- 
fied are, in the usual notation 


Oo,  OTy 
O2 Oy 


Or., , OG, 
Or Oy 


= 0) 
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If in Equation [2] o, is taken as identically zero, r,, is seen to be 
independent of z. Then from Equation [1], observing that c, is 
zero atx = 0 


The usual elastic solution with linearly varying o, and para- 


bolic 7,,, Fig. 3(a), satisfies equilibrium and will not violate yield 
anywhere if the maximum bending stress does not exceed a» and 
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Fie. 3 Equitiprium DistrisuTtions or STREss 


the shear stress at the neutral axis is no more than 00/2. Calling 
the maximum moment M = PL and the shear V = P, the lower- 
bound result is 
M < abh*/6 ) 
Mtaks Gass seis fl] 
V < obh/3 |} 


To obtain an interaction plot, designate the known limit moment 
for moment alone as M, and the limit shear for shear alone as Vo 


Mo = oobh*/4 ) 


. % f 
Vo 2 bh ) 


These values are obtained, respectively, by oo in tension below the 
neutral axis and oo in compression above and by a uniformly dis- 
tributed shear stress oo/2. 

The elastic solution then gives the lower-bound interaction plot 
shown as a square in Fig. 4 


M 2 V 2 
=—s— ~=—S> 
Mo 3 Vo 3 


Although most of the points are far too low (too close to the 
origin) the */3, 2/; point alone could be quite useful. Two other 
points which are known are 0,1 and 1,0. Asa yield or interaction 
curve must be convex (7) any line joining two lower-bound points 
must be a lower bound. Therefore all points lying inside the two 
inclined dashed straight lines of Fig. 4 give permissible combina- 
tions of V and M. 

The lower bound can be improved by taking a more elaborate 
distribution of normal and shearing stress than in Fig. 3(a) to 
satisfy the limiting maximum shear condition 


o,* + 4r,,* = a" 


over the entire critical cross section. Substituting the value of 
o, atz = L from Equation [3] gives the differential equation 


d 2 
ee 
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-see FIG. 34 + 
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Fie. 4 Lower-Bounp InrerRaction PLots 


The solution for positive y is 


2r., ae ( *) ) 
oo om 1— me 
oe h 


(1-2) | 
cos 1—— 
Jo L h } 


and is valid for h/L < 7/2 as illustrated in Figs. 3(6, c). For 
larger values of h/L the normal stress distribution separates into 
two '/,cycle loops, as shown in Fig. 3(d), and the shearing stress 
is constant at o)/2 in the central region D. 

Integration of Equations [8] leads to 


= 


T V 2 
— — < - 


2 ee T 
V/Vo > 2/x 
2 ee. f )]] 
_, h\2 | 
47, Dy¥ 
T h Vo 


The composite result is plotted in Fig. 4 and should be a very good 
lower bound indeed because equilibrium and yield are satisfied in 
areasonable manner. A modification of the linear distribution of 
bending stress and parabolic distribution of shear along similar 
lines to Figs. 3(c) and 3(d) would give a fairly good lower bound. 

An implicit assumption has been made, however, that the dis- 
tribution of shearing stress on the cross section z = 0 can be 
whatever is called for by the lower-bound solution. In a sense, 
therefore, the lower bounds for Fig. 3(a) and for Figs. 3(6, c, d) 
do not apply to exactly the same problem. There is no simple 
way of resolving this difficulty. Saint Venant’s principle cannot 
be appealed to for short beams, whether elastic or plastic, and does 
not generally have as much meaning in the plastic range. 


A Loca CrITERION oF Liuir LoapING 


It is customary in the derivation of the elastic moment-curva- 





DRUCKER—THE EFFECT OF SHEAR ON THE PLASTIC 


ture relation for beams in bending to analyze a very short length 
of beam between two neighboring cross sections. Shear, if in- 
cluded at all, is added by supposing constancy along the length of 
the beam. Free-end or support conditions are satisfied in the 
same nominal manner as in Fig. 3. In effect, therefore, the as- 
sumption is made for general loading that each element of the 
beam behaves independently and exerts no restraint upon its 
neighbor. 

The same assumption of independent action in the plastic range 
has much less justification, as will be seen. However, it will lead to 
interesting interaction relations between shear and moment. 
Suppose two neighboring cross sections are rotated and trans- 
versely displaced with respect to each other as in Fig. 5 or in some 
more complicated pattern as in Fig. 8. Transverse strain incre- 
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State or Stress aNp Strain INCREMENT aT Eacu Piastic 
Pont iN A Bent AND SHEARED Beam WITH oy = 0 
(Maximum-shearing-stress criterion of yielding assumed 


Fic. 6 


ments €,, €, accompanying the longitudinal strain increment e, 
are assumed unimpeded. Quite a bit of information can be de- 
duced about the state oi stress and of strain increment at each 
point in the plastically deforming body. 

It has been established within the framework of small-dis- 
placement theory that, at the limit load, the stresses are constant 
and the deformation is purely plastic (6). Consider a small ele- 
ment of the beam which is stretched plastically with strain 
increment €, and sheared plastically with increment ¥,,, Fig. 6(a). 
As in the previous section, the normal stress ¢, will be taken as 
zero or negligible. The Mohr’s circle for stress is as shown in Fig 
6(6). Assumption of the maximum-shearing-stress criterion of 
yielding then requires that all shearing be in the zy-plane, ¢, = 0 
As a consequence of the incompressibility in the plastic range of a 
material obeying the maximum shear rule the plastic and, there- 
fore, total strain increments must satisfy 


é+¢ =0 or & 
The Mohr’s circle for strain increment is thus centered at the 
origin, Fig. 6(c). As the principal directions of stress and of 
strain increment coincide 
2r 
Yew _ 


tan 20 = “re 
™ 0; 


[12] 


BENDING OF BEAMS 
Substitution in the yield criterion Equation [6] gives 


do 


y+ (Zz) | 


00/2 


2e, \* 
y+3) 
Yay 


at any point in the plastically deforming section. 


The assumed deformation of Fig. 5 in analytical form is y,, « 
, a constant over the depth of the beam, and 


where € is the maximum strain increment at the extreme fiber y 
h/2 orn = 1. 
and shear leads to 


Integrating Expressions [13] to obtain mome 
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2d 
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/\see FIG. 12d 
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Fic. 7 Interaction Curves 
Fig. 7 gives the interaction curve of M/M, versus V/Vo. 

The question which arises immediately is whether the curve 
represents actual limiting values, upper bounds, or lower bounds 
If the length Az of the beam were indeed free at its end cross sec- 
tions to carry V and M as it liked, the result would be an upper 


bound. A deformation pattern was assumed and the answer is 
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the same as would be found by following the upper-bound proce- 
dure of equating the work done by M and V to the energy dissipa- 
tion (6, 8). Stress or equilibrium conditions are not satisfied be- 
cause T,, is not zero at y = +h/2, except for y = 0. 

A plastic-deformation pattern of a quite different type can be 
taken as in Fig. 8 in which the outer regions of the beam stretch 
or contract without shearing and the inner portion D shears and 


pig - 2 


Fie. 8 Discontinvovus SHEAR Pius BENDING 


Vv 














changes length. An interaction curve can then be obtained for 
each value of D/h, Fig. 7. The lowest values will be found as y/e 
becomes indefinitely large. At this stage the inner region D is 
effectively under plastic shear alone and the shear stress will be 
o/2 


or) 
V = —bD 
2 


bh? bD* 
— — & — 


M= 
ss 4 


M 


i -. 15) 


which is appreciably below the local criterion corresponding to Fig. 
5 (see Fig. 7). 

Stresses corresponding to this deformation pattern are admissi- 
bie, the surfaces y = +h/2 are free of stress. Does this mean that 
one of the individual interaction curves or its lower limit is the 
true interaction curve? The answer must be no because Equation 
[15] is in fact below the lower bounds, Figs. 3, 4. The confusion 
arises because of the attempt to find a local criterion. Neither the 
deformation pattern of Fig. 5 nor of Fig. 8 will ordinarily be per- 
missible because of the remaining portions of the beam. Trans- 
verse strains required by Fig. 5 will be restrained by neighboring 
elastic (or rigid) regions as will even more the peculiar distortions 
of Fig. 8. If the upper-bound procedure of limit analysis is fol- 
lowed, it is necessary to include the energy dissipated by the mis- 
matching of the length Az and the undeforming remainder of the 
beam, Fig. 9. Such dissipation terms are finite and independent 
of Ar. They predominate, therefore, as Ar approaches zero. 


—— 
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Fic. 9 MuismatrcaHinc Requires Larce Enercy D1sstpaTion 

In the elastic regime, such mismatch or its equivalent is of 
second order with V constant. The curvature varies linearly 
along the beam and there is a gradual transition from the section 
of maximum moment to the section of zero moment. For elastic 
theory to have any validity, the length of the beam must be 
several times the depth so that shear strains 7y,, resulting from 


the variation of ¢, are not significant. At the limit load, on the 
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other hand, the deformation is entirely plastic and is strongly 
localized. The transition between deforming and undeforming 
material is abrupt. When bending predominates, a small length 
only is plastic. If in Fig. 9(@) the curvature of the plastic region 
is assumed instead to vary smoothly along Ar from zero to a 
maximum and back to zero, there will be no mismatch at the ends 
of the deforming portion. For Az small compared with h, how- 
ever, the y,, which is secondary in the elastic beam becomes pri- 
mary and has large energy dissipation associated with it. The 
mismatch trouble for pure bending is avoided by the plastic hinge, 
Fig. 10, which spreads out over a distance equal to the depth of 
the beam so that the criterion is in reality no longer local. 








Fic. 10 Prastic Hince 


In general, for both elastic and plastic members it is clear that 
a local criterion cannot apply in regions of rapidly changing cross 
section. Roots of notches, abrupt changes in depth, and fixed 
ends all require more elaborate theory for accurate analysis. The 
influence of the complete geometry and load distribution on the 
limit load appears in more detail in the further analysis of canti- 
lever and simple beams which follows. 


CANTILEVER AND Smmp_eE RecraNGuLarR BeEams—UppPeErR Bounps 


If a relation had been established between V/V, and M/M, 
the cantilever problem of Fig. 1 would be solved. The limit load P 
would be determined by the value of shear P and moment PL 

V M PL 


Ve oo M, __ bh? 


therefore 


— = — [16] 
Vo 2L Mo 
and the ratio h/2L would give the proper point on the interaction 
curve. Conversely, a solution of the cantilever under end load 
will help to clarify the interaction relation. 

Several solutions are available (2 to 5), including a fairly com- 
prehensive treatment of upper bounds by A. P. Green (4). When 
the beam is very long, an ordinary plastic hinge may be as- 
sumed. Some of the confusion in the detailed analysis of results 
is apparent from Fig. 11(a). Although the hinge is of the standard 
type, its center is h/2 from the fixed end. The support is as- 
sumed capable of applying stresses which keep an elastic triangular 
core adjacent to the fixed end and so strengthen the beam. When 
the beam is very short Green (4) and Onat and Shield (3) propose 
the circular are of sliding as in Fig. 11(6). The kinematic picture 
proposed by Leth (5) for an I-beam is appropriate for the short 
rectangular beam, Fig. 11(c). Again, as evidenced by the different 
points of view expressed in (3), (4), and (5), the length of the beam 
becomes questionable because of the restraint by the fixed end. 

A discussion of the simple beam centrally loaded, Fig. 2, does 
not resolve the inherent and important problem associated with a 
fixed end or any abrupt change in section. It does, however, 
simplify the analysis of the interaction problem. In particular, if 
the central hinge kinematic picture is assumed, Fig. 12(a), equat- 
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Fig. 11 Cantitever Unper Enp Loap 
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Fic. 12 Simpce Span—Uprper-Bounp Pictures 
ing work done by the forces P to the energy dissipated in plastic 
deformation gives the upper-bound result (6) 


PL <M A <1 
4S Mo M, * 


[17] 
This answer cannot be said to be unexpected, but it is not ob- 
tained for the cantilever, Fig. 11(a). 

Assuming a circular slip surface for very short beams, Fig. 12(b), 
equating the work done by the external load to the internal dissi- 
pation gives as an upper bound 


h oy A h 118] 
2 si . } 2 si 
Oe perme 


The angle W should be chosen to minimize P because the least 
upper bound is desired. The result of Onat and Shield (3) is then 
found (V = P 

Vv 

y, = 2y ctn Yy — 1 


[19] 


For very short beams, and consequently small M/Mpo, series 
expansion leads to the upper bound on the interaction relation 


(M = PL) plotted in Fig. 7 
3 ( M y 
8 \ Mo 


The discontinuous shear upper-bound picture, Fig.12(c), gives 


[20] 


th—D)? A 
bDL + ovb 


d 
PA = 
ak 2 


i SM @&D ute D\? 
bh? Mg hh a 
Cd 


eo 
Minimizing the upper bound by taking the derivative with re- 
spect to D/h and equating to zero 
D L 


= or 


h h 


D+Le=h 
Substitution of Equations [22] and [16] in [21] results in the 
upper-bound interaction relation 


M 
Mo 


[23] 
valid for L/h < 1 or M/My < 2(V/Vo) or V/Ve > '/s. Note 
that in Equation [23] first-order changes in V/V» at V/V» = 1 
correspond to first-order changes in M/M». As shown in Fig 
7, the upper bound, Equation [23], is a much better answer than 
Equation [20] for small M/Mo. 

Extension of the simple beam to the left and to the right of the 
lines of action of the forces P as in Fig. 13 provides an excellent 
illustration of the nonlocal character of the interaction relation 
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Fie. 13. Furtruer Evipence or Nonioca. Errecrs 


calculation. There will be no change in the upper bound com- 
puted from a hinge picture like Fig. 12(a) or a circular are of slid- 
ing as Fig. 12(6). However, comparing Fig. 12(c) and Fig. 13, it 
can be seen readily that Equation [21] does not contain a complete 
expression for the dissipated energy for Fig. 13. The (1 — D/h)* 
term must be doubled because bending occurs at the loads P as 
well as at the center of the beam. Here again is the mismatch 
trouble discussed earlier, Fig. 9(6), and the reason Fig. 8 leads to a 
result below the lower bounds of Fig. 3 

Returning then to a modified Equation [21] and minimizing 


the energy dissipated 
[24] 


and for 


is an upper bound on the interaction relation, Fig. 7. 
CoMPARISONS AND COMMENTS 


Fig. 14 compares several of the results obtained. It should be 
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14 Proposep INTERACTION CURVE AND COMPARISON OF 
REsuLTs 


Fie. 


kept in mind that if a unique interaction curve existed it would be 
convex (7). Although the local criterion is not necessarily either 
an upper or a lower bound and the lower bound corresponds to 
shear-stress distributions somewhat different from those of the 
upper bounds, it seems reasonable to take 


Hs asefi—(¥)' 

_- Vo 
or an expression close to Equation [26] as a working hypothesis. 
Such an approximation which nearly coincides with a lower 
bound and is not too far from possible upper bounds would seem 
satisfactory for practical and theoretical use. Polygonal or other 
approximations to the curve may well be more useful in particular 
problems (8, 9). 

As V/V» will rarely exceed 1/2, in most practical problems the 
effect of shear may be ignored completely. As the purpose of this 
paper is to elucidate the nature of the shear-moment interaction 
and not to solve problems, none will be solved. One of the main 
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points is that the interaction is not a local affair but depends upon 
the loading and geometry of the entire beam. Nevertheless, when 
all possible loadings are considered so that appreciable lengths of 
beam are at or close to yield, the local criterion of Fig. 5 may be 
close to a useful limit loading for large moment. Complete end 
fixity as in the cantilever of Fig. 11 or reinforcement of the cen- 
tral region of the simple beam will, of course, raise the limit loads 
still further above those discussed here in detail. All things con- 
sidered, it does appear that the concept of an interaction curve 
has enough value to warrant the selection of an approximation 
such as Equation [26] or for simplicity 


te (z ) 
yo” a 
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Impulsive Loading of Elastic-Plastic Beams 


By J. A. SEILER,? B. A. COTTER,?* anv P. S. SYMONDS,* PROVIDENCE, R. I. 


A simply supported uniform beam of ductile material, 
subjected to impulsive loading such that the initial 
velocity is a half-sine wave, is considered in this paper. 
The elastic and elastic-plastic motions are discussed under 
the assumption that plastic flow is confined to one cross 
section, and the final deformations are compared with 
those computed from an analysis which neglects all 
elastic deformations. The purpose of the work is to pro- 
vide further information which may help in estimating 
the range of validity of the latter (“rigid-plastic”’) type of 
analysis. 


INTRODUCTION 


T IS obviously important to have means of estimating the 
range of validity of the so-called “plastic-rigid” type of 
analysis of problems of impact and dynamic loading of 
beams. This assumes that the moment-curvature relation is as 
shown by Fig. 3, according to which the beam is rigid unless the 
moment is 4; when this moment is maintained at a cross section, 
unlimited rotations can occur across that section, which behaves 
as a “plastic hinge. 


” We also assume in this paper that: 

1 The limit moment M, is obtained as in the elementary plas- 
tic methods for beams and frames; effects of shear and axial forces 
are neglected. 

2 Strain-rate effects are disregarded. 

3 Geometry changes are neglected in the analysis. 


This plastic-rigid hypothesis allows solutions to be obtained 
much more simply than if elastic vibrations are taken into ac- 
count. However, the solutions so obtained can be expected to be 
reasonably accurate only if conditions are such that the energy 
absorbed in plastic deformation greatly exceeds the maximum 
amount of energy that could be stored in the beam in the form of 
elastic strain energy.‘ The significant quantity is the energy 
ratio R, defined as 


R energy absorbed in plastic deformation W, 
maximum possible elastic strain energy WwW, 


. , Ml 
In a beam problem W, can be conveniently taken as : 
2EI 
where | is the beam span. 
In order to find the value of # in a particular problem above 
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which the plastic-rigid method gives resulis accurate to within, 
say, 10 per cent (in so far as neglect of elastic deformations is con- 
cerned ), one must have available for comparison the results of an 
analysis of the same problem in which elastic deformations are in- 
cluded. 
beam problem in which both the elastic vibrations and the plas- 


Unfortunately, it is found that a complete solution of a 


ticity condition are taken into account is extremely difficult to ob- 
tain. No such solution has yet been found, valid in the range of 
variables in which the plastic-rigid solution is expected to be cor- 
rect. 

The particular problem discussed in this paper was selected as 
perhaps the simplest problem of dynamic loading of a beam 
The comparisons made between the results of the rigid-plastic 
solution and those of an “approximate” elastic-plastic solution 
are presumably typical of the comparisons which can be made in 
problems of this type. It is found that the two solutions have 
ranges of validity which do not overlap, and hence no judgment 
can be passed as to when the rigid-plastic analysis becomes a re- 
iiable method of attack. 

Aside from exemplifying the sort of comparison that can be 
made between rigid-plastic and elastic-plastic solutions, it is 
hoped that examination of a simple problem may aid in subsequent 
development of methods for extending the elastic-plastic analysis 
to the point where it can reliably be used to assess the accuracy of 
the rigid-plastic method of analysis. 


Evastic-PLastic AND Ruoip-PLastK 


SOLUTIONS 


CoMPARISON BETWEEN 
The sort of comparison between elastic-plastic and rigid-plastic 
solutions that is wanted can be illustrated by a simple mass-spring 


system, as suggested by Brooks and Newmark.* Fig. 1 indicates 


Fie. 1 


the system. Fig. 2 shows the spring characteristic assumed for the 
elastic-plastic analysis, while Fig. 3 shows that for the rigid-plastic 
solution. Q, is the “yield force” of the spring, the maximum 
force the spring can sustain either in tension or compression; in 
the elastic range the spring constant is k. 

The mass m is subjected to an impulsive force such that it has 
an initial velocity » and negligible initial displacement. Initially 
there is motion governed by the equation of elastic vibrations 


mé + kx [1) 


with starting conditions: t = 0; z The initial mo- 


tion is therefore described by 


Yo. 
sin pl 
Pp 


5 “Response of Simple Structures to Dynamic Loads,” by N. B 
Brooks and N. W. Newmark, Technical Report to ONR Contract 
N6ori-071(06) Task Order VI Project NR-064-183, University of Il- 
linois, Urbana, IIl., 1953. 
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Fig. 2 


p? = k/m 


The elastic phase terminates at a time ¢; at which the spring force 
becomes equal to Q,, so that 


ku . 
sin pl; [3] 
P 


Q, = 
For later times, ¢ > ¢,, the spring force remains constant at Q, 
and displacements are given by 


a Q (t 


on ty)? + vo (t— t) cos pt; + °. [4] 


The maxiraum displacement z, occurs at the time t; when #(t,) = 
0, and is easily found to be 
mv? Q 

—— eos? pt, + —* iden .- [5 
20, P k [5] 

On the other hand, if the rigid-plastic type of spring character- 

istic is assumed, then the spring force is constant at Q, during the 
whole motion, and the maximum displacement is found to be 


zy = 


: mv,? 6) 
zx,’ =—........ 
3. 


This occurs in a time ¢;’ at which the velocity vanishes, where 


, 


, = 


mMmUo 
Q, 
Now it is helpful to express these results in terms of the ratio R 


of the energy absorbed in plastic deformation to the maximum 
possible elastic-strain energy. We have in this problem 


¢ Jo? 
:) os = cos? pt, [8] 


W,=Q, (:,- 


0.2 
W, = Se, 
2k 


Hence 


WwW kmvo? 
R= 7 = ~ cos? pl; 


e v 
Using Equation [3] to express pf, in terms of R, we find 
2k 


»_ WY 
; = 1 
z, on + 1) 


(R + 2) [10] 


ry 


(11) 


The error involved in using the rigid-plastic analysis can thus be 
found in terms of R only. The per cent error is 
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z,’ 100 
71—"L x 100 = — (12) 


Ly R+2 
Thus, for example, if the error is to be less than 10 per cent, R must 
exceed 8. 


ImpuLsive MoTION oF A UN1trorM BEAM 


We turn now to an analogous problem of impulsive motion of a 
uniform beam, and attempt to make the same sort of comparison 
between solutions based on an elastic-plastic and on a rigid-plastic 
characteristic relation between bending moment and curvature. 

We consider a beam of length 2/, mass per unit length m, and 
elastic flexural rigidity EJ, subjected to an impulsive load such 
that the initial displacement and velocity functions are, respec- 
tively 
Wx 


Vo sin - 


[13] 
2l 


oy 
y(z, 0) = 0; (z, 0) = 
ol 


Positive directions of the displacement y, co-ordinate xz, and bend- 


oy = in Zs 
a 5y 0) # Ve sin FS 








ing moment M are shown in Fig. 4. End conditions of simple sup- 


port are assumed, so that 
y(O, t) = y(2l,t) = 0 | 


°? 
Y (2, t) = of 
ox? 


o*y 
(0, t) = 
Ox? 

The solution of this problem of initial motion will be obtained 
first on the basis of an elastic-plastic moment-curvature relation 
as illustrated in Fig. 2, and second on the assumption of rigid- 
plastic behavior, as in Fig. 3. 


Evastic-PLastic MoMENT-CURVATURE SOLUTION 

In the elastic-plastic treatment we have first an elastic motion, 
in which 

*y 


re) 
M = —El- [15] 
oz? 


The equation governing this phase is taken to be 
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re] 07, 
El : +m 4 
oz? of? 


= 0 {16} 
The solution of this equation satisfying the initial and end condi- 
tions stipulated in Equations [13] and [14] is 

4V kl? | we. wt 


ws sol ae 


[18] 


This elastic phase ends when the maximum moment in the 
beam reaches the limit moment magnitude My. This occurs at a 
time ¢, such that 


°? 
M(t) = M, = —El =< (l t) 
z 


and hence 


M, J mt, 19 
= 8 , 9) 
EIkV,  4kl? 


It is convenient to use a dimensionless “‘time’’ 9 defined as 
wt 


= [20] 
4k!* 


n 


At the instant », = 2*t,/4kl? we have 


4V,kl? | wer 
y(z,t,) = sin a 


7 [21a] 


Sin 


Oy ; eee 

(z, 4) = Vo» sin — cos n; . [21b] 
2! 

In the ensuing time interval there is an elastic-plastic phase of 

motion, with a plastic hinge at the beam mid-section.* This 

means that at z = | the bending moment remains constant at the 

value M,, while the slope angle is unrestricted in magnitude. 





J) 





i 
aA 
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Hence in this phase a solution of Equation [16] in the range 0 < 
xz < lis required, satisfying the end conditions (Fig. 5) 


a? 
— [22a] 


y(0, t) = 


°? 
EI— (1, t) 
oz? 


[226] 
The solution in this phase must also satisfy Equations [21] at time 
t;, as “initial” conditions. 

The required general solution may be written as 


y = Wz, t) + Y(z, t) 


where 


§ This is the procedure first used by Bleich and Salvadori.’ 
7™“Impulsive Motion of Elasto-Plastic Beams,”" by H. H. Bleich 
and M. G. Salvadori, Trans. ASCE, vol. 120, 1955, p. 499. 


Wz, t “2 # 
\z,t) = 


32(t — t,)* 
EI 40% = 4/ 2k2I5 


[Ao + Bolt —t,)]Jz + > X.(z) 


n=1 
A,%t — t) r,t — th) 
A,, sin + B, cos k 


X,(z) = sin A,/ sinh A,z + sinh A,/ sin A, 


Y(z, t) = 


and the X,, satisfy the equation 


tanh A,/ = tan A,/ 


A,/ = 


The function Y(z, ¢t) satisfies the “homogeneous’’ boundary 


conditions; i.e., has 

oY 

( 

oz? 
while (2, ¢) satisfies the end conditions Equation [22]. The co- 
efficients Ao, By, A,, B, must be determined so that the conditions 
on displacement and velocity at ¢ = ¢, are also satisfied 

By standard methods the following results are obtained 


; mS =») 
' BI \ gt : 280 


pn 12s 
7" sun Y 

: 3M iI*\/28 
< V2 El 


(—1)**! cosh A,/ 


wr! 
(sinh? A,,/ — sin? A,/) 
16A,, ‘14 . 


w( 


7M ol? 
4y/ 2El 


(—1)"*! cosh A,/ 


— ) (sinh*A,! 


f r 
rr ( 1 — 6,4 mnie 


where 
mEIV,? 
; 2M? 


The foregoing solution is correct provided both the following 
conditions are satisfied : 

1 The bending moment |(M(z, t)| < Mp at all points in the 
range 0 < 2 <I. 

2 The sense of the rotation across the plastic hinge must agree 
with that of the bending moment at the hinge. In the present 
problem, since M(l, t) = + Mo, the rate of relative rotation of the 
tangent lines across the plastic hinge must be such as to produce 
concave upward curvature. Hence if we consider the left-hand 
half-beam, 0 < z < I, we must have clockwise rotation of the 
tangent line at z = 1. The foregoing solution therefore holds 
good until a time ¢, is reached when 


2, 


(l,t,) =0 
ol Or ’ 
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The deformations computed at the instant ¢, are the maximum 
plastic deformations. The quantities of practical interest are the 
deflection 6, and slope 6, at the beam mid-point. To compute 
these we must first obtain t, by solving Equation [32], and then 
use the result in Equation [23)]. 

Good approximations are that a, = A,/ = nm + 2/4, tanh a, 
= 1, and sinh? a, > 1 for all n. Then using the notation 


2 
(ty — t) 


0 == ms [33] 
™ = aki is 


we have 


El _ 48 39 


Mil “= rt 


El 48 39 9 
on wee. abe on _ 


M2! x* | 230 40 # 


2 
4a,, 


sin 
rT? 


Fd 
mae a(t ~~ 16a,$ 
nm 


2 


n;' 


oo 


— 4/28 —1 


wo cos 


n=lqz 


2 ee 
(ines) 


16a, 


The computation of the final deformations from the foregoing 
equations and their comparison with those obtained from the 
rigid-plastic solution will be discussed in the section, Compari- 
son of Solutions. 


Rieip-PLastic ANALYSIS 
The same problem is now treated according to the rigid-plastic 
hypothesis. The relatively simple analysis outlined previously* 


is applicable here. 
From the initial conditions, Equations [13] 


oy 
ant 0) =0 O<z<2l 
[37] 


— Q<2z<2l 
n (21) “s 


oy ( 0) Vor? - Tr 
z,0) = — —-s 
diaz? ae 


Hence the curvature is initially zero everywhere and is decreas- 
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ing. From the assumed moment-curvature relation in Fig. 3 
the beam must have constant moment M, throughout its length 
att = 0. Now in order to satisfy the boundary condition that the 
bending moment vanish at the supports and to insure con- 
tinuity of the bending moment along the beam, we see that at a 
finite time t > 0 the beam must have two segments moving as 
rigid bodies at the ends separated by a central plastic section, as 
shown in Fig. 6. In the outer segments the bending moment de- 
creases monotonically from Mp» to zero. These segments rotate 


PLASTIC 


Fie. 6 


about the supports with angular velocity w. The plastic section 
has a constant moment Mo, zero shear force, and a velocity dis- 
tribution equal to the initial one. The three segments are sepa- 
rated by interfaces which, we will show, travel toward the center 
of the beam. 

Since the motion of the beam is symmetric about z = | it is 
sufficient to study one half of the beam. If we consider the section 
0 <2 <1, att > O it has the configuration shown in Fig.7. Let 

the angular velocity of segment 
. A about O be w measured posi- 
Zz) : tively in the clockwise direc- 
— > Qu... E tion. The interface is at z = 
&l where & = &(t) andO<é< 
Fic. 7 a. 
For 


O<2z< il: 


, So ¥ 
ou z,t) =w | 


Vo sin ( =) 
21 


Since the transverse velocity is continuous 


wil = Vo sin (=) 


We next write the equation expressing the equality of angular 
impulse to the change of moment of momentum of the left 
half-beam about 0. The external moment acting on this half of the 
beam about 0 has magnitude Mp, at all times after ¢ = 0 until 
plastic deformation is completed. Since the change in angular 
momentum of B about O during time ¢ is zero, the equation for 
conservation of angular momentum becomes 


él él wx 
—M,t = mux? dx — mVosin| — } x dz...[40] 
0 0 21 


Making use of Equation [39] and performing the integrations we 


3Mot 12 . (még 6 @ hs3 
a (2 —#) sin (= ) a E cos ( va< fll 


Equation [41] gives the location of the interface at any time when 
the configuration of Fig. 7 applies. 


re) 
andfor l<2z<l: 5 (ef) = 


[39] 


obtain 


8 “Simple Solutions of Impulsive Loading and Impact Problems of 
Plastic Beams and Plates,”” by P. 8S. Symonds, Report No. 3, under 
Contract N189s-1756A, of Brown University to Norfolk Naval Ship- 
yard. 
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Differentiating Equation [41] with respect to ¢ we obtain the 
expression for the velocity of the interface section 


nVol?. 3 
m a (42) 


we e[ sin (#8) * coe (™) | 


ee<t é > 0, so that the interface is moving 
To determine the time ¢, when 
1 in Equa- 


Evidently for 0 
toward the center of the beam. 
the hinge reaches the center of the beam we set — = 
tion [41]. Then 
M 4 . 
= [43] 
mV ol? r? d 

For t > t, the half-beam rotates as a rigid body about the sup- 
ports, with plastic hinge atz = 1. Weagain write the equation for 

conservation of angular momentum about O 


l 
mwoxr*dr mf zV cin(’ 
0 


Mot 
oe? “ml? Vo 


r 
)az 
l 


The result 
45] 


The motion of the beam as described by Equation [45] continues 
until ¢ = t, when w vanishes. From Equation [45] we see that 
Mot } 

: : = [46 
ml?) 3? 


The deformation at the middle of the beam may be readily de- 


termined. In the interval 


ol 
and for t > ¢, from Equation [45] 
a y } 
ot 
Hence for ¢ 


3M 


(7? i.2) 
2ml?2 


The final deflecticn at the middle 6, is given by 


= ().2386 [48] 
6 


To calculate the angle of deformation at the middle of the beam, 
observe that, for t < t, 


For t 


dy . 12V 3M 
—(l,t) = wdt = (t t,) (2 t,?) [49 
or Jt 1 2ml?* 


> t, we have 


The final angle of the tangent line at the middle @, is given by 
M l 
— 9, = (50) 
ml V,? 6 
The final angle of the tangent line at the support 6,, may also 
be readily shown to be given by 
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M 
mV.” 
As a check, we note that the initial kinetic energy of the beam 
is Vo*ml/2. The energy absorbed at the central plastic hinge is 
2M.6, = mlV,?/3, while the work done in the interior of the two 
half-beams is 2Mo(@,, — 0,) = mlVo2/6. 


These energies balance 


COMPARISON OF SOLUTIONS 


In Figs. 8 to 11 are shown typical curves obtained from the 
elastic-plastic solution. They show the central angle @ (contained 
in the nondimensional quantity £/@/Mol) as a function of the 
nondimensional time 9’ = 4*(t — t,)/4kl*, for the four values S = 
1, 2, 5, and 13, respectively. It will be recalled that S = mEIV,? 
2M,*, and hence S stands for the ratio of the initial kinetic 
energy mlV,?/2 to the quantity M,*%//EJ which is an upper bound 
for the elastic-strain energy which can be stored in the beam 

The final plastic angle 6,, as already stated, corresponds to the 
time 7,’ when the slope of the curve of 6 versus time first becomes 
zero. However, in certain cases, which are exemplified by Fig. 9, 
the first point of zero slope corresponds to a very weak relative 
maximum. It seems very likely that in such a case the angle 
corresponding to this relative maximum is not the maximum cen- 
there being probably a second elastic-plastic phase 
No attempt has been 


tral angle, 
following the second wholly elastic phase. 
made in this paper to determine the additional plastic flow in this 
second elastic-plastic phase, which would require a second se- 
quence of eigenfunction solutions corresponding first to the 
wholly elastic beam and then to the beam with central plastic 
hinge 

In an atte mpt to bracket the maximum central angle and de- 
flection, both the first 


maximum and the absolute maximum 


points were considered. Table 1 shows magnitudes obtained from 
Figs. 8 to 11, together with limiting values for very large S. 

The last line of Table 1 gives the results obtained from the plas- 
tic-rigid analysis of this paper. In the next to the last line, figures 
are given for deformations computed from a drastically simplified 
plastic-rigid analysis in which plastic flow is assumed to occur only 
at the plastic hinge at the mid-point. Then the initial kineti 
energy is completely absorbed by the work done at this hinge, 


and we can write 


mlV,? = 2M.6@ 


M6,’ 


VW.6 l | 
ml V,2 


ml?V,2 j 


This is the ‘upper bound” method suggested by Bleich and Sal- 
vadori,’ although in some problems a localization of plastic flow 
in this manner may furnish too low rather than too high values 

Table 1 includes also the values of R obtained from the elastic- 
plastic analysis. Since FR is the ratio of plastic work done (2M,6, 
to the upper limit of the elastic-strain energy (M,?/lEI), R is ob- 
tained simply by multiplying by 2 the values computed for 
EI6,/Mol. 

Inspection of Table 1 shows that the value 0.167 of the non- 
dimensional angular deformation parameter M,6,/mlV,', fur- 
nished by the plastic-rigid analysis, is in poor agreement with the 
limiting value 24/r* = 0.246 from the elastic-plastic solution of 
The latter result also differs slightly from the value 
0.25 obtained by the “single-hinge”’ rigid-plastic method. This 
small difference is evidentiy due to the fact that when plastic 
deformation ceases, in the elastic-plastic solution, the beam still 
has both kinetic energy and strain energy. 


this paper. 
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TABLE 1 

— First maximum of 6@(¢) curve- 

EI EI Moy 

s Ma” Me mivee 

68 0.284 0.654 0.142 

4 0.62 0.998 0.155 

2.00 2.34 0.200 

5.96 6.27 0.229 
= (28 — 1) 


Single-hinge 1 1 
plastic-rigid r\ x 28 4 xX 2S 0.25 

Plastic-rigid J X 28 0.239 0.167 

6 (28) 

_ mBIVs? 


m Ele; Moy _ Bley 
2M. ' 


R= 2° miVe ~ 28Mal* 


— 4 
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Table 1 also shows that the displacement parameter Mp6,/ 
ml*V,* = 0.239 predicted by the plastic-rigid analysis agrees to 
within 5 per cent with that given by the single-hinge plastic- 
rigid solution (0.25) and the limiting value for very large S of the 
elastic-plastic solution (0.246). 

For large S-values the present plastic-rigid solution presumably 
yields correct results for both the angular deformation and de- 
flection. Comparison with corresponding results of an elastic- 
plastic solution will show the minimum value of the initial energy 
or the plastic work, above which the plastic-rigid solution is 
valid, only if the elastic-plastic solution itself is accurate. In the 
present elastic-plastic analysis the plastic-moment condition is 
explicitly satisfied at the beam mid-section but has not been used 
elsewhere in the beam. Thus the results can be taken as correct 
only if it is verified that the bending moment is everywhere no 
greater than M, in magnitude, for a given value of S. 

In order to examine the bending-moment magnitudes the fol- 


0.25 


0.239 
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COMPARISON OF RESULTS 


_ Absolute maximum——— 
BI, Bly = Mey 
Mi"! Mol? = mil Vo? 
0.284 0.654 0.142 
0.82 1.168 0.205 
2.34 2.64 0.234 
6.30 6.59 0.242 
24 
f 


8 


2S — 1) 0.246 


Jf. 4 
Sa & 
. 


. 
Fria. 11 


lowing approximate expressions may be used, obtained by retain- 
ing only the two terms with coefficients A;, A: in the infinite series 
of Equation [23] 


M Eloy 3 


M,  ——-Modz* 2 


Tr? 
V2 


sin a; sinh qaé + sinaésinha, . 4 


8 — a,*7’ 
—r ‘ in x? a,°?) 
a;*{ 1 = sinh a, 
16a, 


+ sin a2 sinh a2é — sin acé sinh ap 


t = f+ 7/28 —1 


oe) ee 
- sin — a,* n’ > 
a; sinh a, 3? 
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where — = zl, a, = w + 4/4, a2 = 29 + 24/4. For example, 
choosing = 0.9 and 0.5, the approximate formulas are 
= 0.9: - 0.985 + Y 2S — 1[0.0111 sin 6.25n’ 


+ 0.0080 sin 20.25’) [54a] 


= 0.688 + V/ 28 


1 [0.1263 sin 6.257’ 


+ 0.0081 sin 20.25n’] . [546] 


These indicate, roughly, that the limit moment will be exceeded at 
—& = 0.9 when S is greater than about 1.2; and at § = 0.5 when S 
is greater than about 3.9. (The maximum values of the bracketed 
functions in Equations [54a, b] are about 0.013, 0.12, respectively. ) 

The curves plotted in Fig. 12 show the bending-moment ratios 
M/Mo for various S-values and the two times n’ = 0.05 and 0.25. 
It is clear that the present elastic-plastic solution must be unsatis- 


Pas igen 


$=10 











12 


factory for S as large as 10, since at 7’ = 0.25 (which is long be- 
fore the theoretical maximum deformations are attained ) the limit 
moment is exceeded over about 70 per cent of the length of the 
beam. 


CONCLUSION 


Since the plastic-rigid solution can be expected to give good 
results only for values of S of the order of 10 or greater, it is 
clear that confirmation of the validity of the present plastic-rigid 
solution must await extension of the elastic-plastic solution so as to 
satisfy the moment-plasticity condition. Such an extension, in 
which the plasticity condition is exactiy satisfied throughout the 
beam, involves serious analytical and computational difficulties 
However, it may be possible to obtain adequate approximate 
solutions. For example, a central plastic zone whose length is 
chosen arbitrarily might be inserted at some stage of the deforma- 
tion. This and other methods of approximation are now under 
study. 





The Mathematical Analysis of Bow 
Girders of Any Shape 


By M. M. ABBASSI,! ALEXANDRIA, EGYPT 


By using parametric equations in which the parameter 
is the angle included between the tangent at any point on 
the bow girder and the tangent at the middle point, the 
analysis of bow girders of shapes other than the circular 
arc can be treated mathematically. Exact and approxi- 
mate formulas are given for symmetrical bow girders of 
any shape carrying a distributed load or two equal con- 
centrated loads placed symmetrically with respect to the 
middle point of the girder. 


INTRODUCTION 


HE subject of the beam curved in plan has been discussed 

in quite an interesting manner by Pippard.? He stated in 

his discussion that no general expressions can be given for 
certain lengths which he mentioned and which are associated 
with the normal at any point of the bow girder. 

By using parametric equations in which the parameter is the 
angle included between the tangent at any point on the bow 
girder and the tangent at the middle point, these lengths can be 
easily expressed in terms of this parameter and the treatment of 
bow girders of shapes other than the circular are is much simpli- 
fied by this method. 

It is well known that the bending moment and torque are de- 
pendent on the ratio X = (EI)/(NJ) where E = modulus of 
elasticity in tension or compression, J = moment of inertia of the 
cross section, N = modulus of rigidity, and NJ = torsional stiff- 
ness. In the present investigation an attempt has been made to 
obtain the necessary conditions for the bending moment and 
torque to be independent of this ratio, and a corresponding simple 
approximate formula is given. 


SymMetricaL Arc Bow Girper or ANY SHAPE CARRYING A 
UnrrorRM.y DistripuTep Loap 


Consider a symmetrical are bow girder rigidly fixed at both ends 
carrying a uniformly distributed load w per unit length. The line 
of symmetry is taken as the y-axis; the tangent at the middle 
point of the girder is taken as the z-axis (Fig. 1). If the co-ordi- 
nates (z, y) of any point on the center line of the bow girder be 
expressed uniquely in terms of 6, the angle of inclination of the 
tangent at the point, then the parametric equations of the curve 
will be 


, 
Vea 

tan 6 = - 

= Ve oa) 
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where the primes denote the differentiation with respect to 6. 

From symmetry, the shearing force and the torque at the mid- 
dle point of the girder are both equal to zero. If M, is the bending 
moment at O, the bending moment M, and the torque T, at any 
point X, the tangent at which makes an angle @ with the z-axis, 
are given by 


] 
M, = M, cos ?—w f, CD dsz 


0 
T, = —M, sin 0 + w f, XD dss 


where ds, is the elementary length referred to the parameter @ 


x o 
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The positive signs for the torque, moment, and load are shown 
in Fig. 2. 
If U is the total strain energy, we have 
oU 
- 20 
oM, 
Us, 
a a 
OM, 


— = () 


oM, 


where Uz is the strain energy due to bending and Uz is the strain 


energy due to torsion. It follows that 
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¥ oM v oT 
M, =ds+X T.—— ds =0.. . (3 
J, om,“ * J, "OM, " 


where y is the angle which the tangent at the end of the girder 
makes with the z-axis and A = (EI)/(NJ). 
Using Equations [1] and [2], Equation [3] gives 


¥ ry 6 
f M, cos? 6 ds — w J cos 6 fi CD deg) ds 
0 0 0 
¥ ’ ¥ ” 
+2 f, M, sin? 6 ds — Aw f, (sin 6 f, XD dse ) ds = 0 


from which we get 
M,= 
¥ Pe ; er. oe 
f, (cos 6 J, CD deg ) ds +X f, (sin 6 f, XD dso) ds 
- 7" ¥ v mre 
f, cos? 6 ds + X f, sin? 6 ds 


Expression or XD, CD as Functions or 8 anp @ 


(4) 


The parametric equations of the curve, Fig. 3, are given by 
r= 2%, Y = Yo 
The equation of tangent at X is 
Y¥ — Ye = tan Or — 2p) 
y— z tan 06— yg + za tan 0 = 0 


If XD = length of perpendicular from C(x4, yg) to the tangent 
at X then 


rg tan 0 — yg + 2 tan 0 


sec i] 


XD = 


XD = (xg — zg) sin 6 — (ye — yg) cos 8... [5] 


In our discussion, XD must be numerically positive; it is posi- 

tive if 

Yea — Ve 

nn << tan 

74 — 2% 
or the slope of the chord CX is less than the slope of the tangent 
at X which is true. The equation of the normal at X is 
j Ye = —cot Wr — Ze) 


—zx cot 6 y + ye + zecot 6 = 0 


If CD = length of perpendicular from c(z 4, ys) to the normal at 
X, then 


CD = (x9 — xg) cos 6 + (ye — yg) sin 0... [6] 


It is evident that CD is positive since zg > 24, ye > yg, and @ is 
assumed to be less than 7/2 


oxD 


» = (%g— Zz ) cos 6 + 29’ sin 6 
° a’ 8 
6 
+ (ye — ye) sin 6 — yo’ cos 0 
Since ye’/ze’ = tan @ or x9’ sin 8 = ya’ cos 0, we have 


oXD 
20 


= (x9 — rg) cos 6 + (yg — yg) sin 9 = CD 


and we obtain the relation 
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06 x 


Differentiating Equation [2] with respect to 0 we get 


oT, f) 0 
= M, cos 6 +w XD dsy 
06 06 0 


By using the general rule of differentiation under the sign of 
integration, viz. 


of bd 
f(o, O)\dd = (od, O)d 
lb 


ti 
+ f(b, 6) - 
oe dé 


we get 


Pe) 6 6 
XD dss = : (XD)da, 
6 Jo 0 06 “ 


Since 


dé 


+ f(6, 6 
$8, 0) a, 


t( 0, @ 


do 


- = 0, = 
d6 


1; f(d, 0) = XD 


= (rg — rg) sin 6 — (ye ye) cos 6 


* This result can be proved geometrically as follows: Let XD = H 


CD = HM, Fig. 4; Hi00 = dH 
oxXD 


oF 
Lewehea = CD 
oY 6 
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then f(0, 8) = 0 and we get 


a f 6 Pe 6 
XD dsg = f (XD) ds, = f CD dsg. . . [8] 
6 Jo 9 08 0 


It follows that 
oT, 


8 
= —M, cos #? + vf CD dsg = —M, 
0 


Hence we have the important relation 


a 
2 = —M nhs wel 
30 : (9) 


It follows that the maximum torque occurs at the points of zero 
bending moments whatever the shape of the girder may be. 


Putting 
” 
v - ff XD ds, 
° 2 


(then it is clear that v is a function of 6 only), we get 


dl CD ds 
d0 » = 


by using Equation [8]. Substituting in Equation [4] we get 


v ¢ 
f v’ cos 0 ds +X f v sin 0 ds 
0 0 


M, = 022 : —_— 
° ‘ ¢ 

f cos? 6 ds + X f sin? 6 ds 
0 0 


The bending moment and torque at any point of the girder are 
then given by 


[10] 


(11) 
. [12] 


M, = M, cos 0 — wr’ 
T, = —M, sin 6 + wv. 


It is evident that the value of M, is dependent on X, therefore 
M,, T, at any point X are dependent on A. If the tangent at the 
end of the beam makes an angle of 90 deg with the tangent at the 
middle point O, the end fixing moment will be equal to 
M,, cos 90 — wv’ = —wv’ which is independent of i. 


Conpition Wuicn Must Be SatisFiep IN OrpeR Tuat M, 
SHoutp Be INDEPENDENT OF A 


It is easy to prove that the value of the fraction (a + bA) 
(c + dd) is independent of d if a/b = ¢/d. 
From Equation [10], M, is independent of X if 


¥ v 
f v’ cos 6 ds f cos? 8 ds 
0 i 0 


v eae. PRS ae 
f v sin 6 ds fi sin? 6 ds 
0 0 


If this condition is satisfied, the bending moment and the torque 
at any point are independent of A. For a given curve, this con- 
dition is satisfied for a special value of ¥ as will be seen from the 
examples. 

If for a certain value of y, M, is independent of A, we can find a 
simple formula for determining M, as follows 


. . 
f v’ cos 6 ds f v sin 6 ds 
0 0 
wy = “Pe = 
fi cos? 6 ds fi sin? 6 ds 
0 0 


. [13] 
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. 
f, (v’ cos 8 + v sin @)ds 


x 


where s is half the perimeter of the girder. We get 


¥ “ 
f, }[ cos 6 (f, (t9 — rg) cos 8 + (ye — yg) sin 6) | dsy 


” 
a [ sin 0 (f, (xe — rg) sin 6 — (ye — yg) cos 0) Jdsgt ds = ks 


% fe 
or E f, (zg — rg)dsg ds = ks 


From Equation [10], M, = wk, hence 


w f* £° 
M,= f Fi (29 — Ze \dsgds 
8 Jo Jo 


When putting A = 1 in Equation [10] we get the foregoing 
value of M,, and Equation [14] can be used also when A = 1. 

For reinforced-concrete beams with the usual permissible 
stresses, if \ = 1, d/b = 1.1 approx, i.e., about 1,‘ and the cross 
section will be nearly a square. It follows that Equation [14] can 
be used in the following cases: 


[14] 


1 When M, is independent of A for a certain value of y. 

2 For all shapes of cross section if X = 1. 

3 When the cross section of the reinforced-concrete beam is 
nearly a square. 

Posrt10n OF Portnts or ZERO BENDING MoMENT 

The position of points of zero bending moment must be deter- 
mined, since the maximum torque occurs at such points and may 
be greater than that at the supports. If the tangent at a point of 
zero bending moment makes angle 8 with the z-axis, Equation 
[11] gives 

0 = M, cos 8 — wr’ 


[15] 


SymmetricaL Bow Grrper or ANy SxHape Carrying Two 
Equat ConcENTRATED Loaps PLACED SYMMETRICALLY AT THE 
GIRDER 


If the girder is carrying two equal concentrated loads W placed 





# 
Fie. 5 


symmetrically at C and C’ for which the slope of the tangent is 
equal to @ (Fig. 5), then 


‘ ‘Design of Bow Girders in Reinforced Concrete,’’ by W. Marshall, 
Concrete and Constructional Engineering, vol. 36, 1941, p. 467. 





ABBASSI—THE MATHEMATIC 


M, = M,cos6@—W-CD 


T, = —M, sin 0 + W-XD 
oT, 


= —M 
06 7 


Since OU /OM, = 


v ¥ 
f, M, cos? Ods — W f CD cos 6 ds 


0, we get 


¥ 
+r f° at, sin? @de— Wr ff XD sin 6 ds : 
° ‘ 
f CD cos 6 ds + dr f XD sin A ds 


whence 


W 


¥ a 3. : 
f cos? 6 ds + X fi sin? @ ds 
0 0 


dH 
d@ 


If we put 


XD =H, CD =H' = 


Tq) sin 8 — (yg — ya) cos 8 


La) cos 8 + (yg — Ya) sin 6 


ode H’ cos 0 ds + af’ A sin 6 ds 


ft cos? 6 ds + X e sin? @ ds 


M, is independent of dX if 
ey . 

f H f cos? @ ds 
a _ J0 


ry ¥ 
J H sin 6 ds f, sin? 6 ds 


‘ cos 0 ds 


If M, is independent of A or if 


W ¥ 
(tg — 2q)ds. 
s 
a 


u,= 


‘AL ANALYSIS OF 


= 1 we can easily find 


BOW GIRDERS OF ANY SHAPE 


6 Vv 
[16] = OD, 


- 


M,cos 8 
{i7] 

WOD, 
2M, 


COB i 


ILLUSTRATIVE EXAMPLES 


1 Cycloidal Arc Bow Girder Carrying a Uniformly Distributed 
Load w Per Unit Length. 
are 


The parametric equations of the curve 


a(20 + sin 20 


cos 26 


a(l 
4a cos 6d0 


4a cos dd 


cos @ 


= (x9 — 2g) sin 0 Ye Yo) 


26 + sin 26) sin 8 + cos 20 cos 0 a 
sin 6 


2 + sin 26 
7 cos 2¢ « 


= al 


*08 
XD ds, 
0 


[(20 + sin 20) sin 6 + cos 20 cos @} sin 8} 


= 4q7} 


- 4a? [2 sin 6 9 % cos ddd + 2 sin 0 I, sin @ cos* ddd 


W 
+ cos 6 (1 2 
0 


sin? @) cos oid | 


18 which reduces to 


a* sin @ 
+ cos 6 


¥ 
ee 
0 


sin 2y + sin y 


% me wv) 


2 cos? a 


v . 
f v’ cos ds = - 
/ 0 3 


that 


. [19] 


l 
- sin? ¥ 
5 


The case commonly met with in practice is that of a beam 


carrying a single concentrated load W 
this case we have 


2 P cos? 6 ds + rf,” sin? 6 ds 
0 


where in this case, H = XD, = z sin 0 — y cos 0 


H’ = OD, = x cos 8 + ysin 0 


If M, is independent of AXorifX = 


W f 
= zds.. 
“8 Jo 


1 we get 


PositIoN oF Pornts or ZERO BENDING MOMENT 


In the case of a single concentrated load W 
girder, 
bending moment, we get 


" at its middle point O. In f a? 
/7 0 


w Jo H’ cos dds+r f° H sin 6 ds 


64 ¥ ; 
— a (cos 6 cos? 6 cos’ 6 + cos‘ 6)dé 
‘ 0 


« 


l l 
sin? ~ gi 
3 in? y + 39 mn v) 


* . 
f cos? 6 ds = to ff cos’ 6 dé 
Jo 0 
l 
= 4a | sin yy — ; sin? y 
. 
f sin? 9 ds = 
0 


[20] 


. 
ta f. sin? 6 cos 6 dé 


fa 
sin? 
; =e 


Substituting the foregoing integrals in Equation [10] and putting 


at the middle of the 
if 8 is the inclination of the tangent at the point of zero 


l l 
sin? y = sin W , sin 3y 
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(—3y + 9 sin yy — 3 sin 2y + sin 3 —0.75 sin 

a 4p) + A(—1.5y + 3 sin y — sin 3 ¥ + 0.375 sin 4y) 

ae (9 sin Y + sin 3y) + AGB sin  — sin 3y) 

If M, is independent from X we get 

—3y + 9sin Y — 3 sin 2y + sin 3y — 0.75 sin 4y 

—1.5y + 3 sin y — sin 3y + 0.375 sin 4y 

9 sin Y + sin 3y 
3 sin Y — sin 3y 








from which wet get 
cos ¥(24y cos ¥Y — 8 sin Y —7 sin 3y + sin 5y) = 0 


Hence either cos Y = 0, i.e., Y = 2/2 (complete are of a cycloid) 
or 


24y cos y — 8 sin Yy — 7 sin 3p + sin 5Y = 0 


which gives Y = 0 (straight beam), and Y = 2/2. Therefore 
for a complete arc of a cycloid (Wy = 2/2) we get 


T 3r 
= S ies see 
16 ( we Yes )+a/ = +4) 


MN. & eit 
ghee Tours 8+ 4A 





1 
= 3 wa?(16 — 37) 


If \ = 1, or approximately equals 1 for other values of \, Equa- 
tion [14] gives 


w (* 
ii,== f f (rg — ty)dsy ds 
* Jo Jo 


w ¥v 6 
=— f f a[2(@ — ) + (sin 20 — sin 2¢) } 
4a Jo Jo 


4a cos @ X 4a cos 6 dodé 


¥ 
= tat f (4 con 6 —~ cost) dé 
4 3 


which reduces to 
1 ‘ , 
M,= ry wa*(32 sin Yy — 12y — 8 sin 2y — sin 4y) 
When y = 7/2, we get 
1 
M,= 3 wa*(16 — 37) 


2 Parabolic Arc Bow Girder Carrying a Concentrated Load W 
at the Middle. The parametric equations of the curve are 


z = 2a tan 0 


y = a tan? 0 
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ds = 2a sec* 6d0 


in? 
H = zsin 0 — y cos 0 =a — 4 
cos 6 


dH _— 2sin @—sin®@ 
dé y cos? @ 


” HH’ cos 0 de = 2a? Ga" a A 
o 9 \ cost é cos* 6) 


2 
= 3 at (sec? y + 3 sec y — 4) 


ra ¥ gin? 
wmtacal Seow 
0 9 cost @ 


2 
= 3 2 (ccc? ¥ — 3 vec ¥ + 2) 


. ¥ 
f cos 70 ds = 2a f sec 6 d@ 
0 0 


= 2a log (sec y + tan yw) 


¥ ¥ sin? 
sin? Ods = 2a Ld dé 
0 0 cos? 6 


= alsec y tan Y — log (sec Y + tan y)] 


H’ = 


Substituting the foregoing integrals in Equation [20] we get 


_ Wa (sec? y + 3 sec Wy — 4) + A(sec* y — 3 sec p + 2) 
ae 2 log (sec Y + tan yw) 
+ Al[sec y tan Y — log (sec y + tan y)] 





M 


It can be shown that M, is not independent of \ for real values 
of y. If X = 1 we get 


2 ? y—1 
M, = Wa— ety 


sec y tan y + log (see ¥ + tan p) 


The foregoing value of M, can be used approximately for other 
values of \ which are approximately equal to 1. 
It also can be deduced from the simple Equation [21] that 


f, 4a? tan 6 sec’ 6 d6 
M, = WwW? —_______ 
2a j x sec’ 6 d@ 


a sec? yy — 1 


—wW ——— a . 
3 “ sec p tan v + log (sec Y + tan y) 


Other shapes of bow girders can be similarly treated. 
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Thermal Stresses in Infinite Elastic Disks 


By BRAHMADEV SHARMA,' RAJASTHAN, INDIA 


A direct method of solving problems of thermal stress in 
a disk of finite thickness and infinite radius is discussed in 


-v(o, + o,)] | 1] 
this paper. (cont. ) 


NOMENCLATURE . - EK -v(o, + @,)] 


The following nomenclature is used in the paper: 


Ga Sw : Qu oe 
Tey, Tze) = Cartesian components of stress + 
or, Fy, Oy Or 
Tr, Tens = cylindrical components of stress Ov Ow 
U, v, W Cartesian components of displacement ae oe y 
Ur, Ug, W cylindrical components of displacement in: - ie 
8 0.+o0,+0,=0,+ +4, Yee 
v Poisson’s ratio 
E modulus of elasticity Also the compatibility equations are 
modulus of elasticity in shear 
Lamé’s constant 0%,  O*e, m Oy. 
coefficient of linear expansion Oz? Oy? dyO 
Ga, Gy» & unit elongation in z, y, z-directions 
Yey Yeo Yye = shearing-strain components in rectangular co- 
ordinates 2 
V? = Laplacian operator 2 o &y - 2 OVe i 2 [3b] 
Din Ordz Oy Or Oy Oz 
x = coefficient of conductivity . 


Or Oz 


and two similar equations; and 


and two similar equations. 
Substituting the values of €,, €,, €,, and Y,y, Yye) Yer in Equa- 
In this paper a direct method of finding thermal stresses in an _ tions [3a] and with the help of the equations of equilibrium 
elastic body due to any temperature distribution is presented. 
In the first section, the steady state is discussed and the results OTs re Ory. ae Oo", = 0 
are applied to find stresses in a disk of thickness d and infinite Or Oy vo: 
radius attributable to axisymmetric temperature distribution. 
A second problem of a semi-infinite solid, in which the elastic 
properties change at a depth d, also is solved. Finally as a special 
case, a circular portion of the upper surface of the disk is supposed we get 
to be at a uniform temperature while the remainder of the surface ‘ 
is kept at zero temperature. Stress distribution and deformation (l+» [ ve — 4 le | v9 oe | 
on the surface for a semi-infinite solid also are found. In the Ox? Oz? 
second section, a general solution for an unsteady state is given. 2? 
+ ak | ver — "| = 0 


INTRODUCTION 


SECTION 1 


MeruHop or SoLutTion La 
and two similar equations. 


If 7 is the temperature at any point in the solid, the stress- Adding these equations we have 
strain relations are (Timoshenko and Goodier)* a 
1—v)V*O + 2aEV"T = 0 
I 
E [o, — v(o, + @,)] ...[1] But in a steady state 
V*T =0 


1 Lecturer in Mathematics, Birla College, Pilani. Hence 

2“*Theory of Elasticity,”’ by 8. Timoshenko and J. N. Goodier, 

McGraw-Hill dook Company, Inc., New York, N. Y., second edition, v0 =0 
1951, p. 421. 

Presented at the National Applied Mechanics Division Conference, 
Urbana, Ill., June 14-16, 1956, of THe American Society or 
MECHANICAL ENGINEERS. ; 

Discussion of this paper should be addressed to the Secretary, V%e, + l 0" (6 + aET] = 0 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted . 1 + vdzr? : 
until January 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of ) 
the Society. Manuscript received by ASME Applied Mechanics 
Division, April 21, 1955. Paper No. 56—APM-19. Equations [34] on using Equations [1], [2], and [4] give 


By virtue of Equations [7] and [8], Equations [5] reduce to 
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2 ) 
o [0 + aET] =0 


1 
1 + vdsdy 


Solving equations involving 7,,, T,,, and o, we get 


1 ra) 
=. ———— - [0 ] 
% 20 + "ae! + aET) + od 
1 
—— z— [0 q 
~ a+" 2% + aET) + od 


2 (0+ aET) + os 


~ 30 4+ »* 


where ¢, dz, and @; are harmonic functions to be determined by 
the boundary conditions. 

Substituting these values of r,,, T,,, and a, in the equations of 
equilibrium, Equations [4] 

° (0 + aET} = 2(1 + ») [Se + wd F .. [12] 
whence 9 is determined by integration and constant of integra- 
tion is determined by the conditions of the problem. Values of 
¢:, $2, $s, and O being known, the stress components 7,,, Ty.) %: 
are completely determinede Then from Equations [1] and [2] it 
will, in general, be possible to determine the components of dis- 


placement. These will give the remaining stress components. 


SOLUTION FOR SYMMETRICAL DISTRIBUTION OF TEMPERATURE 


Suppose the plane boundary of the isotropic elastic solid is 
given by the plane z = 0, the axis of z being drawn into the body. 
The lower boundary is given by the plane z = d. The tempera- 
ture is symmetrical about the z-axis; hence in steady state it 
satisfies the equation 


oT 


YY  10T , oT 
Or? rs 


3 
a a. 


This equation is clearly satisfied if we take 


T = f, [M cosh mz + N sinh mz] Jo(mr)dm. .. . [14] 
where M and N are arbitrary functions of m, and will be deter- 
mined by the boundary conditions for temperature in particular 
problems. J (mr) is the Bessel function of the first kind and Oth 


order. 
Now, if the surface of the disk is free, in the present axisym- 
metric case we can put Equations [11] as 


1 ra) 
Ta = — 3G +) 25,0 + akT) 


+f A sinh mm [Jo(mr)]dm 
. Ox 

t 0 + akT 
20+)" > on? 


4 A sinh ms > Jair) ]dm 
0 


2 + akT) 





os Tame 
~ 21 +») “dz 


2 (0 + aET) = 2(1 + »f 
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.. [15] 
(cont.) 


@o 
+f Bm sinh mzJ9(mr)dm 
0 


These relations make 
On substituting these 


where A and B are arbitrary functions of m. 
Ts: = Typ = 0, = 0 on the plane z = 0. 
values Equation [12] gives 

m?[B cosh mz 
0 


— A sinh mz}Jo(mr)dm 


which is satisfied if we take 


0 + aET = 2(1 + »f- m[B sinh mz 
( 


— A cosh mz]Jo(mr)dm 


Substituting in Equations [15] 


@ 
T., = f [—mz(B sinh mz — A cosh mz) 
0 


+ A sinh ma) 2 mao mr)|dm 


© 
Ty, = f [—mz(B sinh mz — A cosh mz 
0 


ra) 
+ A sinh mz] [Jo(mr) ]dm 
oy 


© 
o, = f [—m?z(B cosh mz — A sinh mz) 
0 


+ mB sinh mz] Jo(mr)dm | 


From the first two equations in Equations [17] we get 


Tt, =— f m([—mz(B sinh mz — A cosh mz) 
0 
+ A sinh mz]J;(mr)dm . [18] 


With the help of Equations [17] the particular values of u, v, and 
w which satisfy Equations [1]and [2]can befound. As we are con- 
sidering the axisymmetric case, it is of interest to find u,; and w 
which are 


1 + - 
u.=— : Ja [2(1 — v) cosh mz 


+ mz sinh mz] — B[(1 — 2v) sinh mz + mz cosh mz] 


aE wy ] 
—_— — ~ (a cosh mz + N sinh mz] ¢Ji(mr)dm 


. +v 
= -— ah La cosh mz — (1 — 2v) sinh mz] 
E 0 


+ B[2(1 — v) cosh mz — mz sinh mz] 


E 
+ = (M sinh mz + N cosh mz] t omr idm 
m 


Also, in order to find the stress components ¢,, 7» we know the 
relations 
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Substituting the values of 9, o,, and u; from Equations [16], 
[17], and [19] we have 


o, + Oe = f m 1 B[(1 + 2v) sinh mz + mz cosh mz] 
0 


— A[2(1 + v) cosh mz + mz sinh mz] 


ak | “4 ( 
[.M cosh mz + N sinh mz} eJo(m r)dm 


1 A[2(1 v) cosh mz + mz sinh mz] 


- 2v) sinh mz + mz cosh mz} 
ak 


[M cosh mz + N sinh mz} ¢Ja(mr)dm 
m 


which determine o, and a». 

It can be seen readily that if the temperature distribution is 
known, the stresses and displacements are uniquely found from 
the foregoing equations, the arbitrary constants being determined 
by imposing two physically possible boundary conditions at the 
lower boundary 

As a particular case of the boundary conditions at the lower 
surface we consider that this infinite disk is a part of a semi- 
infinite solid, such that the elastic constants suddenly change at 
The temperature being in steady state will be given by the 
It must tend to zero at infinity, so we have 


z=d. 


same Equation [14]. 
ao [22] 


The 


For z > d, let the stress components be marked with dash. 


Equations [11] can be written as 


’ 


Tez 


[| Jo(mr) jdm 


ra) 
d)—[O’ + a’E’T| 
Oy 


4 Ce~m d so) 
Je Oy 


re) 
d) — |O’ + a’E’'T] 
Oz 


‘y 


where C and D are as yet unspecified functions of m. The inte- 
grals involved are such that the stresses vanish at infinity. 


[Jo(mr) ldm 


mDe~™2-® Jo(mr)dm 


Proceeding as in the first case we can easily get 


. . “f j 
-- a < [m(z 
E 0 ( 


— (1 2v’)(C + D) — Cle~™@-® 


ee - r 
= m mz 
BJ, 


+ (1 — 2v’)(C + D) + Dje~™@-® 


se Me~™* (mr )dm 


-d)(C + D) 


Me~™ J, (mr)dm 


d)(C + D) 


m 


and 


d Ji (mr dm 


4) Jy(mr)dm 


d Jo(mr)dm 


Ve md 
{ 


mr dm 


® J, 


On the plane z = d, the stress and displacement must be 


continuous. In general it will be possible to determine the four 
constants introduced in Equations [15] and [23] by four equations 
of continuity in the axisymmetric case. It can be easily seen 


when z = d 


[26 | 


C = A sinh md—md {B sinh md A cosh md} 


{97 ] 
ad 


D = B sinh md — md{B cosh md — A sinh md} 


Substituting these values in Equations [24] and imposing the 
conditions 

[28] 
we get 
A[(p + qmd sinh md + (r + 
+ Bl(s 


pmd cosh md | 


pmd) sinh md 


qmd cosh md | + 7 = 0 


A[(s + pmd) sinh md + qmd cosh md] 
+ Bl(p pmd) cosh md} 


+n=0 


qmd) sinh md + (r 


where 
21 ‘ +p’)(1 
: E’ 
l+vp 2(1 py?) 
ap m = 
E E 
(1 + v)(1 — 2r 
E 


2’) 
( a can 4. yp) 
1 + va ( via Me-™d 
m 


The values of A and B being known, the stresses and displace- 
ments in the disk and also in the lower portion of the solid are 
uniquely determined. 

Finally, we consider a particular case of the temperature dis- 
tribution. Suppose a circular area of radius a on the surface of 
the disk is at a uniform temperature V, while the rest of the sur- 
face is kept at zero temperature. That is 
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.. [31] 


and 7’ — 0 at infinity. 
By Fourier-Bessel representation on the plane z = 0 


T = f, * Jo(mr)mdm f * VJo(md)ddd 
= Va % Ji(ma)Jo(mr)dm.... [32] 
Hence comparing with Equation [14] we have 
M = —N = VaJ;(ma) 
M being known, from Equations [29] 


Ae A {l@ —s) + (p —q)md] sinh md 
+ [r— (p — q)md]cosh md} 


B= = {[—(p — s) + (p — q)md] sinh md 
— [r + (p — q)md] cosh md} 


A = (psinh md + r cosh md)* — s* sinh? md 
+ m*d?(q? — p*) 





, ’ as l 
~ At Me’ — OC + Mey mez (me) 
m 
It can be easily seen that all the integrals involved tend to zero 
at infinity and are convergent everywhere for these values of A 


and B. 
Now, we find the numerical results for the simple and interest- 


ing case of d = . In this case from Equations [34] 


[35] 


[36] 


o, + og = —aEVa fr e~™ J,(ma)Jo(mr)dm 


o, — 09 = —akEVa ay e~™= J, (ma)J2(mr)dm 


z>0 
aBVe! 5 Tout 2) 
2 £4 anll(n + 2) 


2 
F.(—n —n —1; :5)\(-} 
a? 2 


o. — oe we — eV at SF Tn + 4) 
2 Re 22 S4niI'(n + 2) 


2 2\r 
oF, (—. —n—1; 3; “)(—35) 
a? 42? 





On the axis 
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2 


Vv a* + z* 

Using the subscript 0 to denote the values of the stress on the 
plane z = 0 by evaluating the integrals in Equations [37] for 
z=0 


¢, = 0 = —abv (1 — 


‘zapped 
akEV 


2 


Or0 + F900 = 
ee 


From Equations [40] and [41] 


) 


akV 
2 
akVa! 
2r? 
akV 
2 


\ 


0 


| 


aEVa* 
2r? 


So the radial normal stress on the surface is constant in the heated 
area and varies inversely proportional to the square of the dis- 
tance from the origin. It is continuous throughout the plane. 
The tangential normal stress is equal to the normal radial stress 
in the heated region. It is zero at r = a and changes its sign. 
They are equal but opposite in sign outside the heated region. 
The tangential normal stress is discontinuous at r = a, z = 0. 

The surface deformation due to the temperature distribution 
can be found from the Equations [19] 
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Also, on the axis 


w = Va(l + 1G Ys a? + 2?—z) 


The radial displacement increases with r in the heated region 
and attains its maximum value at the boundary and then de- 
creases slowly and tends to zero at infinity. The axial component 
of displacement is maximum at the origin and decreases as r in- 
creases. Both the components are continuous throughout the 
plane. 


. [46] 


SECTION 2 
Unsteapy State 


In the unsteady state, the temperature for axisymmetric dis- 
tribution will satisfy the differential equation 


Or 107 ar) _ar 
A or? : ° 


on 47 
r Or Oz? ot (47) 
which is satisfied if we take 


T = Le~* +m" (gq. sin mz + b,, cos mz) Jo(Ar). . . [48] 


where a,, and b,, are arbitrary constants to be determined by the 
conditions of particular problems. 
In this case Equations [5] by virtue of Equations [6] become 


1 °? 
*(¢, + —— ab?) + —— — ET) =0 
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> .. [49] 
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But Equations [10] remain unchanged. 
Solutions of those equations in Equations [49] and [10] which 
contain 7,,, T,,, 7, can be put in the form 
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where y:, Wz, ws are some functions of r, z, and ¢. 
Operating Equations [50] with the operator VY? and comparing 
with the original equations, after a little reduction we get 
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[51] 
(cont.) 
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Solving these equations and substituting the values of yi, Yo, 2, 
thus found, in Equations [50] we have 
re) ak 
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where ¢;, ¢:, and ¢; are harmonic functions to be determined by 
the boundary conditions. 

Substituting these values of 7,,, T,,, 7, in the equation of equi- 
librium we get 
re) 
— [((1— v)O0 + 2aET] = 21 — v*) a + OO + OM 
Oz Or oy Oz 

(53) 


The value of 0 being known from this relation on integration, 
we know completely the stress components 7,,, 7,,, 0,. Substitut- 
ing these values in the corresponding relations in Equations [1] 
and [2], on integration the components of displacement u, v, and 
w are uniquely determined, the constants of integration being de- 
termined by the conditions of the problem. We can find the rest 
of the stress components with the aid of the components of dis- 
placement thus determined and the Relations [1] and [2]. 

In general, in the axisymmetric case we can introduce four arbi- 
trary constants through the harmonic functions ¢;, ¢2, and @, 
and hence the stress distribution in a disk of finite thickness and 
infinite radius can be determined as we can satisfy the four 
boundary conditions involving stresses and/or displacements at 
both the surfaces. In the case of a semi-infinite solid the stresses 
tend to zero at infinity and there are two conditions at the plane 
boundary. Hence these four constants also will be sufficient to 
determine the stress distribution in a semi-infinite solid. 
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Influence of Large Amplitudes on Free 
Flexural Vibrations of Rectangular 
Elastic Plates 


By HU-NAN CHU? anp GEORGE HERRMANN,’ NEW YORK, N. Y. 


In a recent paper (1)‘a set of plate equations was derived, 
which governs motions with small elongations and shears, 
but moderately large rotations, valid for an isotropic ma- 
terial obeying Hooke’s law. The resulting theory, which 
may be considered the dynamic analog of the von 
Karman plate theory, is applied presently to the study of 
free vibrations of a rectangular, elastic plate with hinged, 
immovable edges. The nonlinear equations are solved 
approximately by employing a perturbation procedure and 
also the principle of conservation of energy directly. The 
influence of large amplitudes on the period of free vibration 
and on the maximum normal stress is established. The 
free vibrations of a beam are studied as a special case and 
the reaulting period compared with a previous investiga- 
tion. 


NOMENCLATURE 


The following nomenclature is used in the paper: 
Z,y,2 = original co-ordinates of a particle (before defor- 
mation ) 
= displacement components in the z, y, z-direc- 
tion, respectively 
plate-displacement components (displacement 
of particle on middle surface of plate) 
dimensionless displacement components de- 
fined by Equation [7] 
plate thickness, beam depth 
= plate width and length, respectively 
= dimensionless space variables defined by Equa- 
tion [6] 
dimensionless time defined by Equations [6] 
and [9], respectively 
perturbation parameter defined by Equation [5] 
aspect ratio, r = a/b 
density of plate material 
Poisson’s ratio 
phase velocity of compressional waves in a 


late = 
earn Se p(1 — v*) 
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u, v, w 


Uo, Vo, Wo 


au, 0, w 


c, = phase velocity of compressional waves in a 
E 
beam, ¢, = — 
p 
membrane forces 
plate moments 


Ni, Na, Nu 
M,, M2, Mu 


D flexural rigidity of plate 

lowest order perturbation components of dis- 
placement 

F stress function defined by Equation [15] 


Act), H(t) 
i 


u®, p®, wi 


time functions 
kinetic energy 
W = strain energy 
i,j, m,n = indices of summation 
Tim maximum membrane stress 
Ow maximum bending stress 
B amplitude of vibration 
B = B/h dimensionless amplitude of vibration 
time function, of dimensionless time ¢ 
= dimensionless membrane stress defined by 
Equation [29] 
h/V/12 
= Young’s modulus 
complete elliptic integral of first kind 
= nonlinear period 
nonlinear frequency 
linear period 
linear frequency 


INTRODUCTION 


The linear theories of motion of bodies, one or two of whose 
dimensions are small as compared to the third (beams, plates, and 
so on) are based, among others, on the assumption that the de- 
flections are small in comparison with the beam depth or plate 
thickness. In most practical cases this implies in turn that the 
slopes (or rotations of the cross section) are small as compared to 
unity. 

In a variety of circumstances of practical importance, however, 
motions may be excited, where this basic assumption is no longer 
valid; that is, the deflections have the order of magnitude of the 
thickness. It is of interest, therefore, to establish the influence of 
such large amplitudes on the salient parameters of the problem; 
e.g., the frequency of free vibrations. 

Free vibrations with large amplitudes of elastic bodies, one or 
two of whose dimensions are small as compared to the third, have 
previously been studied, for example, by G. F. Carrier (2, 3) who 
investigated strings and by A. C. Eringen who dealt with beams 
(4) and circular membranes (5). 

In the present paper, we propose to investigate free flexural 
vibrations of a rectangular elastic plate, supported by immovable 
hinges along all edges. The plate equations used for this purpose 
are those discussed in a previous paper (1). They may be con- 
sidered the dynamic analog of the von Karman large-deflection 
plate theory of equilibrium, and are valid for moderately large 
amplitudes. These equations are also quite similar to those pre- 
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viously obtained by Saint Venant.' If the body forces in Saint 
Venant’s equations were taken to be the negative of the inertia 
forces and the transverse load were identified with the negative of 
the transverse inertia term, then they can be seen to be the same 
as Equations [1] of the present paper. 

As in previous work by Carrier and Eringen, a perturhation pro- 
cedure is used in the solution of the nonlinear problem. Since all 
the nonlinear terms are considered to be small throughout, only 
the lowest order equations of motion are solved. In addition, the 
problem was treated by direct energy considerations for the pur- 
pose of a verification. Graphs, indicating the influence of large 
amplitudes of vibration on the periodic time and on the maximum 
normal stress, have been plotted for various aspect ratios of the 
plate. Finally, the vibrating beam was considered as a special 
case, employing again a perturbation procedure, and furthermore, 
a procedure corresponding to Duffing’s method (6) for a single 
lumped mass. The computed values are compared with those by 
A. C. Eringen (4). All the results obtained in this study reduce 
readily to those of the classical linear plate theory when the 
amplitudes of vibration tend to zero. 


STATEMENT OF PROBLEM 

Considered are free vibrations of a flat rectangular plate of 
thickness A and edge lengths a and b. The edges are assumed to 
be hinged and immovable. The plate is referred to a Cartesian 
co-ordinate system Oxyz, the z,y-plane being in the middle plane 
of the plate and the origin O at a corner of the plate. We desig- 
nate by subscripts 1 and 2 the directions of those fibers of the de- 
formed plate which were in the z and y-directions, respectively, 
before deformation. The stress equations of free flexural motions 
of plates with moderately !arge amplitudes are 


ON, 
— + 
or 
ON: 
+ 
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OM, o'M, 
ox? oy? 


. OM 
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or or / 
re) ow re) Ow 
T (, =) + (in i 
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ma) ow ~ | 
af (vi =) = ph wo 


oy ox 


Dots indicate differentiation with respect to time t. In these 
equations uo, % designate the displacement of a particle in the 
middle plane of the plate in xz and y-directions, respectively, while 
Wo is the displacement of such particle normal to the middle plane 
N,, N2, Nw are the membrane forces, characteristic of the state of 
stress in the middle plane of the plate. M,, Mz, My are the usual 
moments of the classical linear plate theory. Subscripts 1 and 2 
are used here to indicate that these forces and moments are taken 
with respect to fibers after deformation. If the inertia in the 
plane of the plate is neglected, that is, if the right-hand side of the 
first two equations of Set [1] is put equal to zero, the third 
equation may be simplified considerably. Set [1] becomes 
then 

oN, 4 Nie 

or oy 


= 0 


ON: ONie 0 
oy ox 


5 See, for example, reference (7), p. 301. 
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This set is identical to the static von Karman equations, if we con- 
sider the negative of the transverse load to be the transverse in- 
ertia. However, we note that a mere addition of longitudinal 
inertia terms to the first two equations of Set [la] does not result 
in the original Set [1], because terms of the type 


ON, Dwo 
Or OF 
the so-called “buoyancy”’ terms, would be missing. 


The stress-displacement relations for an elastic, isotropic plate 
are given in (1, 7) as 


: Eh ue 1 (2)! Ovo 
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The occurrence of nonlinear terms in the first three relations is due 
to the fact that an element of the plate is not only sheared and 
elongated but also rotated about the z, y-axes, respectively, such 
that a fiber originally in the z-direction is after deformation in the 
1-direction, the angle of rotation being given by dw)/dzr. A more 
complete discussion of these equations may be found in reference 
(1). The stress Equations of Motion [1] are converted to dis- 
placement equations of motion, using Relations [2] 
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(cont.) 
Oty Dv, 1 (Dum)? D*0» 
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The boundary conditions of a rectangular plate, all four of 
whose edges are hinged and immovable, are 


ow 6 


at z = 0, a: wm = 


d*wo 0 
vo = Wo = Sy? = 
Since only free vibrations are to be investigated, there is no need 
to specify the initial conditions. 


at y = 0, b: 


PERTURBATION PROCEDURE 


A perturbation parameter 4 is chosen, which depends only on 
the geometry of the plate and not on the type of motion. Letting, 
without loss of generality, a < b, we set 


For convenience, the independent variables of the problem, z, y, 
and é are transformed to dimensionless quantities £, 7, and r, re- 
spectively, by 


z 
S45 


and the dependent variables uo, vo, and wp are transformed to @, 8, 
and # by 


= 


a 


Furthermore, the notation is introduced 


This last substitution is serformed in order to make all the terms 
of the classical linear plate theory of the same order in the parame- 
ter 6. 

The Equations of Motion [3] may then be written as 
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and the boundary conditions as 


at 7 = 0, — 


Recognizing that the displacements @ and 3@, since they are 
omitted in classical linear theory, are of one order higher than 
the displacement # and noticing that @ and 0 are even functions 
of 6, and that # is an odd function, the following perturbation 
series are used for these displacements 


@ = 6% + btu +... 
5 = dy) + fy +... 
w= dw + bw +... 


Substituting the Series [12] into the Equations of Motion [10] 
and retaining terms of lowest order in 6 only, the following equa- 
tions of motion result 
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du™® O%w 1 dw \ 2 B%wi) 
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and, from Equations [11], the following boundary 
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(cont.) 
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conditions 
at & = 0,1: = wi) 
. [14] 


at 7 = 0, —: v® = 
r 

Equations [13] represent a first-order approximation to the 
problem stated originally by Equation [1]. The only difference 
is the absence of longitudinal inertia terms, that is, Equations 
[13] are equivalent to Equations [la]. Thus, Equations [13] may 
have been obtained by replacing in von Karman’s equations the 
negative of the transverse loading term by transverse inertia. 
There would be no assurance, however, that all the terms of the 
same order are retained. 

Similarly, as in the equilibrium case, a stress function F may 
now be introduced to replace the variables u® and v®, Defining 
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the first two of Equations [13 
the third equation becomes 
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Moreover, F has to satisfy the equation 
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as a consequence of its definition. F is related to the stress func- 


tion F (for example, equation [e] of reference (7), p. 343) 


P a be y? 
Eh? 
For the present purpose, it was found more convenient to con- 
tinue to deal with Set [13] in three variables u®, v®, w™, rather 
than with Set [16] in two variables F and w, largely because the 
Boundary Conditions [14] are in terms of u® and v®, 
Moreover, it appears that in a dynamic problem the use of the 
stress function F does not offer the advantages as in the corre- 
sponding static problem (8), because the time function is not 
separable from the space function. In fact, assuming the trans- 
verse displacement w" in the form 
= A(r) Z a; 


2 odd 
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Equation [16b] determines the stress function F as 
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Substitution of the foregoing expressions for w and F into Equa- 


tion [16a] results in 
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The presence of the factors (¢? + j?r*)? on the left-hand side of the 
foregoing expression precludes the possibility of separating the 
time function A(¢) from the space function. 

Seeking now a solution of the perturbed problem, the transverse 
displacement w is assumed in the form 


w® = B2Z(¢) sin ré sin mr7... vine tOOl 


where 8 is the dimensionless amplitude and 2({) < 1. As may be 
verified, 8 = B/h, where B is the actual amplitude. The first two 
equations of Set [13] are satisfied if the displacements u, v are 
of the form 


y® = 


Lr 

(cos 2rrn — 1 + vr?) sin 2ré 
8 [18] 

°Z v 
.——— (; cos 2r— — r + *) sin 2mrn | 

16 r 
The Expressions [17] and [18] satisfy the Boundary Conditions 
[14]. 

Substitution of Equations [17] and [18] into the third equation 

of Set [13] yields 
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It is noted that the nonlinearity of the problem introduces a 
coupling effect between the fundamental mode contained in the 
first term and the two higher modes contained in the second term 
of Equation [19]. Neglecting the effect of these higher modes, 
which is justified by observing that for small nonlinearities this 
effect will be small, we obtain the equation governing the time 
function Z(¢) 
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solution of Equation [20] will be given in the form of an elliptic 
cosine ¢,, 
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The period 7'* of c,(w*f, k) is 
—- 
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where K(k) is the complete elliptic integral of the first kind. 
The corresponding linear period is 
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T also may be deduced from Expression [24] for 7'* by observing 
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In Fig. 1 this ratio is plotted versus the dimensionless ampli- 
tude 8, for various values of the aspect ratio r and for Poisson’s 
ratio vy = 0.318, which is typical for aluminum alloys. It is seen 
that the period, for any aspect ratio, decreases rapidly with in 
creasing amplitude. 
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INFLUENCE OF LARGE AMPLITUDES ON PERIOD OF VIBRATION 
or A RECTANGULAR PLATE 


Fig. 1 
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Turning now our attention to the state of stress in the plate, we 
note that the occurrence of moderately large rotations manifests 
itself in the presence of membrane stresses, one of whose com- 
ponents is, by the first equation of Set [2] 


i N, oe J Ou 4 1 (= 2 
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and which are absent in linear plate theory. The maximum value 


of o;,, will be reached at the center of the plate, z = a/2, y = b/2. 
From Equations [17] and [18], the displacements wo, v, wo, are 
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and o;,, becomes, with Zmax = 1 
Ex Bh\? 
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We define a dimensionless membrane stress S as 


S = Sim i) 


h\?” 
ex (*) 
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which may be expressed, with a value of y = 0.318, as 


S = 82.11 + 0.353r*).. [30] 


For various values of aspect ratio r, this dimensionless mem- 
brane stress S is plotted versus the dimensionless amplitude @ in 
Fig. 2. Itis seen that the aspect ratio has a relatively small effect 
on the magnitude of the membrane stress. 

It also may be of interest to establish the influence of the mem- 
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Fic. 3 INFLUENCE OF 
brane stress on the total maximum stress, which will occur at the 
face of the plate at its center. This total maximum stress will be 
the sum of the membrane stress ¢;,, computed above and the 
bending stress oy, 


6M, Eh ( O*w, . Ow 
= = rv 
h 2(1 — v?) \ dz? oy* 


E fh\? 
(*) m*B(1.111 + 0.353r?) 


2 a 


again with Zmax = landy = 0.318 

For various aspect ratios r, the ratios of the total stress o),, 
0, to the bending stress o, which is the only stress in classical 
plate theory, are plotted versus the dimensionless amplitude @ in 
Fig. 3, in accordance with the relation 


ou + Cim 8(1.8989 + 0.318r?) 
= + 


ow i7(1 + 0.318r?) 


It is evident from the graph that, as a consequence of moderately 
large amplitudes, the total stress may be considerably larger than 
the stress predicted by the classical linear plate theory. How 
ever, it appears that percentagewise the large amplitudes affect 
the stress markedly less than the period of vibration. 


PRINCIPLE OF CONSERVATION OF ENERGY 
As an alternative, the same problem is studied in this section, 


using the principle of conservation of energy directly. The strain 
energy W in the present theory (1) is given by the expression 


" ” Ouse 1 ( Ow» y * Ovo (2=)"] 
2W = N — +N; + 
ff} ‘| Oe + 2\ ox oy 2\ dy 
re) Ovo Ow, Ow» O*w O*wo 
+ Nis (2 +: ~- =) M, —~— M, — 
y 


ox Oz OY oz? oy? 


~ 2M mS any 
Oxroy { 
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where’integration is to be extended over the area of the plate face. 
The kinetic energy 7 (1) is given by, neglecting rotatory inertia 


terms 
2T = off (hito? + hic? + hrdo®)dxdy... . 


Assuming the displacements in the form 


BAO ( Qry a*\ | 2nx 
u = ——— | cos - — 1+ vy — } sin — 
l6a b b? a 


%» = 


l6a 


a 


BO a 2rx 
AS cos — 


Ty 


a 1 
wo = BH(t) sin — sin — 
a b 


the potential and the kinetic energies become, respectively 


B?H*r\?) 1 ; ry a’? 
2W = i <a a 8 1 a 1 — cos b + v Fe 008 


Qry a’? 
1 — cos +yp Be cos — baedy + 
) , 


v 2ry a’? 2rz 2rx 
- 1 — cos - +yp cos 1 — cos - 
2h2 b b? a a 


Eh® a>) ge. wyf 1 2 
~~ B*H *r* sin? — sin? — + + —~ } dzdy 
1— v? oJ0 a b\ at bt a*h? 


jb PR a‘ oa v 
la? [2 bt 2 


B:HHr\? Th (3 
2T = p a . b +yp 


: B?H? NS 
Tp i abh [37 


The principle of conservation of energy is stated by requiring 
that 


Letting again 6 = h/a, r = a/b, and designating by p the cor- 


responding linear frequency of the plate, given by (9) 


h 


- - (1 + r*)? 
p 12(1 — v*) 


the result is, retaining terms of lowest power in 6 only 


3 ./B\3 3 yt 
H + pH + 5 ot (2) w| (3 “e =) (1 + r*) + dor | 


. [38] 


(l+r)?%=0 


This equation on H(t) is identical to Equation [20] on Z(¢) if the 
appropriate transformation of variables is performed. 


A Spectra Case: Beam VIBRATIONS 


The stress equations of motion of a beam are obtained from the 
corresponding plate Equations [1] by letting »» = 0 and 2()/dy 
=0 
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For the sake of simplicity, but without loss of generality, a beam 
of rectangular cross section, of height h and unit width, is con- 
sidered. The area of the cross section is thus given by h and the 
moment of inertia by h?/12. 

For the case of such a beam, the stress-displacement Relations 
[2] simplify to 


= phiio 


Eh’ 0*wo 
12 ox? 


2rzr 
a 


1 — cos — v 
at? +b [rma * a’? 


pew) ji, 
8 bt 


b?2 
+v a cos “ls dxdy 


BH? 

i—_»,y 8 
vt bt) EA! at 
2 at \f * 12(Hy) 4 a? 


Using the same Transformations [6] however, 
the velocity c, has to be replaced by the velocity of compressional 
waves in a beam 


and [7], where 


Oo = s 
the dimensionless equations result 
Ow 
of 


O70 ow 


- 


o&? o& 
62 (22 m= ow ) 3 0% ( ow 
12 \ age * age) ~ 2 ag? \ 2& 
. [40] 


The boundary conditions for immovable, hinged, beam ends are 


Ow 
[41] 


Similarly, as in the plate case, the perturbation yields in first 
approximation the equations of motion 
O24? ow‘ 1) 
. laa 
4 
og? og 


+ ~~) 3 0%") (2 , Pw du® 
of? 2 og a& og ae 


Ow O24 


“a 42 
o& og [42] 
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and the boundary conditions 


«)) 


yu® = wD = [43] 


=Q at&é=O0,1....... 
o&? . 
With the aid of the boundary condition on u™, the variable u® 
may be eliminated from the Equations of Motion [42], such that 
only one equation governing w“ results 


1 (Gn +) dw ‘(= * a... (44) 
12 \ ag ag? ae J, 2\ dé _ 


Assuming w in the form 
w® = BZ(¢) sin rf 
the time function will be governed by 


d*Z 2 
— +miZ +3 BriZ? = 0 
df? 


whose solution may be given again in terms of elliptic functions. 
Similarly as in the case of plates, we evaluate the ratio of the non- 
linear period 7'* to the linear period T 

T* 9 


— = —(] + 362)—'*K 
7 rT 


where K is again the complete elliptic integral of the first kind. 
This result, plotted in Fig. 4, is identical with the one obtained by 
A. C. Eringen (4), who, however, based his analysis on more exact 


equations than those used presently. The theory discussed in (4) 
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describes rotations of any magnitude and strains which may be 
large. The present theory, on the contrary, deals with merely 
moderately large rotations and with small strains. It is thus of 
interest to observe that both theories predict the same period 
from first-order perturbations. 

Furthermore, it may be observed that the perturbed equations 
of motion can be solved exactly in the case of a beam, Equation 
[42], but not in the case of a plate, Equation [13]. It is also of 
interest to note that the ratio of the nonlinear period to the linear 
period of the plate, given by Equation [26], does not reduce to 
the corresponding relation of the beam, Equation [47], by letting 
the aspect ratior = 0. This behavior may be made plausible by 
recognizing that the period is affected by terms containing dv/dy 
which do not exist in the beam case but are present in the plate 
problem, even as r approaches zero. 

As an alternative, a different solution of the same beam problem 
will be obtained, in the following, employing a method which is 
essentially the one due to Duffing (6). 

The two equations of motion for the beam, from Equation [3], 
in dimensional form, are 


O*u Ow, O'w 
oz? 2 Ox Ox? 


1/3 (= )’ o%w Ow, O%u O*w) Oude 
+ + 
R?*| 2 \ oz ox? Or Oz? or? Ox 
where 


The transverse displacement w» is assumed in the form 


PO ns cuu cede see 


; Wi 
wo = B(w*) sin 
a 


w* being the nonlinear frequency, and the longitudinal displace- 
ment uw is obtained from the first of Equations [48] as 

i £ cos 2w*t 
-— Bei 1 + — 

16 a 


. Bes 
sin ——... 


w*a\? a 
l =o — 

yr 
From the second of Equations [48] we obtain, after equating the 
coefficients of sin (7z/a) cos w*t 


Bt 1 (=) 
32R? ie ( “s) a 
Cyr 
( 2 ( ‘ 
={—j]) w*?—{—]. 
*) =) 


Noting that the frequency of the linear problem w is (9) 


“%=- 


[51] 


the ratio of the squares of the frequencies may be written as 


“\ - 2 (2)’ 
[= 8\A ’ 


[53] 





540 


Since for a beam h/a< 1, we may neglect the term [(w*/w)(h/a)]? 
in comparison to unity. Relation [53] is then simplified to 


w*\? 9 2 
(“) =1+78 


8 stands, as before, for B/h, and the ratio of periods is given by 


[Cay 


This ratio is also plotted in Fig. 4 and it is seen that the agreement 
between the two solutions is excellent. Thus the conclusion is 
reached that in the present case the more elementary Duffing’s 
approach yields practically the same result as a perturbation pro- 
cedure followed by an integration involving elliptic functions. 

In the case of a plate, however, Duffing’s method would be 
rather tedidus and no attempt was made to develop a solution by 
that method.’ 
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On the Transmission of a Concentrated Load 
Into the Interior of an Elastic Body 


By G. L. NEIDHARDT? anp ELI STERNBERG,’ CHICAGO, ILL. 


An exact solution in series form is presented for the 
stresses and displacements in an elastic body bounded by 
one sheet of a two-sheeted hyperboloid of revolution, sub- 


The 


problem is reduced to one governed by finite surface trac- 


jected to an axial concentrated load at the vertex. 


tions with the aid of a scheme developed in (1),‘ and the 
solution is based on the Boussinesq stress functions re- 
ferred The corresponding 
known solutions appropriate to the half space and to the 


Numerical re- 


to spheroidal co-ordinates. 


circular cone are obtained as limiting cases. 
sults are given for the normal stress on planes perpendicu- 
These 
values are utilized in a discussion aimed at the influence 
of the curvature of the boundary at the load point upon 


the transmission of the load into the interior of the body; 


lar to the axis of symmetry, at points on this axis. 


the results indicate that this influence may be considera- 


ble. 
INTRODUCTION 


HE concept of concentrated loads in the linear theory of 
elasticity was discussed extensively in (2) which contains 
an extension of the classical uniqueness theorem to mixed 
boundary-value problems involving concentrated internal and 
surface loads, in addition to distributed body forces and surface 
tractions. The theorem here referred to yields a formulation of 
such problems which is complete in the sense that it admits at 
most one solution 
It will suffice for our present purposes to cite this formulation 
merely for the second boundary-value problem for isotropic 
rredia. Moreover, we shall confine ourselves to the case in which 
body forces or internal concentrated loads are absent and assume 
the body to be subjected exclusively to concentrated surface loads® 
=~ 


L, applied at the load points Q, (k = 1 


9 


- Ta If D, with the 


n). 


! The results contained in this paper were obtained in the course of 
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American Steel Foundries 
in Chicago, Ill., for support of his activities in connection with the 
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boundary B, is the regular region of space occupied by the 
medium, the solution is uniquely characterized by the following 
requirements: 

(a) The stresses, strains, and displacements must satisfy the 
field equations of the classical theory in D and must be con- 
tinuous, as well as continuously differentiable, in any closed sub- 
B which excludes the load points. If D is not 


region of D 
bounded 


1), ip 


Or 


Or T 


uy ij asr- «a 


where r is the distance from a fixed point of the space, whereas u, 
and 7,; denote the Cartesian components of displacement and 
stress 

(b) The surface tractions must vanish identically on B except 
at the load points and at corners or edges of the boundary (where 
they are not defined). 

(c) The solution must have singularities at the load points and 
the stress resultant of each singularity must equal the correspond- 
ing concentrated load. Thus, if 2,(6) is the portion lying in D 

~» 


of a spherical surface of radius 6, centered at Q,, and 7’ is the re- 
sultant surface traction on that side of =, which faces Q,, then 


, 


The order of the stress singularities at each load point must 


— 


ly 


—s 


T dA (k 


6-0 


(d 


be characterized by 


Ti; O(r,~*) as r, —~ 0 (3) 
where r, is the distance from Q,. 
The foregoing formulation of 


derives its physical motivation from the definition of the solution 


concentrated-load problems 
through a limit process which may be described roughly as fol- 
lows: Each of the concentrated Joads is initially replaced with an 
(“replacement load- 


arbitrary distribution of surface tractions 


ings’) applied to finite surface elements (“load regions’’) sur- 
rounding the given points of application of the concentrated forces 
The solution of the original concentrated-load problem is then 
defined as the limit of the solution to the modified problem, as 
the load regions are shrunk to the load points while the resultants 
of the replacement loadings are made to approach the correspond- 
This limit process is spelled out 
2), by virtue of which the 


ing prescribed concentrated loads. 
precisely in Theorem 7.1 of reference | 


* See Section 2 of reference (2) for a definition of a regular region of 
Ve merely note here that any region in which the divergence 
In particular, D need not be bounded 
B may exhibit corners and 


space. 
theorem holds is admissible. 
or simply connected, and the boundary 
edges. 

7 Although the conventional engineering notation, for the com- 
ponents of displacement and stress, will be used almost exclusively in 
this paper, we shall occasionally find it convenient to revert to indicial 
notation. The symbol “O,” for ‘‘order of magnitude," throughout the 
paper will be employed only in its standard mathematical connotation 
Thus, f(z) = O(2") as z— © or z— 0 means that |f(z)/z"| remains 
bounded in this limit 
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limit solution so defined exists and is independent of the , articular 
choice of the load regions as well as of the mode of distribution of 
the replacement loadings, provided these tractions on each load 
region are sufficiently smooth, parallel, and of the same sense. 

According to Theorem 7.2 of (2), the limit solution conforms to 
requirements (a), (6), (c), (d), and thus—in view of the general- 
ized uniqueness theorem cited earlier—the formulation of the 
problem in terms of conditions (a), (6), (c), (d) is equivalent to the 
limit formulation. On the other hand, as shown in reference (3), 
the traditional formulation of concentrated-load problems, which 
rests on conditions (a), (b), and (c) alone, is incomplete; it ad- 
mits an infinity of “pseudo-solutions’’ which meet these three 
conditions but fail to coincide with the associated limit solution. 

In order to arrive at practically useful representations of the 
solution to a concentrated-load problem, it is desirable to deter- 
mine the relevant singularities in closed form. In reference (1) 
such a reduction of the problem to one which is regular, at least 
in the sense of being governed by finite and continuous surface 
tractions, was effected on the basis of conditions (a), (6), (c), (d) 
for a class of concentrated-load problems; i.e., the boundary, in 
a neighborhood of a typical load point, was assumed to be a 
sufficiently smooth, but otherwise arbitrary, surface of revolution, 
the axis of which coincides with the load axis. The reduction 
scheme developed in (1) is a generalization of a process first ap- 
plied to the special problem of the sphere subjected to two equal 
and diametrically opposite concentrated loads (3). 

The specific nature of the singularity—in contrast to its order— 
was found in reference (1) to depend on the curvature of the 
meridian of the boundary at the load point. It appears to be of 
interest, therefore, to solve explicitly a problem in which this 
local curvature may be varied, with a view toward gaining some 
quantitative insight into the effect of the local boundary curva- 
ture upon the transmission of the load into the interior of the 
body. This leads us to consider the problem of an elastic medium 
bounded by one sheet of a two-sheeted hyperboloid of revolution 
and subjected to an axial concentrated load at the vertex of the 
boundary. 

Before turning to the particular problem which constitutes the 
main objective of the present paper, we briefly recall, in the suc- 
ceeding section, the general reduction scheme given previously in 
reference (1). Moreover, since the problem at hand is most con- 
veniently approached by means of spheroidal co-ordinates, its 
solution is preceded by a mainly expository section on spheroidal 
co-ordinates and harmonics, as well as by a discussion of certain 
particular solutions of the field equations of elasticity theory re- 
ferred to spheroidal co-ordinates. 

Spheroidal co-ordinates have previously been employed in the 
theory of elasticity in connection with problems involving hyper- 
boloidal boundaries by Neuber (4) and spheroidal boundaries by 
Neuber (4), Sadowsky and Sternberg (5), Miyamoto (6 to 8), 
Edwards (9), Chih-Bing Ling (10), and Muki (11). A difficulty 
peculiar to the present application stems from the fact that there 
do not exist product solutions of Laplace’s equation in spheroidal 
co-ordinates, which are regular in the region under consideration. 


Bousstnesq Stress Functions—RepvuctTion or A CLASS OF 
CoONCENTRATED-LOAD ProBLEMs To REGULAR PROBLEMS 
Let (z, y, z) be Cartesian co-ordinates and (p, ‘y, z) be cylindrical 

co-ordinates, so that 


z=pcsy, y=psiny | 


0S p< 


Then every solution of the displacement equations of equilibrium 
which is characterized by torsionless axisymmetry about the z- 
axis, in the absence of body forces, admits the representation 
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2G uy, uy, Ue] = Vib + 2¥) — [0, 0, 4(1 — v)p] | 
.. [5] 


V*O(p, z) = 0, Viv(p,z) = 0 


Here, ¢ and w are the Boussinesq stress functions (12), [u,, wy, w,! 
are the cylindrical components of displacement, G and v designate 
the shear modulus and Poisson’s ratio, respectively, while YV and 
V? denote the gradient and the Laplacian operators. 

We now summarize, in a restricted form adapted to our present 
needs, the process developed in reference (1) for the reduction of 
a class of concentrated-load problems to problems governed by 
more regular boundary conditions. Thus consider an elastic 
body occupying a region D bounded by a surface of revolution B 


Meridion T° of 
Boundory 8 — 


Region 0 


| 


| 


| 
| 





0 
L 
MERIDIAN OF THE SURFACE OF REVOLUTION BOUNDING THE 
Exastic Bopy 


Fie. 1 


which lies in the half space z > 0 and extends to infinity. Let 


the meridian T of B, Fig. 1, be given by 


-s z = f(p), : Seca 


—o <p<-..... 


where f(p) is an even analytic function 


df 
> Oforp>0d0 


f(0) = 0, 
dp 


and 


f(p) = Op) 


Suppose that the body is subjected to a single concentrated load 
of magnitude |L| applied at the vertex (p = z = 0) of B, parallel 
to the z-axis, and let ZL > 0 if the load is directed in the positive z- 
direction. The boundary B is assumed to be otherwise free from 
tractions. The stresses and displacements are to be determined 
throughout D + B. 

® It is expedient to abandon the restriction p > 0 temporarily. 

* The significance of this assumption will become apparent at the 
end of this section. 


asp—-o... 
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According to reference (1), the unique solution” [S] to the 
problem, formulated in terms of the conditions (a), (b), (c), (d) 
listed in the Introduction, admits the alternate representations 

[S] = [So] + [Ro] = [S:] + [Ri] = [S:] + [Rs]... .. 18) 
Each of the component solutions [So], [S,], [S:] contains, in 
closed form, leading terms of the singularity inherent in |S]. The 
component solutions appearing in Equations [8] are defined as 
follows with reference to the generating Boussinesq stress func- 
tions introduced in Equations [5] 


L 


— ] 
«V) 10g - 
at 


[So]: ? 


where 


r=(2?+y?+2 m (p? + 2%)’*... .. [10) 


while c is an arbitrary parameter’! which has the dimension of 
length. Solution [S,] is Boussinesq’s solution (12)!* corresponding 
to a concentrated load of magnitude | L | applied at r = 0 to the 
plane boundary of a medium occupying the half space z > 0 


(1 =» Kol ‘Es {11} 
(1 + 12» — 16v?)xo*L 
l6r 
in which 
d*f | 
‘dp? =o 


is the curvature of I at the load point p = 0 and 


(1 — (= log - 


C 


v = 2 (20g 


c 


The behavior of the displacements and stresses belonging to the 
singular solutions [So], [S;}, [S2], in the limit as r—~ 0 orr— o, 
is given by 

10 Capital letters in brackets denote either the displacement-vector 
field (within an arbitrary additive rigid displacement) or the stress- 
tensor field of a solution of the field equations. Equality, addition, 
and multiplication by a scalar are to be interpreted accordingly. 

11 See footnote 13. 

12 See also reference (13), p. 191. 

13 The stress functions associated with solutions [Se], [Zi], and 
|Z] reduce to those generating the solutions bearing the same 
designations in (1) if we pute = 1. The introduction of c, which is 
expedient for future purposes, leaves unaltered [So], as well as the 
stresses of [Zo], and affects [Z;] merely within an inessential additive 
plane-hydrostatic field of stress. 


O(r=*) 
O(r-") 


u= O(r-*), Ti 
u; = O(log r), Téj 


u; = Ofrlogr), ti; = O(log r) 

Each of the singular solutions satisfies conditions (a), (c), and (d), 
with the exception of the regularity requirement at infinity, 
Equation [1], which is violated by [S,] and [S:]. On the other 
hand, all three singular solutions fail to clear the boundary B from 
tractions. 

We turn next to [Ro], [2], [R2] in Equations [8], which denote 
the solutions of the “residual problems’’ associated with [S,}, |S; ]}, 
[S:]. The characterization of these alternative residual problems 
follows from Equations [8], from conditions (a), (b), (c), (d), to be 
met by the complete solution [S], and from the properties pos- 
sessed by [S,], [S:], [S:]. In particular, [Ro], [Ri], [R:} must 
satisfy the field equations in D and must annul the surface trac- 
tions arising on B from [So], [S,], [S2], respectively; in addition, 
the behavior of [Ro], [2], [R:] at infinity must be such that [S] 
conforms to Equation [1]."* 

The sequence of solutions [Ro], [R,], [R:] of the complementary 
residual problems to which the sequence of singular solutions 
[So], [Si], [S2] gives rise, is characterized by a progressively in- 
creasing regularity in the corresponding boundary conditions 
Let o(p) and r(p) be, respectively, the normal and shearing trac- 
tions on B, Fig. 1, belonging to the singular solutions. As shown 
in reference (1), o(p) is finite and continuous for all three singular 
solutions while the behavior of r(p) as p — 0, i.e., in the vicinity of 


the load point, is given by 
dy «| 


+ O(p) 


| &1 on = 
= : 


Koel 
= (1 + 127 - 
Sr 


l6v?) + O(p) 


= Op) 


Thus the shearing tractions on B of [S,] become infinite as 
p — 0, those of [S,] exhibit a finite-jump discontinuity at p = 0 
while those of [S:] are finite and continuous at the load point. It 


should be emphasized, however, that [S,] contains the entire 
singularity inherent in the complete solution [S] only if x = 0 
In any event, the singularity at the load point depends upon the 
value of Ko. 

Finally, we observe in connection with Equation [7}" that the 
regularity condition at infinity, Equation [1], is incompatible with 
the equilibrium of the body if the meridian T of B is such that 


f(p) is of a higher order of magnitude” and not O(p) as p — 


Here, Equation [1] would imply that the resultant of the trac- 
tions acting on the circular cross sections of the body tends to 
zeroasz—> ©, Insuch an instance one needs to relax Condition 
[1], which, though sufficient for the uniqueness of [S], is by n« 
means necessary.” 

1 The concluding remark in reference (1), to the effect that the 
representation [S} = [S:] + [R:] becomes inadmissible for un- 
bounded domains because of the behavior of [S:] at infinity, is un- 
founded. 

16 See footnote 9. 

16 E.g.., if B is a paraboloid of revolution, f ) = 01 p*) as p-> « 

1” The extent to which Condition [1] may be weakened without loss 
in uniqueness is apparently in need of investigation. The analogous 
question for the two-dimensional treatment of the plane problem 
was considered by Tiffen (14). 
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SpHERomAL Co-OrpinaTes, SPHEROIDAL HarmMonics— 
LEGENDRE FuNcTioNS 


Prolate spheroidal co-ordinates'* (a, 8, y) may be defined in 
terms of the Cartesian co-ordinates (x, y, z) through the transfor- 
mation 

z = csinh asin 8 cos y ) 
y = csinh asin B sin y 
z = ccosh a cos 8 


or, in terms of the cylindrical co-ordinates (p, y, z) introduced in 
Equations [4], through the conformal mapping 
z + ip = ccosh (a +: i8) 
where 
0<B <r, 


0O<a<~o, os < &.... Dd) 


and c is an arbitrary positive constant. With the reparameteri- 


zation 
p = cos 8, (21) 
and the auxiliary notation 
p =(1—p*)/*=sinB, ¢ = (q?—1)'* = sinh a.. [22] 
Equations [19], [20] are equivalent to 
p = cd, 


PM Gide ssaeec el 
l<sq<», Oo< . [24] 


Equations [23] imply 


z? p? 22 p? 


c2p? Fi cp? “~ 


cq? cg? 3 

The co-ordinate surfaces p = + const and g = const thus form a 
family of confocal and mutually orthogonal two-sheeted hyper- 
boloids and spheroids, respectively, the traces of which, on a 
meridional half plane y = const, are shown in Fig. 2. The foci F; 
and F, are located on the z-axis, at z = —c and z = c, respectively. 
The segment —c < z < c of the axis is represented by gq = 1 
while the remainder of the axis is given by p = +1. As is evident 
from Equations [23], [24], p = po > 0 corresponds to a hyper- 
boloidal sheet which lies in the half space z > 0. The vertex of 
such a sheet is situated at 


For future convenience we also introduce the spherical co- 
ordinates (r; 8, yy) and the “displaced’’ spherical co-ordinates 
(r:, &, ), referred to the origin and the lower focus F; as poles, 
respectively, Fig. 2. From Equations [23] we have for the 
radial distances r, r; and for the co-latitudes 0, 0, the relations 


r (p? + z2)'/2 = ce(qg? — p)'/1 


2 pq .. [28] 


ah (q? — pr)'/ 
r= [p* +(e +c)]'* = cp +9) 


cos 0 


-- [29] 
cos 6; o 82S a ee 


n p+q 
See (15), chapter x, and (16), chapter viii, for a discussion of 


this curvilinear co-ordinate system and of associated harmonic func- 
tions. 
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Fic. 2 Provate SpHeRoIDAL Co-ORDINATES: 
Trace or Surraces p = Const anp g = Const ON A Har PLANE 
72 Const 


Laplace’s equation in spheroidal co-ordinates, for a harmonic 
function U independent of y, takes the form 


f°U,, — 2pU, + GU,, + 2qU, = 90 
and Equation [30] admits the product solutions 
U(p,q) = [P.(p) or Q,(p)][P.(g) or Q,(g)]... [31] 


Here P,, and Q, are the Legendre functions” of the first and second 
kind, respectively. 

In the particular problem to be considered later, we need har- 
monic functions which are regular for z > 0, that is, throughout 
the region 0 < p < 1,1 <q < ©, and which vanish at infinity. 
Since P,(q) does not tend to zero as g ~ © and Q,(q) has a 
logarithmic singularity at g = 1, ie., along the segment joining 
the foci F; and F2, it is clear from Equation [31] that the spheroi- 
dal product solutions of Laplace’s equation do not possess the re- 
quired regularity properties. For this reason we introduce the 
displaced exterior spherical harmonics, with the lower focus F; 
as the pole, and refer these to spheroidal co-ordinates. Indeed, 
the sequence of spherical harmonics 


H,(p, q) = c"*4r1-"—P, (cos) = (n >0).... [82]™ 


19 Subscripts attached to functions which originally bear no sub- 
script, unless otherwise specified, denote differentiation with respect 
to the argument indicated. 

*” For extensive treatments of these functions, see references (15 to 
18). See also the discussion toward the end of this section. 

21 See reference (15), p. 20. The letters 7, k, m, and n henceforth 
denote integers. Thus P, is the Legendre polynomial of degree n. 
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in view of Equations [29], assumes the form 


J 


+9) P( +7) (n > 0)... [33] 


= (p 
p+q 


Hp, q 


Since?” 


oH, 
Oz 


(n + 1) as, (n > 0) [34] 
the sequence H, may be generated through successive differentia- 
tions with respect to z of its initial member 


H, = [35] 


eer 
On the other hand, two successive integrations with respect to z of 
H, yield the harmonic functions 
H-(p, q) = log (1 + pXq + 1) 
.. [36] 

H-.(p, q) = (1 + pq) log (1 + pXq + 1) —(p + g) 
which are also needed in the subsequent analysis. 

We now cite certa:n results in the theory of Legendre func- 
tions** to which we shall have to refer in what follows. The 
Legendre polynomials of degree n > 0, defined by 


d"p™ 


P,(p) = > —. (n > 0) 


satisfy Legendre’s Equation 


p*P,,” 2pP,,’ + n(n + 1)P, = 0 


and obey the recursion relations 


p*P,’ = (n + 1X pP, Pras) 
[39] 
(n + 2)Prte = (2n + 3)pP ati (n + 1)P, 
Furthermore 


[40] 


The associated Legendre functions of the first kind, of degree n 
and order m, are defined by 


ie d™P,, 


P.™p) = p m > 0) 


, 


dp™ 


P. ™(p) 


We note, in particular, that 


Puy P,” = 0, (m>n > 0) [42] 


and recall Rodrigues’ relation”’ 


22 Reference (15), p. 16 

23 The functions H-,(p, q), H-2(p,q), for ¢ = 1, are the spheroidal 
transforms of Ho(r:, cos 6:), Ai(ri, cos (i), where Ho and HA; are defined 
as in Equations [16] of (1) and should not be confused with Ho, Ai; 
of our Equation [32]. 

24 See references (14 to 18). 

% The primes denote differentiation with respect to p. 

% This is Ferrer’s definition; see reference (17), p. 323. 
from Hobson's definition (15), p. 99, by a factor of (— 1)”. 

27 See (16), p. 361. 


It differs 
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(n —m) 
P, = = ( 1)” P.*. ( 


: [43] 
(n + m 


nim sn) 


Next, we cite the recursion formulas 


ppm 


2mpP,,™ | 


> .. [44] 


m+ 1) pP,,.” 1 = () 
'— pP," + Pa = 0 


(n + m)(n 
(n m + 1)pP,." 


which hold® for unrestricted values of m and n. Finally, with a 


view toward applications of Equation [33], we note the Taylor 
expansion 


whence, from Equations [45], 


P (: + P) 
Prd 
PARTICULAR SOLUTIONS OF THE FieLp EQUATIONS OF ELASTICITY 
THEORY IN SPHEROIDAL Co-ORrDINATES 


as , p'P.!(p) 
> ip +qyY 


j=@( 


As a last preliminary to the consideration of the main problem 
of this paper, we establish here certain relevant particular solu- 
tions of the field equations in the theory of elasticity, referred to 
spheroidal co-ordinates. To this end we first define the notion of 
translation of a solution to the field equations. 

Suppose [7'] is a solution characterized by the displacement 
field 

ne 


u= 


oe SARE [48] 
Then the solution whose displacement field is given by 


—_>_ — 


u = U(p,z h) [49 } 


is designated by [7'(/)] and, for A > 0, is said to be obtained from 
{7'| by a translation through a distance h in the positive z-direc- 
tion; for brevity, we shall refer to [7'(h)} as the “translated form’’ 
of [7]. In view of Equations [5], if 


y = Vp, z).. 


are the stress functions generating [7'|, then [7'(A)] is generated 
by 


d = Dp, z), [50] 


d = P(p, z —h) —hV(p, z —h), y = V(p,z—h)..[51 


In the next section we shall have to resort to the translated 
forms [So(ho)] and [Eo(ho)| of the solutions [Sp] and [Zo], defined 
Here ho, the distance between the 
> 0, is 


by Equations [9] and [14]. 
origin and the vertex of the hyperboloidal sheet p = po 
given by Equation [26], while c in Equations [9], [14] is now the 
focal distance of the spheroidal co-ordinate system (Fig. 2). The 
stress functions generating [So(ho)] and [Ho(ho)), in spheroidal co- 
ordinates, follow from Equations [9], [14], [50], [51] and from 


Equations [22], [23], [26] 


* See (18), p. 121. 

*The superscript in parentheses denotes j-fold differentiation with 
respect to p. Observe that P,“)(p) = 0 forj > n since P, is a poly- 
nominal of degree n. 
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\ 


[So(ho)]: 


x [ B — 4 — 2) tog a +0) | 


.. [52] 


@ = 2cs(1 — v)[w log s(1 + w) — 1] 
— cpo log s(1 + w) } .. [53] 


[Eo(he)): 


W = log s(1 + w) } 


The auxiliary symbols s and w, appearing in Equations [52], [53], 
are definéd by 


Pq — Pe 


r . [54] 


s = ((q— pop)? — fr)", w= 


and admit a simple geometric interpretation. Indeed, according 


to Equations [22], [23], [26] 
z—h 


To 


cs = ro = [p? + (z — ho)*)”, w = cos & = 
whence (ro, 4, y) are evidently displaced spherical co-ordinates, 
with the pole at the vertex (op = 0, z = fo) of the hyperboloidal 
sheet p = po (Fig. 2). 

The general Boussinesq Solution [5] was transformed into 
spheroidal co-ordinates in reference (5). Substitution of Equa- 
tions [52], [53] into Equations [16], [18], [19], [21] of reference 
(5)* yields the spheroidal components of displacement and stress 
appropriate to [So(ho)] and [£o(ho)]. With the notation 


= (q? — p*)'” 
Os _ P—P 2s _ g—pep | — 
8 


and after voluminous routine computations, we reach for [So(ho) |] 


L 
- - [pew + (3 — 4v)gf? 
dxGcupe Pe + ( a? 


= ——— [fase + (3 — 4y)pf? 
4nGeués pe ”)p4 


— (1 — 2vX(q—s, 8} 

~ ai 

 Seanapin Ow — (1 — D1 — wp 
ol, 

Qmctp24?s? 


“ ara | Boek. 
— Qarets? » l1+w 


[3f7g*s,s~0 + (1 — 2v)(1 — w)pgs?] 


[3q*s,%w 2v\1 —w \g*s?] 


To = en 
mt Qactppds? 


and for [Eo(ho)] 


* The stress functions designated by ¢ and y are denoted in 
reference (5) by ¢ and \, respectively. 

*1 The displacement uy and the stresses rpy, rgy, which vanish for 
axisymmetric solutions, are suppressed in Equations [57], [58], and 
in all subsequent equations. 
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1 
" sGup [sw(s, — p) + 2ps(1 — v1 — w) | 


— (1 — 2v)gp? log s(1 + w)} | (50) 


[sw(q — 8,) — 2gs(1 — v1 — w) 


2Guq 


— (1 — 2v)p@? log s(1 + w)] 


s 
= cups | ps1 — w)[(1 — 2v)p — 2s,] — p's,*} 


1 ; ‘ P 
= cutgs {gqs%(1 — w)[(1 — 2v)qg — 2s,] — 's,?| 


eee 


aca - 5 


_ Cr nae py ye 
cn*bds {81 — w)[ps, + gs, — (1 — 2v)pq] 


= p*9s,8,} 


With reference to the harmonic functions given in Equations 
[33], [36], we now define the following two aggregates of particu- 
lar solutions to the field equations. 


= He, (61) 


H., a (3— 4yv)H-2, y 


[62] 32 


i. 


We record the spheroidal components of displacement and stress 
belonging to solutions [A,], [B,] (n > —1), which are obtained 
from the corresponding stress functions as indicated previously. 
For [A-] 


L4 


p 
Up qlog(1+pX¢+1)+p 
r 2Gcu 


q+1)- 


4 p log (1 + 
2Gc u 
l (? +4q 
= - nae —_—- 2 
cu? \1 +p Pq 


1 
Ke cy? ~ 


—l 
~ 1 + pXq +1) 
(1 — pq — 1p + @ + PQ) 
c*upg 


Tp = 


p 4 


= , = ye age 65 
‘ 2Gcu(1 + p) 2Gcu(q + 1) 165] 


u 


32 In the definition of [B,] (n > —1) we could have chosen ¢ = 0 
the particular choice made here yields simplifications in what follows. 
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elite aa) 
cue \li+p pt@ 


1 ( 1 q :) | 
, = - 
cy? p+q q+l 
, « 


. [66] 
ay Wee 

c(l + pXq + 1p + g) 

oe i PX — 1X1 +p +o) | 

" ctu*G(p + 9) | 


With the aid of Equations [39], [33], we obtain for [A,](m > 1) 


(pH,-. — (p + @)H,]) 


n 
~ 2Geup 


—n 
= —— [qh — 


y ( )H,, 
«= 9Gcud p + 9)H,) 


23 , 
a, [Hn-1 — (1 + pg), | 
a? ) Pq 


—(n + 1)[H.~. — 2H]? 


n 1 : 
a ¥ = [Hu-1 — (1 + pq)Ha] 
+ (n + 1)[Ho-1 


{(1 + pg)\H,. — Ha} 


=. - 
cpg? 


a a (02 + pq)H. — Ho 


+(n +1) (C1 — pq)Hia + (p*? + g? — 20H, }} 
For [B-] 

p 

——— [I + 41 —vXqg—1)p) | 
2Geu(1 + p) | +P ( Aq P| 


i ee — 
‘ 2Geu(q + 1) ~ 


3 = oa 
cy? rs  p+q 


up = 


1+q— 41 — vl — pg] 


—-v\1 — pip +9) 
1+ p 


1 7? 
Gy-=f, 
, Al— Xa — hp +0] | 
q+1 


1 ? — 2v te] 
elrete¢ (1 + pXq +4) 


| 

| 

| 

69 [ —1 - Marie aa) | 

Tm cutlp tq (1 +pXq +1) 


With recourse to Equations [39], [33], there results for [B,] 
(n > 0) 


l 
= ( ' ) — k nt 
Gens | n +11 + pq)[pH, —(p + q)Har) 


—(3 — 4y)¢f*H,} 


~ i(n + 11 + pa)l(p + g)Han — GAs) 


2Gcud 
— (3 — 4v)p?H,} 


oF 2 ite 


aut) pe a 1 + pad] 


(n + 21 + pq)[H, — 2H) + w*A a 


— 2pqH»}} 


+ (1 2v)((p + q)*Han 
n+1ljl+pq, 


[H,.— (1 + pa)Ans 
c*y? 7 ? oF Pe i] 


+(n + 2)(1 + pg) [H. — 2Hnw)] + w*Ann 


— (1 — 2v) [(p + ¢)*Aan — 2pattaIt 


n+l1 jl + pq 


ee + pq)Hani — Ha] 


+ WH oar , 


n+l) 


= oan et + PaDICL + pa)Hns 
ctutig | 


— Sal 


+(n + 2X1 + pg){(1 pq\H,, + (p? 


+ g? — 2)Hn+i1] — (1 — 2v)[(2p*g? — p?® 


— g*)H, + (1 — pap + ¢@)* Haul 


Solutions [So(ho)], [Zo(ho)] are singular along the half of the z- 
axis — © < z < hp, and are otherwise regular in the entire finite 
space. Their behavior at the vertex p = 0, z = ho, and at infinity, 
i.e., as ro > 0 and ry +, is 

[So( ho) ]: ; = Oro), Ti; O(r9~*) 
[73] 
- | 
[Eo( ho) ] u; = O(log ro), Ti; = O(re=') 
where ro, defined in Equations [55], is the distance from the vertex 
of the hy age sheet p = po. 

Solution [A-,] is singular along the half of the z-axis — « 
< —c, and is otherwise regular in the finite space. Here we have, 
as r,; ~ O andr; ~ © 

[A-1]: u; = O(log r;:), 7; = O(r,~') [74] 
where r;, defined in Equations [29], is the distance from the lower 
focus F;. 

The remaining members of the aggregates of solutions [A,], 
[B,] (n > —1) are regular in the finite space, except for progres- 
sively stronger point singularities at the lower focus F;. Their 
behavior as r; — 0 and r,; — & is characterized by 
[B]: u= O(1), Ty = O(n, 1) 


[A,], [B,,]: Uy O(r,*~*) (n > 0) 


Or, 


33 Cf. Equations [16] 
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It is also worth noting, with the aid of Equations [9], [14], [50], 
[51], [61], [62], that 


—L , ) 
{(1 — 2v)[Ao] + [Bo]} | 


[S(—e)] = 
2m — 


[Eo(—e)] = —e}(1 — 2v)[A4] — [B}} 


SoLUTION OF THE MAIN PRoBLEM 


We now turn to the particular problem which constitutes the 
primary objective of this investigation. Thus, consider an elastic 
body occupying a region D bounded by one sheet of a two-sheeted 
hyperboloid of revolution. With reference to the spheroidal co- 
ordinates (p, g) defined through Equations [18], [21], let the 
boundary B of D be given by p = po (0 < po < 1) and let an axial 
load of magnitude |L| be applied at the vertex p = 0, z = hy of B, 
Fig. 2. Let LZ > 0 if the load acts in the positive z-direction, and 
suppose that B is otherwise free from tractions. The stresses and 
displacements are to be determined throughout D + B. 

The solution [S] is uniquely characterized by the conditions 
(a), (6), (c), (2) which were cited in the Introduction and applied 
in the second section to a class of problems that includes the 
present special case. Among the three alternative representations 
of [S] listed in Equations [8], we adopt the intermediate one. 
This reduces the problem to a residual problem governed by 
finite and continuous normal surface tractions and by shearing 
tractions which are finite but exhibit a jump discontinuity at the 
load point.** The removal of the discontinuity in the shearing 
tractions, accomplished by the last of the Representations [8], 
in the present application would entail an additional amount of 
labor which does not appear to be justified by the corresponding 
gain in the regularity of the governing boundary conditions. 

Recalling Equations [8], [48], [49], we thus assume [S] in the 
form 


[S] = [Si(ho)}] + [Ri] 
where, according to Equations [11], [27] 


: (1 — 2v)pol . 
[Si(ho)] = [So(ho)] + = ~ [Eo(ho)].. 


[78] 
while [So@)] and [Ho(ho)] are given by Equations [52] and [53], 
respectively. In view of conditions (a), (b), (c), (d), to be met by 
the complete solution [S], and because of the properties of [S,], 
discussed previously, the solution [R,] to the residual problem is 
defined uniquely by the following requirements: 

(A) Solution [2;] must satisfy the field equations in D, i.e., 
for p <p <1,1<4q< @, and must be regular in any closed 
subregion of D + B which does not contain the vertex p = po, 


q = 1. [R,] must be such that for [S] 


Tp, Gq, Ty, Try = O(q-*) as g > ~.. [79]* 


Up, Up = O(g-"); 
(B) For [S] 
[80] 


O(Po,Q) = Te(P,Q) = 0 (1l<q<@)...... 


lim f TdA =0.. 
5—> 0d 28) 


84 See the second of Equations [17]. 
% Cf. Equation [1]. Note from Equation [28] that g = O(r) as 


r=? @, 


(C) For [R,] 
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where 2(5) is the portion lying in D of a spherical surface of 


radius 6 centered at the vertex (p = po, g = 1), and 7’ is as in 
Equation [2]. 
(D) For [R:] 


Op, Gq, Tyr Trg = Oro?) asro— 0... [82] 
in which rp is the distance from the vertex, and is given by Equa- 
tion [55]. 

Guided by conditions (A), (B), (C), (D), we take [R,] 


form 


in the 


ao 


+B 1@,{A,] + 5,[B,]}......-. [83] 


n=—l 


[R;] 


where the component solutions [A,,], [B,] (nm > —1) are defined by 
Equations [61], [62], and a,, }, are as yet undetermined co- 
efficients of superposition. By virtue of the regularity properties 
of [A,], [B,], discussed at the end of the preceding section, each 
term in the Series [83] satisfies the requirements in the finite space 
stipulated in (A) and individually conforms to conditions (C), 
(D). Hence [R,] meets conditions (A), (B), (C), (D) provided 
the coefficients a,, b, (n > —1) are determined in such a way 
that Equations [79], [80] hold for [S] and that the infinite series 
in Equation [83], together with its first space derivatives, is uni- 
formly convergent in the region p < p < 1O<€<m< =. 

With a view toward meeting the Boundary Conditions [80], 
we develop the surface tractions o,(po, q) and T,,(po, qg) of solu- 
tions [A,], [B,], and [S:(ho)] into Laurent expansions in powers 
of g + po. These expansions are found to be of the form 


-) 


Onn” . 
7 rm (q + po) 
A 


=n 


o,( Po, q) = 


( ) 1 Ant” 
dime ———— . 
pq\Po, coda — po) ‘ (q + po) 


@ 


1 Bur” 
C* Uo? ‘® (q + Po) 
k 


= nT 
@ 


— 1 Baa” 7 
Boda — Po) +» (q + mr)" 


k=n 


os Me 
Cpe (q + po)* 


=-—1 


[Si(ho)]: 7,( Po, q) 


C) 


= --—_—— 1 Ye" _ 
C*pod(q —_ Po) * (q a po)* 


k=-1 


T pq( Po, 7) 


where fo, fo are the values*® of #, uw for p = po, and the 
Laurent coefficients are independent of q. 

The Expansions {84], [85] are obtained from the formulas for 
6, and T,,, given in Equations [64], [66], [68], [70], and [72], 
with the aid of Equations [33], [44], and [47]. The results of 
these exceedingly tedious computations follow 


% See Equations [22] and [56] for the definitions of f and yu. 
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1) 
- pot" [PoP at” 


nm). 


— (2k — 2n — 1) P,*-*-1] (nm > 1) 


(1 — pol + 2po + 2po?), 
= () (k > 2) 
Qn” = poll Po), 


= 0 
; pot n [(n conan 1 )foP 1" 1 


(k —n)(2n + 1)P,*-*-?] (n > 1) 





1fi(n + 4—4y\(1 


2] P,t-"-1 + [n(n + 2)(n + 3) | 
| 
n—1)+(2n +2 &) (an | 


(1 — 2v)] foPant-*-2} (n >0) | 


Po ly 8 10" = (3 — 2v \po?, 


| 
=f’, Bu? =0 (k >3) | 


po®" {[(n + 2\n + 3k) | 


2v) + n(n —1)\(n + 4 — 4v)p,?) 


2)(2n + 3)(k — nk —n — 1) 


+kin +2)\n + 3)(2n +4—k) + (n 2) 


| 
(2n +3 —k\2n + 4— kX — 2v) fePanrt*-*} | 


(n > 0) 


The associated Legendre functions appearing in Equations [87] 
to [90] all have the argument po. Since the functions repre- 
sented by the Laurent series in Equations {84], [85] are rational in 
q + po, the series terminate. This fact is confirmed by inspection 
of the Laurent coefficients just listed in view of the second of 
Identities [42 

Next, we sketch the determination of the Laurent coefficients 
x", Yx" appropriate to solution [S,(ho)]. The surface tractions 
o,(Po, 7) and T,,(po, g) of [Si(ho)] are immediate from Equations 
[78], [58], (60). In order to reach the Expansions [86], we 
need the Laurent series for so~', s9~*, 8 ~*, where 8 is the value of 
8 for p = po, ¢ being given by Equation [55] 

We first seek the auxiliary expansion 


.. (89) 


> .. [90] 
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] 


F(q) 
Vv (¢—1X¢t1 


2p") 


p Ae 
a (q + po)" 
1 


n= 


[91] 


The function f(g), in the complex q-plane, is a two-valued func- 
tion with branch points on the real axis at gq = 1 andg = 2po?— 1. 
We cut the g-plane along the real segment joining the two branch 
points, splitting f(q) into two branches, each analytic everywhere 
except on the cut. For our purposes, we must select that branch 
of f(¢) which assumes positive values for g > 1 on the real axis 
From the general formula for Laurent coefficients” we have 


l . 
Ceti = = f (z + po)"f(z)dz.. 
271 . 
( 


where z = z + iy temporarily denotes a dummy complex variable 
and the path of integration C is chosen as shown in Fig. 3 





Fie. 3 Inrecration Patu in Connection With Equation [92 


From Equations [92], [91], and a trivial limit process, follows 


1 + po)"d 
l ‘ Po)"dx 93 
® Jom—1 V Il l rir +1 2po0*)| 


Po? \po 


” 


which, with the aid of the transformation sin ¢ 
and of the binomial theorem, yields 


B92” r/2 ; : n 
= (sin t+ P ) dt 
T 2 l- P 


. - 7 


po®” n! ( Do ) 
a; p= m)! \1 Po 


m=0 


ation [94], in view of Wallis’ formula® 


wich (2) 
sin® ¢ dt ; 
Oi +1 j1)2 
0 a J 
finally leads to 


(1 Do )®? po” ~* 
Cat = n'(1 + po)’ F 
2777171 n 2) 


in which [n/2| denotes the largest integer not exceeding n/2 
The Laurent expansion of s9~* is most expediently obtained by 
noting, on the basis of Equation [91], the identity 
7” See reference (19), p. 119 
* See reference (20), p. 223 
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i ->[2(2)+22(2)] 
8 po? LOg\ 80 2po Opo \ 8 
~ (> 101 4 Onde = = 


2popo* (q + Po)” 





n=2 


Substitution from Equation [96] for c, yields, after elementary 


manipulations 
1} 
- (gt er 


where 


[n/2] ) 
(1 — po)*#—*"—* 
in ' n—2 
n+ ni(1 + po) - ’ 277-141(7 — 1)"(n — 2))! 


j=1 





a 
n > 2) } 


Similarly, we arrive at the expansion 


where 


[n/2] 


(1 = Po)*? ~*po" ~ 





n! | 
== n-4 
ton = (+ pe) de Ps ate =)! } .. 101) 


j=2 


(n> 4} 


For future convenience we adjoin to Equations [99], [101] the 
definitions 


d=~d,=Qq =~ =e =a =0 


With the aid of the auxiliary Expansions [91], [98], [100], the 
Laurent coefficients y,’ and y,” in Equations [86] follow after a 
cumbersome computation 


. . (L — 2v)L pet 
- aos . (1 — 2v)po — 2] 

o _ (L— 2»)Lpr! 

we * “ax(1 + po) 


7-1 


o . ws 
2x | 


+ 3(1 + polects — ees] — (1 — 2v)[(1 + po)*de 


Pot | 
| 


* (1 + podem + (3 — 200 |} > 1) | 


Ye 3po?[(1 + po)*e, — 3(1 + po)*ext 


— Al + Po dirs + di+2)} + 


+ (3 — 4v)po)(1 + po)*cx — [3 + (3 — 4v)po] 
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(1 -- 2v)Lpo 


Qn(1 + pr) [1 — (1 — 2v)po] 


7-1" 
e - L— Pim 
2x(1 + po) 


LpoX1 — po) 
2r 


Yo [2(1 — v)po? — 1] 


[1 — 2v + (1 + 2y) 


+ (1 + 1 + po)) 


L 2 
= th" po + po)¥era— (1 + po 


— 4po?)(1 + po)*ex + 2(1 — 3poX1 + po)®ex+ 
+ 4po(2 + pol + polesr2 — (2 + 5po 

+ po* ents + extra] — (1 — 2v) [pope 1 + po)*di-s 
— (1 — 3pe*X1 + po)de + (1 — 4po | 
— 3po?(1 + podderr + (1 + 4po + po* dere 





1—% 
Po? 

* (1 + po)*pocr1 — [2v + 2(2 — v)po 
+ 2(3 — 4v)po*}(1 + pole, + [2 +-6(1—v)po | 
+ (3 — 4v)po? lexus — 2(1 — Pens | bi > 2) | 


— diss] + | + (3 — 4y)po] 


The coefficients c,, d,, and ¢, appearing in Equations [103], [104] 
were given in Equations [96], [99], [101], and [102]. 

The series in Equations [84], [85] terminate, as stated before, 
while the infinite series in Equations [86] are uniformly and 
absolutely convergent forO0 < pm <1,1+¢e<q< @ (€>0) 
From Equations [84], [85], [86], we obtain by superposition, in 
accordance with Equations [77], [83], the Laurent expansions of 
the boundary stresses for the complete solution [S]. In order 
that the Boundary Conditions [80] be satisfied, each Laurent co- 
efficient in the expansions of o,(po, q) and T,4(po, q) for [S] must 
vanish individually. This requirement yields an infinite system of 
linear algebraic equations for the unknown coefficients of super- 
position a,, b, 


b \ 
Z (Gn Qn” a bBnx”) > —1" | 


n=-—1 
: (k > —1).... [105] 

k 
| 
> (Gn Qn” T baBns’) = —Va" | 


n=—1l 
Equations [105] in matrix form appear as 
a-1-17 8-1-1" 0 0 =#«O a 
a1" B-i-1" O 0 0 
B-w? aw? Bot O 
B-w? aw? Bot? O 
Bu? an? Bu? au? Bu? 
B-n™ an? Bat au? Bu? O O 
B-12% aoe? Box? a2? B12" a22” B22" 


B-127 aoa” Bos? ai2™ 8127 a2? 8227 


0 

0 
aw? 0 
a--107 0 
a-u? 
a—u" 
a—12" 


a-17 
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Thus the first two equations involve the two unknowns a-; and 
b-1, while each succeeding pair of equations involves an addi- 
tional pair of unknowns. Proceeding formally for the time being, 
we treat Equations [105] as a single pair of equations for any 
fixed k and solve for a, and },, which leads us to the following re- 
cursion formulas for the solution of the system of Equations [105] 
or [106] 


San 
a, = A (64° Bix” — 547Bx”) 


(k > —1)....[107)« 


l 
= Onn O” — Otynby” 
* a, k Ue we) | 


where 
Ay = i" Bu” — On Bur? 


k—1 


_ i (A,Qn”? + baBua”) | 
==! 


5° = 
> (k >—1).. 


.. {108} 
k—1 
(Gn Ann” 


n=—l1 


6° =—y7," + baBau”) | 
and the sums in Equations [108] are defined to be zero for k = 
—l. 

Setting k = —-1 in Equations [107], [108], we reach, with re- 
course to Equations [87] to [90], [103], [104], the values 


(1 — 2v)Lpo 


(1 — 2v)*Lp» ( 
2a po? 


.... [109] 


a1 ’ 4 = 


2rpy*. 

For k = 0, the right-hand members of Equations [107] become 
indeterminate; the corresponding pair of Equations [105] is 
linearly dependent and, on substitution from Equations [109], 
[87] to [90], [103], [104], [41], [37], reduce to the single equation 


Lp 1 + 2ypo) 


ado 


1 — 2p oat 


—(1 + polo = 


It might appear, therefore, that 
If we write a» in the 


in the two unknowns ag and bo. 
either ao or bp may be assigned arbitrarily. 
form 

Lil — 2v) 


2x(1 — po) 


[1 +20 —»)m 
1 + po)A(P, Po) 
—Elae » .. funy" 
1 + 2vpo + po® 


where A(v, po) is as yet an arbitrary parameter, then Equation 
[110] yields, for the value of by 


L 
2 | 1 — 93 
. = | - 


X(y, po) 
— ] [112] 
1 + 2vpo + po? 


The question remains whether \ can be assigned arbitrarily. 
That this is not possible can be seen as follows: Suppose the in- 
finite series for [/2,] in Equation [83] were suitably convergent for 
every choice of AX. Then, as will be shown in the next section, [S] 
would meet the regularity requirements at infinity, given in 
Equations [79], regardless of the choice of A. Hence [R;,] for 

* For k = 0 these forms are indeterminate; ao and bo are estab- 
lished later and are given by Equations [111] to [113 

“ The summation convention for repeated indexes is not used in 
this paper. 

‘1 The expediency of this particular choice of ao will become evident 
in the next section where the arbitrary parameter A will be found to 
admit a simple physical interpretation 
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every value of A would satisfy all of conditions (A), (B), (C), (D 
by which it is uniquely characterized. On the other hand, [2,] 
depends on X, as is most readily inferred from its behavior at in- 
finity, which we establish in the following section. This de- 
pendence on A, which is easily seen to be linear, contradicts the 
uniqueness of [R,]. Consequently, there cannot be more than 
one value of \ for which the Representation [83] for [R,] is con- 
vergent. 

In the next section we determine the value of \ from the con- 
dition that the solution [S] must tend to the corresponding known 
closed solution for a cone under an axial concentrated load, in 
the limit as the hyperboloidal boundary approaches a cone 
This condition leads to the value 


ACY, po) [113] 


It follows from the discussion in the preceding paragraph that 
Equation [113] is at the same time a necessary condition for the 
convergence of the series for [?,]. A proof that A = 1 is also 
sufficient for the required convergence of the Series [83], does not 
appear to be manageable because of the unwieldy form of the co- 
efficients a, and b, 

Taking A = 1 in Equations [111], [112], the remaining co- 
efficients a,, b, follow uniquely from Equation [107] with k > 1, 
provided 0 <p. <1. For po = 0, ie., for the half space z > 0, 
[S] coincides with Boussinesq’s solution* [So]. 


THE SotuTion at Ineinrry—Tue Cone As A 


Lmrtine Cast 


BEHAVIOR OF 


The spheroidal co-ordinates (p,q, y), defined in Equations 
[18], [21], pass over into the spherical co-ordinates (r, 0, 7) if we 
let 


e->8,... (114) 


Taking this limit for arbitrary fixed r and 0, we find from Equa- 
tions [28] that 


p — cos 0... {115] 


q-- @, cq-> 7, 


As c tends to zero, the foci F;, F:, Fig. 2, coalesce, the hyperbo- 
loidal sheets p = const approach the corresponding asymptotic 
cones of opening angle 20 = 2 cos~! p, while the spheroids g = 
const go into spheres centered at the origin. 

Consider a cone, coaxial with the z-axis, whose vertex is at the 
origin and whose generators are inclined at an angle 0) = cos~'po 
with respect to the axis; let the cone be subjected to an axial 
concentrated load L at the vertex. The well-known solution“ to 
this problem, designated here by [S*], is generated by the 
Boussinesq stress functions 

6g? « oe ee 
2r(1 — pol + 2vpo + po?) 
—L 


2x(1 — poX1 + 2vpo + po®)r 


log (r + z) 


y= 


If [S*(—c)] is the solution® corresponding to the same cone with 
its vertex at the lower focus F; (p = 0, z = —c), we reach with the 
aid of Equations [116], [50], [51], [23], [28], [61], [62], and [33], 
[36] 
; —L 
24(1 — pol + 2vpo + po*) 
. {(1 — 2v)(1 + po)[Ao] + [Bo]}. 
42 See reference (13), p. 203 
48 See Equations [9]. 


** See reference (13), p. 203 
* Cf. Equations [48], [49] 
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Clearly 
[S*(—c)] — [S*] asc +0 


where po = cos 4. 


We now examine the relation which the solution [S} of the 
present problem bears to [S*] in the limit as c —~ 0, ie., as the 
hyperboloidal boundary p = po tends to its asymptotic cone of 
opening angle 20,=2 cos! po. To this end we note that, as qg—~> = 


1 


1 1 1 
- = — + O(q-), — = — + O(g-*) 
q q q 


\ 
| 
| 
| 


1 
ae BP + O(g-*) > . [119] 
q q 


8 = g — pop. + O(q-"), 


,(+pXat+1)_1+m 


$ + Pd — Po 


lo + O(q-*) 

in which @, uw, and s are given by Equations [22], [56], and [54]. 
A lengthy computation, involving the foregoing auxiliary identi- 
ties, Equations [77], [78], [83], [117], [57] to [60], [63] to [66], 
[69] to [72], [75], [29], and [109], [111], [112], finally yields 


1 
uj = Au;*(—c) + — O(g-!) as q—>o.. {120} 
eq 


1 
tii = Atij*(—c) + age C0) as gq—.... [121] 


Here u;, 7;;, and u;*(—c), 7;;*(—c) are the components of displace- 
ment and stress of solutions [S] and [S*(—c)], respectively. 

We conclude from Equations [75], [117], [120], and [121] that 
[S], for every A which yields convergence of the Series [83], con- 
forms to the regularity requirement at infinity, stipulated in 
Equation [79]. This fact was appealed to in the preceding sec- 
tion. 

On applying to Equations [120], [121] the limit process spelled 
out in Equations [114], [115], we find in view of Equation [118] 


that 
lim [S] = A[S*] 
c—0 


The physical significance of the parameter A, introduced in Equa- 
tion [111], is now apparent. [S] tends to the solution for the 
corresponding asymptotic cone as c — 0 only if A = 1, which 
accounts for the choice made in Equation [113]. 


NumericaL Resutts—Errect oF CURVATURE 
ON THE TRANSMISSION OF THE LoaD 


Discussion. 


The complete solution [S] of the problem solved in the preced- 
ing sections, according to Equations [77], [83], is of the form 


[S] = [Si(ho)] + > {anlda] + balBa]}....- [123] 


n=—l1 
For a fixed choice of the hyperboloidal boundary of the body, de- 
termined by specific values of the ‘‘shape parameter’’ po and the 
“scale parameter’’ c, the dimensionless stresses c*r,;/L appro- 
priate to [S] are found to depend exclusively on the dimensionless 
cylindrical co-ordinates p/c, z/c, as well as on Poisson’s ratio v. 
Here || is the magnitude of the axial concentrated load at the 
vertex of the hyperboloid of revolution. Furthermore, we recall 
at this place the geometric significance of po and c, inferred earlier 
from the first of Equations [25] which, for p = po > 0, represents 
the meridional section of the boundary. Thus 0 < cos~! pp < 
m/2 is half the opening angle of the asymptotic cone associated 
with the boundary, while c is the distance of its focus from the 
vertex of the asymptotic cone (i.e., from the origin). It will also 
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be helpful to recall Equations [26], [27] 


1 Po 
Ko = = - 


.... [124] 
Ro c(l — po*) ~ 


ho = CPo, 
in which ho is the distance from the origin to the vertex of the 
boundary, whereas xp denotes the curvature of the meridian at the 
vertex. 

In discussing the stress distribution, we confine our attention to 
the normal stress o,(p, z) at points along the axis of revolution p 
= 0. As is seen from Equations [23], [25] (see also Fig. 2), 
o,(0, z) is related to the spheroidal stress components o,(p, g) and 
o,(p, 7) according to the formulas 


(2,1) for hg Sz<c | 
| c | 
| Oy ( *) for 

\ ¢ 


For the sake of convenience we list here the special formulas for 
o,{0, z) appropriate to each of the component solutions entering 
Equations [123]. From Equations [33], [40], [58], [60], [64], 
(66], [68], [70], [72], and [78] we find with the aid of Equations 
[125] 

For [S;(ho)] 


o,{0,z) = 


c*a,(0, z) 3po? + (1 — 2v)polz/c 


L 2m(z/c Po)*po? 


For [A-;] 


c*a,0, z) = 


for [A,] 


For [B-,] 
ca(0, z) = 


for [B,,| 


(n + 1)(n + 4 — 2v) 


a + ; (n > 0) 
z/c)"* 


c*a,(0, z) 


Similarly, we obtain from Equation [116] for [S*] 


c*o,(0, z) ‘. —3 + (1— 2v)po [129 
L 2m(z/c)*(1 — poX1 + 2vpo + po? 
where [S*] is the solution corresponding to a cone with the open- 
ing angle 20) and 0 < % = cos~' po <7. If, in particular, we set 
po = 0 in Equation [129], we reach the formula appropriate to the 
half space“ z > 0. 
The coefficients of superposition a,, b, appearing in Equation 
[123] are proportional to the load L and otherwise are functions 
of vand poalone. These coefficients were determined numerically 


“ Both [S*] and [S], for » = 0, coincide with Boussinesq’s solu- 
tion [Se]. 





NEIDHARDT, STERNBERG—ON TRANSMISSION 
for —1 <n < 13, v = 1/4, and, for various values of the shape 
parameter po needed in the subsequent discussion. The cor- 
responding highly voluminous computations were carried out on 
the basis of Equations [107] to [109], [111] to [113], [87] to [90], 
[103], [104], with the aid of Equations [37], [39], [41] to [44], 
and tables of Legendre functions (21), (22). The values of a, and 
b, thus obtained,” together with Equation [123] and Formulas 
[126] to [129], now yield the numerical values of the axial normal 
stress ¢,(0,2z) forv = 1 
Fig. 4 shows an illustrative graph of o,(0, z) for po = 0.9 


4 and various shapes of the boundary. 


2 
cl 
Be 


‘ 





Asymptotic 
Cone 


Boundory of 
Hyper bDoloid 


04 
:@) 


Fic Ax1aL NorRMAL STRESS IN THE HYPERBOLOID po 

As demonstrated in reference (1) and reflected in Equations 
[11], [12], the curvature of the boundary at the load point affects 
the singularity at that point. We now attempt to examine the 
influence of this local curvature upon the stresses in the interior, 
which constitutes the main motivation of the investigation de- 
scribed in this paper. It is not possible to isolate completely the 
effect of the curvature at the point of application of the load, since 
any change in the curvature there is necessarily accompanied by 
a change in the shape of the entire boundary if the latter is an 
analytic surface as in the present case. 

To cope with this difficulty, we observe first that for a given y, 
the normal stress ¢,(0, z) at a point on the axis of the hyperboloid 
must depend on the area of the cross section at that point, on the 
distance of the point from the load point (vertex), as well as on the 
load. Moreover, if these three factors are held fixed while the 
curvature of the boundary at the vertex is varied, any change in 
the interior stress ¢,(0, z) should be primarily attributable to the 
variation of the curvature at the load point. 

# As a partial check on the accuracy of the computed coefficients 
Gn, bn, the vanishing of both boundary tractions was confirmed 
numerically at two separate points of the boundary, for each value of 
the shape parameter po that was employed in the computation. 


OF CONCENTRATED LOAD INTO ELASTIC BODY 


Guided by the foregoing considerations, we compare the values 
of ¢,(0, z), holding fixed the load L, the distance [{, = z ho 
from the vertex of the hyperboleid (load point), and the radius p, 
of the circular cross section at z = ho + ¢,, while varying the 


With these definitions of ¢ 


2R | 
t - 


radius of curvature Ry at the vertex 
and p,, Equations [25] to [27] yield 


T CPpo 


E juations [130] re veal that each specific choice of the ratio p, /f, 
gives rise to a one-parameter family of hyperboloids with Ro as 
once Rp» is selec ted, the values of Po and c follow 
and the boundary is uniquely determined It should be noted, 
however, that Ry cannot be varied indefinitely for fixed ‘p, Ce 
130}, subject to Equations 24), 


the parameter ; 


Indeed, the first of Equations 
implies that Ry is confined to the range 


0 < Ro < pe*/2e,... 131 


The lower limit of Inequality [131] corresponds to a cone of open- 


ing angle 
20, = 2 tan-"(p, /f, ) 
while the upper limit corresponds to the paraboloid 


p, (z ho) t,p" 


Fig. 5 depicts three of the one-parameter families of hyperboloids 


just described, corresponding to p, /f, 1,2 


~ Hyperboloids 


Paraboloid 





—- /p 





No 
0 


Famities OF HyperBoioips Usep in Stupy or CURVATURE 
EFFECT 


Fie. 5 


We now proceed as follows: For each of the three ratios p, f. 
underlying Fig. 5, we choose values of Ry within the Range [131] 
and compute the corresponding values of po, c, and z from Equa- 
tions [130]. Using further the numerical values of a,, b,, belong- 
ing to the values of pp just obtained, we compute o,(0, z) from 
Equation [123] with the aid of Equations [126] to [129]. This 
procedure yields the three curves in Fig. 6 which show the de- 





JOURNAL OF APPLIED MECHANICS 





) . Ro 








re) are * 


Fic. 6 Errecr or Curvature at Loap Pornt on Axtat NoRMAL 
Srress in INTERIOR OF Bopy 


pendence upon &p of o,(0, z) for p,/f, = '/2,1,2. The left end- 
point of each of these curves corresponds to a limiting cone while 
the right end point corresponds to a limiting paraboloid.“ 

In order to render the representations on Fig. 6 dimensionless, 
—L/rf,? and ¢, were chosen as the respective units for the axial 
normal stress and the radius of curvature. If, instead, p, had 
been chosen as the normalizing parameter, the dimensionless axial 
normal stress 7p,*o,/L would be infinite for p,/f, = © and the 
half space could not have been included in the diagrams under 
consideration. 

The physical interpretation of the results contained in Fig. 6 
requires caution. The difference in the stress values for fixed 
Ro/f, but different values of p, /f, is principally due to the dif- 
ference in the area of the cross section at which the stress acts. 
On the other hand, confining the comparison of stress values to 
one and the same value of p,/f,, we note two effects which may 
be attributed primarily to the local curvature at the load 
point: (a) Stress increases with decreasing radius of curva- 
ture. (b) Sensitivity of stress to curvature-changes rises; that is, 
the slope of the graph grows steeper, with decreasing radius of 
curvature. Moreover, the quantitative influence of the curvature 
at the load point may be appreciable; thus at p,/f, = 1 the 
stress value for the limiting paraboloid with Ry = ¢, /2 is less than 
80 per cent of the corresponding value for the limiting cone with 
Ry = 0. 

Finally, we note that as p,/f, — ©, the stress curves ap- 
proach that appropriate to the half space and thus the stress be- 
comes independent of the radius of curvature at the load point. 
This observation is accounted for by recalling once more that the 


See the remarks following Inequality [131]. 
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solutions for the hyperboloid and for the cone depend continu- 
ously on po; a8 po — 0, while Rg is held fixed, both the hyper- 
boloid and the cone (with Ry = 0) approach the half space. 
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On the Stresses in a Strip Under Tension 
and Containing Two Equal Circular 


Holes Placed Longitudinally 


By A. ATSUMI,' SENDAI, JAPAN 


A problem of determining the stresses in an infinite strip 
of finite breadth under tension and containing two equal 
circular holes placed on the longitudinal axis is studied 
theoretically. Stresses are calculated by a perturbation 
method, in each case the radius of the circle and the dis- 
tance between the centers of two holes being varied. From 
consideration of the results obtained, some conclusions 
are made regarding the effects of the straight boundaries 
and the holes. 


INTRODUCTION 

T IS well known that the presence of a hole in a stressed plate 
has a very great influence upon the maximum stress, and a 
number of investigations, both mathematical and experi- 
mental, have been directed toward determining the exact extent 
of this influence. When the hole is isolated and the boundaries of 
the plate are distant, the mathematical method of finding the 
But the presence of 
adjacent boundaries introduces great complications. The prob- 
lem has been solved by Jeffery (1)? for a circular hole near a single 
straight boundary, and by Howland and others (2) for a hole be- 
And the problems have been 


stresses in its neighborhood is elementary. 


tween two straight boundaries. 
solved by Howland, Green, Chih-Bing Ling, and others (3) for a 
group of holes closely placed together so as to influence each other 
in a plate of indefinite extent. Excepting the investigations that 
have been made by Howland and Knight, and Green (4) on 
stresses in a perforated strip, of finite breadth, containing circular 
holes, there appears, however, to have been no theoretical in- 
vestigation which gives much information as to numerical aspects 
of the problem for some particular cases. The purpose of this 
paper, therefore, is to determine theoretically the stresses in the 
problem mentioned and to give, with the aid of some other 
studies, some consideration of the effects of proximity of the 


straight edges and the circular holes. 


Meruop or ANALYSIS 


Let the strip of isotropic and elastic material be bounded in the 
z, y-plane by the lines y = +b, and perforated by two holes of 


equal radius a(<b), with the centers at the points 0,(h, 0), O2 


(—h, 0). Polar co-ordinates (r, #) will be used, taking the initial 
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line Ojy, and the positive direction of 6 clockwise as shown in 
Fig. 1 . 

Then the relation between these co-ordinates is 

rsin@?+h 
y r cos 6 
We express the formulas in terms of dimensionless variables as 
follows 
E=2/b, n=y/b, p=r/b | 


A =a/b, B =h/b 








Fig. 1 


The present problem is to determine the distribution of stresses in 
the perforated strip, shown in Fig. 1, under a uniform tension T 
applied parallel to the straight edges in its plane. 

Under the usual conditions of generalized plane stress, the mean 
values taken throughout the thickness of the plate of the stresses 
are derivable from a single stress function x satisfving the bihar- 


monic equation 
Vx = O*y/Ort + 20% /Or*0y? + Oty /Oy* = 0 


The stress components relative to Cartesian co-ordinates are 


1 O*% l 
’ o ~—f oa = ‘ 
}2 On? ad 32 of }2 


O*x 1 oO» 
T 
Of0n 


Those relative to the polar co-ordinates ¢ 


l (2 O*x l x ) 
b? p? of p oO 


1 0 ( l 2x.) 
T4 = 
b? Op \o O88 


Then the problem is that of finding a solution of Equation [3] 
satisfying the following equations for the boundary conditions 


a) On the lines 
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(b) On the circles 
V (& = B+ 0 


(c) At infinity 


% 2% = 6......... 17] 


=— to, 


G, = 














We start with the fundamental stress functions x, and %, 
shown in Fig. 2, representing the solutions for the infinite strip 
under forces P at the centers of the circles. 

X, is the stress function for the case of two equal isolated forces 


<-> 
acting at the points O, and OQ; in the direction Or. x, is the one 


— 
for the case where one force is taken in the direction Ox and the 
other in the opposite direction. 

These are given in the following by using the stress functions 
found by Howland (5) 


ears [a — 2v) {(€ — B) log VE — B)* + 9° 
§—86 


+ (& + B) log V(E + 8)? + nt} + 201 — vm (tan fe 


n 

§+8 Pb = | unsS — (s + uc)C 

tant 2 © < =. = 
vo n t 0 uty 

— neS 

{u — (1 — 2v)} e~ + —— — 

u 


Xe = 


{211 — v) — u} | 
sin ué cos uBdu......[9] 


Pb a 
%» "= Fa» [a — 2v) {(E — B) log VW(E — B)? + 9 
&— 6B 


— (E + B) log V(E + B)* + nm} + 201 —v)n (tan~ a 


_€+86 Pb =} unsS — (s + uc)C 
— tan~? —— —_— ———— SEP 
n m(l—v) Jo ut 


sC — neS 


{u — (1 — 2v)} e* + oor {2(1 — v) — u} | 
Ue 


cos ué sin uSdu [10] 
where v is the modified value of Poisson’s ratio occurring in the 
theory of “generalized plane stress,” and the other new symbols 
are defined as follows 

C = cosh nu 


s=sinhu, c=coshu, S = sinh mu, 


rats 104) 
2 = sinh 2u + 2u } 

Now we must consider the expansions of these functions about 
the singular point 0,(h, 0). The problem is not difficult but in- 
volves a fair amount of algebraic manipulation; hence only the 
final results will be given. 

Xa is given by the equation 
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b 
X. = mon XC — 2v)p sin 6 log p + 2(1 — v)Op cos 6 
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The new symbols denote 


u® 
= cos 2uBdu, 


a 
@ u™ : 
= sin 2uBdu 
0 = 


- ue™ 
in, 2," = cos 2uBdu, 
0 2 


@ Rg —2u 
uve 2 
J, = f ow. 2uBdu 
0 a 


(—)**1(1 — n) 


~ 2n(2n — 1)(28)*—” 
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Nenu = 
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in(28) {15 
" 


-) 


t(n + 1)(28)2"*2 


(cont 


Xs 18 given by the same expression as x,, provided the signs of the 

integrals /,’, J,’, I, J,, and the constants le,, man, . . . Manat’, 

Pini’ in Equations [13] are all reversed 
X. and x, are biharmonic functions for all vaulues of vy and ‘ors = © the last terms of °A», and °B:,,; are defined 

satisfy the Condition [6], but we consider cases when v has specia! 2n(26)*" and "*1/(2n + 1)(28)**, respectively 

values, This is justifiable since the functions derived are giving 

single-valued displacements. ; cos 20 4 to 0 2” cos 2n0 
First, let x,', x,’ be a function taking Pb/27 = 1 and y— in 

Xo and x,, respectively. Next, make x,", x,” taking v = '/; 

As the stress system in the present problem should be symmetrical 

about the y-axis, we have to find the even functions in z, which 

may be obtained by differentiating x,’ and x,” an odd number of 

times and x,’ and x,” an even number of times with respect to £ 

These are defined as follows 


0 


where, for s 


s +1>\2e +9—,. 7 
ane, 
2s + 1)0E* +? 


In order to find the limiting values of the stresses at rs — + ~, 


we first find the values of x, and x, at r + + « And we obtain J +J 
J ans2e+1 2n42e+! 


2n + 
n+e 
9 


from x, and a 


z 


from xX, But from a differentiated function of x, with respect to 
£, we obtain the residual stress o, = Oat r—- +0. Then ou 
standard Functions [16] show no contribution to the stresses at 
infinity 

Now detailed expressions of [16] are shown in the following 


@ 


log p + ) "Aon + °Am'p*)p™ cos 2n8 


n=0 


ni’ in Equation [20] are given by Cs, 


17) "Can; 2 
Equation [22] with s = 0 


Uo, p+) gin (2s + 1)6 


(#1 





JOURNAL OF APPLIED MECHANICS DECEMBER, 1956 


The first term in this equation is the stress function expressing the 
uniform tension applied and satisfying the Condition [6]. There 
fore X is a solution of Equation [3] satisfying the Conditions [6 
and [8]. Then we have to determine the unknown constants @o,, 
, ds,,, 80 the Boundary Condition [7] is satisfied. As Xx is an 
even function in both z and y, if the boundary condition on the 
circumference p = A on the circle is satisfied, it is also satisfied on 
'p?)p?" cos 2n8 the other circle automatically. Equating ¢,, 7,9 of x to zero after 
setting p = X. we obtain the follow ing equations to determine the 
unknown constants 


b2r2 


Dz, = 4 Lons2e5 Tense 
+ (4n + 2) (Lensoes2 
(2n + 1) (Lonsoe4: Teny2oy1’ 4 
Jonz2041') |/(28 + 1)1(2n + 1 


2n + 28 + 1 
\n tat] / (2B)2" +29 +2 
2n / 


‘e T 
2n 


Further, it is found that it will be more convenient to take, for 


our standard stress functions, V2,’ and V2,..', which are defined 


by the equations 


'p? p*" cos . 


p*)p*"** sin 


C.. “a* p?" cos 2n8 


’ » (*HDonw + *+1Dy, ‘p?)p"*! sin (Qn + 1)0 


n=0 


Then we finally take as a complete stress function 
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(cont 


Qn + 4)*+1De,.3’A2|A@ +4 (n 


DETERMINATION OF COEFFICIENTS 


It seems more convenient to solve Equation [29] by a perturba- 


tion method in which A is the perturbation parameter. We then 
seek for the solution in the forms 


rhis solution is much easier than the successive approximatio 


one which re quires troublesome calculations to determine the un 
known constar‘s Though it Is necessary to prove the conver 


gency of Equations [30], we do not give it. But it may be seer 


later in the numerical equations that this method gives result 
to any re quired degree ol approximatior 


NUMERICAL EXAMPLES 
“ here a = _ I . ’ pre 


ire independent of A. Substi- 
tuting Equations [30] in [29], and equating the coefficients of the rhe numerical calculations have been carried out for the ¢ 


various powers of \ on both sides, we have the following equations % = 0.25, 0.50, and 1.00. The values of og at the point 6 = 0 deg 


on the « ircle have been given ior these three cases, and also the 
values of a» along the pe riphery of hole have been given for 8 
1.0 and A varying from 0.1 to 0.5 

First, an evaluation of the integrals /,’, /,', J,, and J, is to | 
discussed, while the integrals 7, and Je have been calculated b 


Howland (2 It may be shown that these integrals have the 


‘ 


following asvmptotic v alues 
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n+l 
~ n! cos [(n + 1) tan=! 8]/2*(1 + B%) ? 
n+l 
n! cos [(n + 1) tan-! B/2]/29(4 + Bt) 2 | 
n+l 


) 


n! sin [(m + 1) tan~! B]/2"(1 + 82) * 


n+1 
7 > 


J, ~n! sin [(n + 1) tan~! B/2]/2*(4 + B62) 7 
For larger values of n, Expressions [32] give a more rapid method 
than the numerical computation of the integrals. For n from 1 to 
20 the values were ohtained by direct computation. The inte- 
grals for values for u from 0 to 9 with intervals 0.25 were com- 
puted by Weddle’s rule (6). The integrals for u = 9 to ~ were 
computed by replacing 2 by e™/2. For n = 19, 20 both methods 
were used, and the results are in good agreement. For the case 
8 = 0.25, the values of integrals were evaluated directly by the 
equation 


oe *, 


q=0 


(28)% 
@ 


(2g)! —_— 


, (28) 
’ @et°** 


q=0 


(28)%** 


——~ Teesa+t, 
(2q + 1)! Ig+n+l; 


ah a 


q=0 


(28) +} 


(q+ | 


TABLE 2 
B/d 0.05 0.10 0.125 
1.0 . 3.01 3.03 3.04 
0.50 . 2.99 2.97 2.96 
0.25 2.94 2.82 2.78 
Using these values of J,’, J,’, Z,, and J, the coefficients in Us,, 
Vas’, Uress, Voeys’ were calculated and finally the unknown con- 
stants don, ben, Coni, don: Were determined. Then the stress a» ob- 
tained using Equation [28] was expanded in series using Equations 
[30] and was calculated numerically. Tables of these values of 
the integrals and the constants for each case are omitted here, 
while some numerical expressions for og» calculated by using 
these values are given. 
The expression for a» along the periphery of circular hole for 
8 = 1.0is 
oe(8 = 1.0, p = A)/T 
= 1 + 3.0886 K 10~-'A? + 1.3372 & 107-'A* + 5.2888 xX 10 
rN 2.1051 K 10-8 1.3834A" + 2.1715A"* 
(2 + 2.4081\? — 3.2896 K 10-14 + 3.6967 x 10-18 
+ 1.1930 X 10A8 — 9.2089” — 4.0372 x 10A1*) cos 20 
(7.5712\4 3.4537A\° 9.44898 + 3.8521 « 10A” 
~ 3.2907 « 10A!*) cos 46 
(2.3239A° $.2893A$ 1.7242" + 5.9716 & 10X"9) cos 60 
(1.9970A§ — 3.1973A" — 3.3629X!2) cos 86 
(4.7858 XK 107-1,” 1.6276X!2) cos 100 
(3.4353 & 107A") cos 120 
(3.0440 X 10-*A® + 3.4784 & 10 AS — 1.48037 
3.8108 « 107 \9 1.1021A!') sin 6 
(2.0995 A? + 5.5643 x 10-2\§ + 2.5061\7 — 1.4693 x 10)° 
+ 2.6903 X 10X"') sin 36 
1.8996A® + 1.6870 X 107*\? + 1.3108 & 10\° - 
1.4530 & 10A!") sin 56 


VALUES OF ¢9/T AT THE POINT ¢ 


DECEMBER, 
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+ (5.8748 & 10-'\7 1.0223 & 107-'A® + 5.5805A') sin 70 
+ (—2.5410 X 10-'A® + 6.3811 & 10-*X"") sin 96 


+ (1.3116 X 10-'A") sin 116 [34] 


The expressions for og at the point 6 = 0 deg on the circle for 


8 = 0.25, 0.50, 1.00 are 


o(8 = 1.0,p = A, 8 = 0°)/T = 3.0 + 2.71702 
+ 7.3760A* — 2.3129 & 10-'A* —- 2.1746 & 1072A5 


+ 2.3486 X 10A” 1.5988 & 10A!2_. [35 


o9(8 = 0.5, p = A, 8 = 0°)/T = 3.0 3.46144? + 5.3462 
x 10A4 1.8864 X 10°A* + 1.4943 x 10°85 
+ 1.1013 & 10°)” 1.8262 x 10°\!2 


o,(B = 0.25, p = A, 0 = 0°)/T = 3.0 2.6160 K 10A\? 


+ 9.9949 & 10°A* — 1.7607 & 10*A® 


+ 1.2050 &K 105A* + 3.0549 & 105A". [37 


rABLE 1 VALUES OF eg/T AT RIM OF HOLE FOR 8 = 


0.3 0.4 
1.1 —1.3 
0 —1.02 
0 


i 
i | 


i 
bad 


mMOSOCNNWONNK OOF SO 
't 
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DOCS wRwNoonH 


i] 
til 


DEG ON THE PERIPHERY OF HOLE 
0.2 0.30 
2.u Sf 3.30 
: : 3.00 


0.40 
3.63 


0.50 
4.17 


> results given by Equations [34] to [37] are shown in 
Tables 1 and 2. In Fig. 3 and Fig. 4, the values of o¢/T' in the 
last two columns of Table 1 and the walues of stress-concentration 
factor og(1 — A)/T calculated from the values in Table 2 are 
compared with those calculated by Howland (2) for the single 
circular hole which is shown in dotted lines. 
tween the values of og shown in Table 2 and those of A/28 


The relations be- 


are given in Fig.5. Curves (I), (II), (II) in this figure show values 
given in a paper by C. B. Biezeno (7) on the stress in an infinite 
strip containing an infinite row of holes. (1) gives the stress for 
the infinite plate; (II) and (IIT) give the stresses for \ = 0.2 and 
0.4. 
plate containing two circular holes as given by Chih-Bing Ling 
(3). The relations between the stress-concentration factor and 
\/28 are given in Fig. 6, curves (I), (II), (ITI 


Further, the dot-dash curve gives the stress in an infinite 


being omitted 
CONCLUSIONS 


From a consideration of the results given in this paper the 
following conclusions seem to be justified: 


1 The values of stress-concentration factor for the case treated 
in this paper are smaller than the values for the case of a single 
hole of the same geometry given by Howland (2). This is shown 
in Fig. 4. 

Further, as the two circular holes come close together, the 
values of the stress-concentration factor decrease. This is shown 
in Fig. 6. 

2 Through the whole range of A < 0.15 the rate of decrease 
of the stress-concentration factor with increase in \/28 is the 
same as in the case of an infinite plate containing two circular 
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B=10,A=04 


Fic, 3(b) 


holes. This means that the effect of the straight edges is negligible 
through this range (Fig. 6). 

3 Through the range of \ = 0.20 ~ 0.30 the rate of decrease 
becomes larger than that just mentioned, especially at A = 0.20, 
where it is the largest. (Fig. 6). 

4 Beyond this range, it seems that the rate of decrease of the 


stress-concentration factor again becomes lower. This shows 
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02 
—- 4/28 


is no considerable decrease provided that two holes 
This is probably due to the fact that 


that there 
are not too close together. 
holes and the straight 
edges, which are near to each other when \ becomes large, cancel 
the decrease of the factors for A > 0.3 


5 The decrease of the stress-concentration factor for the case 


the stress concentrations between the 


of two holes considered here is smaller than for the case of a large 
number of circular holes (Fig. 5) 

6 Stresses along the periphery near the other hole are smaller 
than those for a single hole as given by Howland (2), while the 
stresses along the other side of the periphery are larger 
Therefore the points of maximum stress are found at positive @ 
= 0 deg at the edg’ each hole (Fig. 3 
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Three-Dimensional and Shell-Theory 


Analysis of Axially Symmetric 
Motions of Cylinders 


By GEORGE HERRMANN? ann I. 


The frequency (or phase velocity) of axially symmetric 
free vibrations in an elastic, isotropic, circular cylinder of 
medium thickness is studied on the basis of the three- 
dimensional linear theory of elasticity and several dif- 
ferent shell theories. To be in good agreement with the 
solution of the three-dimensional equations for short wave 
lengths, an approximate theory has to include the in- 
fluence of rotatory inertia and transverse shear deforma- 
tion, for example, in a manner similar to Mindlin’s plate 
theory. A shell theory of this (Timoshenko) type is de- 
duced the three-dimensional elasticity theory. 
From a comparison of phase velocities it appears that, toa 
good approximation, membrane and curvature effects on 


from 


one hand, and on the other hand, flexural, rotatory- 
inertia, and shear-deformation effects are mutually ex- 
clusive in two ranges of wave lengths, separated by a 
“transition” wave length. Thus, in the full range of wave 
lengths, the associated lowest phase velocities may be de- 
termined on the basis of the membrane shell theory (for 
wave lengths larger than the transition wave length) and 
on the basis of Mindlin’s plate theory (for wave lengths 
smaller than the transition wave length). 


INTRODUCTION 


N the course of reconsideration and refinement of proposed 
theories of shells, in particular that of Love (1),* various ob- 
jections have been raised as to the method of deriving a shell 

theory and the resulting equations. It was emphasized by Vlasov 
(2), for example, that certain shell theories are in contradiction to 
the principle of conservation of energy and, also, that the ap- 
proximations, introduced in the course of the development, are 
sometimes dealt with subsequently in a nonconsistent manner. 

Systematic procedures for deducing shell theories of various 
degrees of accuracy, starting from three-dimensional equations, 
were discussed by a number of authors; for example, Hildebrand, 

! This investigation was supported by the United States Air Force, 
through the Office of Scientific Research of the Air Research and De- 
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Reissner, and Thomas (3), and by Kennard (4, 5 The latter 
based his development on the work of Epstein (6). 

Several such theories have been compared with one another re- 
cently by Naghdi and Berry (7 How- 
ever, solutions obtained by different shell theories should be com- 


in a qualitative manner. 


pared not only on a relative basis, but also with solutions of the 
three-dimensional equations of elasticity.6 The present paper is 
intended to be a first contribution in this direction and, naturally 
the simplest problem possible was selected for consideration 
namely, that of free motions in an infinite shell 

Longitudinal motions of a cylinder on the basis of the three 
10 > however 


fecently, an 


dimensional theory were first considered by Ghosh 
without numerical evaluation or any discussion 
analysis of traveling waves in a circular cylinder on the basis of 
the same theory was carried out by Fay (11 His results were 


not used, however, because it was noticed that an error was com- 


mitted in his development. Thus the derivation of the fre 
quency equation is briefly outlined in the first section of this 
paper. A discussion of the transition to the two limiting cases of a 


flat plate [Rayleigh-Lamb solution (12, 13)] and of a solid rod 


|[Pochhammer solution (14) ], is taken up by the present authors in 
a separate paper (15) 

Free motions in a cylinder using shell theories were analyzed by 
and 


Rayleigh (16), and more recently by Baron and Bleich (17 


by Junger and Rosato (18). Since only membrane effects or, in 
addition, bending effects were taken into account, the results can 
not be expected to be valid for the full frequency range, that is, 
Lin and Morgan (19), therefore, 


effects 


for very short wave lengths 
took 
Their study, however, does not contain any comparison between 
In addition, their equa- 


account of rotatory inertia and transverse-shear 
the approximate and exact solutions. 
tions were derived in a different manner than those established in 
They are similar, but not identical to those ad- 


the present paper 
vanced presently. This difference arises from the fact that 
and Morgan considered from the start a shell element, while the 
authors employed the basic relations of the three-dimensional 
theory of elasticity. 

Being guided by the work of Mindlin (20 


plates, an analogous shell theory was deduced for axially sym- 


in the theory of 


metric motions in a cylinder from the three-dimensional theory of 
elasticity. shell 
theories, the effect due to transverse-shear deformation, intro- 
and the 


Thus, in addition to the terms of “classical 


duced previously into more general shell equations (3), 
effect of rotatory inertia are included 


5’ Reviewing recently a controversial paper by Hwang (8) on th: 
subject of shell theories, where the correctness of varicus approaches 
was questioned, Truesdell (9) 
that in his opinion “all work on this subject is purely formal 
various results obtained by different perturbation processes cannot be 


stating 
and the 


appraised the situation by 


shown to be right or wrong by the a priori arguments always e! 
ployed. What is lacking is a mathematical theorem making precis« 
the status of solutions of any given set of proposed equations with re- 


spect to corresponding solutions of the three-dimensional theory 
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Computations of the lowest wave velocity as a function of the 
wave length were made for a shell of thickness-to-radius ratio of 
1/30 and Poisson’s ratio vy = 0.30. It was found that excellent 
agreement between the approximate and the exact solution may 
be reached for the full frequency range by including in a shell 
theory all the effects mentioned above. 

Two fairly distinct types of shell behavior were established. 
For wave lengths larger than a certain transition (relative) 
length, the membrane theory gives good results. For wave lengths 
smaller than this transition length, the shell behaves essentially 
like a plate and, for good results, calls for inclusion of bending, 
transverse-shear deformation, and rotatory-inertia effects. Thus 
the use of a shell-bending theory is not advantageous in this 
connection. In the full frequency range, vibrations of a shell may 
be described with good accuracy by the membrane theory and by 
Mindlin’s plate theory. 

Since interest concentrated at present on free-vibration solu- 
tions, no attention was given to terms arising from external load- 
ing and no energy functions were constructed, which would permit 
the establishment of necessary initial and boundary conditions. 
Furthermore, attention was restricted to the lower mode only, 
and no mode shapes were investigated. 


TuHrREE-DIMENSIONAL THEORY 


The circular cylindrical shell of inner radius a and outer radius 
b is referred to cylindrical co-ordinates r, 0, z, the z-axis coincid- 
ing with the axis of the shell. In the case of axialiy symmetric 
motions and for a homogeneous, isotropic shell material obeying 
Hooke’s law, the linear elasticity equations of motion may be 
given in the form 


Owe 


07u 
+2 - = 7 
M — v 


oA 
(A + 2p) oi 


oA 2u 0 o*u, 
(A + 34) — — — — (me) = p — 
‘ ox r Or , ot? 
where u,, u, are the displacement components and A, we are dila- 
tation and rotation components, respectively 
1 O&ru,) ou, 


A=- 1 — 
, >} "| (2) 


1 / Ou, ou, 
7) 
2 \oe or 


\, » are Lamé’s constants and p is the mass density. 

Since the shell is assumed to be free from surface tractions, the 
boundary conditions, to be imposed on the cylindrical surfaces of 
the shell, are as follows: 

For r = a,b 


on = 


(4) 


= 


(2 + Ou, = 0 
. or or] 


Assuming the motion to be harmonic, the Equations of Motion 
[1], together with the Boundary Conditions [4], give rise to a 
characteristic equation of the form 


S(K) = [Kw(8)Kol(y) + Ko(8)Kw(y) + (8/9*Byab) 
+ FKu(y)Ko(B) + (1/F)Ku(8)KolY)| 
+ ((1 + B)?/Fy%ab)Ku(8)Ku(y) 
—((1 + B)/yab} [aK u(y)Kw(8) + bKu(y)Ka(8)] 


—((1 + B)/Fyab)(aKy(8)Kw(y) + bKu(B)Ko(7)) 
=0....{5] 
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where 


J,,(2b)Y ,(za) — J,(za)Y,,(zb) 


= (X\ + 2u)/p 
M/p 
In these relations @ is the wave number and J,,, Y,, are Bessel 
functions, in the notation of Watson (21). It may be of interest 
to note that the last three terms of the characteristic Equation [5] 
appear to have been omitted by Fay (11). 
Let c designate the phase velocity, L the wave length, and h the 
thickness of the shell. Solving Equation [5], the phase velocity 
c , , , , e\s 

s = — versus 6 = h/L (with Poisson’s ratio »y = 0.3) is plotted 
Cy 

as curve (@) in Fig. 1. 

The limiting velocities may be evaluated directly from Equa- 
tion [5] by a limiting process. For very long waves, 6-—> 0, the 
limiting velocity is found to be s? = 2(1 + v), that is, c? = E/p. 
This is the “bar” velocity as given by the elementary bar theory 
and obtained by Pochhammer (14) for the analogous limiting case 
in his study of motion of solid cylinders (see also reference 22). 
For very short waves, 5—> ©, and the limiting velocity is the root 


1270<s<1 [7] 
where 


.. 8] 


n? = 2(1 — v)/(1 — 27)... 


Expression [7] is the equation for the velocity of Rayleigh sur- 
face waves. Thus very short waves are propagated in the shell 
with the same velocity as in a plate, the latter case having been in- 
vestigated by Lamb (13). 


APPROXIMATE SHELL THEORIES 


In the theory of shells, it is customary to employ a co-ordinate 
system, formed by two axes in the middle surface of the shell and 
the third axis normal to the middle surface. Thus the co-ordi- 
nates will now be taken as z, @, z, z being still in the axial direction 
of the cylindrical shell and the new z-co-ordinate being 


— &.. .. {9) 


z=r 
where R = (a + 6)/2 is the mean radius of the shell. 
Stress Equations of Motion. For the case of axial symmetry, 
the stress equations of motion may then be written as 
o*u, 


oe,, *u 
a | 


dar té 


OC”, Tre — 
R+z p 
. [10] 

oc,, O,, — F00 
= + oan = 


ou, | 
- a 


oe, + om 
R+2z p di? 


oz ox 


The displacements u,, u, of the three-dimensional theory are 
now approximated by @,, @,, which are taken in the form 
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au, = u(z, t) + 2¥,(z, t) } 
2 .. (ll) 


ua, = w(z, t) 


The shell stress equations of motion are obtained by substitut- 
ing d,, a, for u,, u,, respectively, in Equations [10], multiplying 
the first and the second by (R + z) and the second of Equations 
[10] by 2(R + z) and integrating through the shell thickness A. 
The justification for this multiplication stems from energy con- 
siderations. The resulting equations are 


a ( h? , ) 
vs 
at. tole on) 


phib 


ph* 7, 1 


where use has been made of the fact that the shell is free from sur- 
face tractions. Primes and dots indicate differentiation with re- 
spect to z and ¢, respectively. 
The stress resultants (or shell stresses) are defined by the fol- 
lowing integrals 
(14 
lz 


(14 
hA/2 
[ (1 =} sds | 
= o T Zaz | 
J —h/2 “g R 


In case of equilibrium, Equations [12] represent a special case 
of a more general shell theory, deduced by Hildebrand, Reissner, 
and Thomas (3). If the radius of curvature R tends to infinity, 
that is, if the shell approaches a flat plate, the last two equations 
reduce to those derived by Mindlin (20), which govern flexural 


eh /2 
= Or: 
*h/2 
. | oni 
. h/2 
2h /2 
= Tx 
. h/2 


motions of plates, including the influence of rotatory inertia and 
shear deformation. The first equation represents longitudinal 
motions of the plate, which are not coupled to flexural motions. 
The terms with ph* represent the influence of rotatory inertia. 

Stress-Displacement Relations. The relation between the shell 
stresses, defined by the Set [13] and shell displacements, intro- 
duced by Equations [11], may be derived from the stress-strain 
relations of an isotropic three-dimensional solid obeying Hooke’s 
law. Eliminating the component of normal strain in the radial 
direction ¢,, the stress-strain relations for the other two normal 
stress components may be written in the form 


E 


vy?) 


. i ? 
[exe + vee] + 


09 = > [eoa + ve,,] + 
(1 — »?) os 
This procedure is justified by observing that e,, would vanish on 
the basis of the form given for the transverse displacement w. 
On the other hand, unrestrained Poisson’s ratio effect will take 


place in the z-direction in an actual shell. These two mutually 


nificance of the various terms influencing the motion. 
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exclusive requirements may be reconciled, by eliminating ¢,, 
from the stress-strain relations in the manner described pre- 
viously 

In addition to the normal stresses, the shear stress o,, is needed, 
which is related to the shear deformation y,, by 


Or, = Os, 15) 


where G is the shear modulus. 
With the aid of the strain-displacement relations 


Ou, 
Or 


Ou, 
Oz 


the approximate strains are evaluated using Assumptions [11] 
These strains are then substituted in the stress-strain Relations 
[14], 


[15] and integrations are carried out as specified by the 
Forms [1é 


The 


integrals containing ¢,, are omitted, just as in the classical beam 


3]. The results are modified in three respects: (a 


or plate theories; (b) the integral containing o,, is multiplied by 
a constant «x? (the shear coefficient), to be determined later; (¢ 

logarithmic terms occurring in the integration are expanded in 
series of ascending powers of h/R, and terms higher than the cubic 
one are 


neglected. The resulting shell stress-dispacement rela- 


tions are 


VW 


rz 


is the plate flexural modulus. 
into the 
stress Equations of Motion [12], displacement equations of mo- 


where D = Eh*/12(1 vy?) 


Substituting the stress-displacement Relations [17] 


tion are obtained, which may be put into the form 


Do? ° 0 
Kh I : Kh Ww 
fe ote | ve — [om 3] 
>? . 


I = h*/12 is the moment of inertia, and FE, = Eh/(1 vy?) is the 
/ ’ P 
plate compressional modulus. 
This form is convenient for the discussion of the physical sig- 


There are 
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three stiffnesses involved, D representing the influence of flexural, 
E, of compressional, and G of transverse-shear stiffness, respec- 
tively. In addition, there are three inertia terms involved, pI 
representing the influence of rotatory inertia, ph in the second 
equation representing transverse inertia, and ph in the third equa- 
tion representing longitudinal inertia. The nature of the coupling 
effects is apparent from inspection of Equations [18]. 

For a thin shell, terms with D/R and 7/R may be omitted. The 
suppression of flexural stiffness and rotatory-inertia effects im- 
plies the assumption of a thin shell, but not vice versa, because in 
the first bracket of the first Equation [18], D and J-terms are 
unaffected by the curvature 1/R. For a thin shell, there is no 
direct coupling between ¥, and u. Going one step further, the 
shell can be made to approach a flat plate, R-—> ©. The first two 
equations reduce to Mindlin’s plate theory (20) and the last, not 
coupled to the first two, is the classical equation for compressional 
motions in a plate. 

Wishing to suppress the influence of transverse shear, we may 
not set the terms with G simply equal to zero, because these terms 
represent the transverse-shear force, while we wish to neglect the 
transverse-shear deformation. This is effected by setting y, = 
—w’. There will be thus only two displacement com, onents left 
and the terms with G and W, may be eliminated. The result is 


[> r =a 4 + E, + ph : — pl A |e 
ox! R‘ R? ot? Ort? 

[ Do® _Eyd | pl =| . 
R ox R or R dxdt? 


D 3 Ew o pI ] 
% ” 
R ox’ R ox R oro? 


_ 2? a2 
4 EX - ph | u 


In these equations, the stiffness terms are those of the bending 


theory of shells; see, for example, Fliigge (23) or Vlasov (2). For 
thin shells, we may again set D/R = 0,//R = 0. If the rotatory- 
inertia term is neglected and the transition to a flat plate is per- 
formed, R — , the two motions in w and u again become un- 


coupled. The motion’of w will be governed by the classical bend- 
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ing theory of plates and the motion of u will be again that of classi- 
cal compression theory. If, instead, the rotatory-inertia term and 
the flexural stiffness term are neglected, in Equation [19] we ob- 
tain the familiar membrane theory of shells. 

Wave Solutions. We consider again free harmonic motions and 
seek solutions of shell equations in the form 


v.(z, t) = Wet \ot — ax) 


7 ot(wl — ax) 


w(z,t) = We {20} 


u(x, f) Ue — a2) 
The natural frequency w and the wave number a@ are related to 
the phase velocity c, by w = 2mc/L, a = 2r/L where L is the 
wave length. Introducing, further, the notation m = A/R, 
N = 1/(1 v), and substituting Forms [20] into the shell Equa- 
tions [18], the characteristic equation is calculated to be 


1 


3 (2N — #3)? Eau - 42328? 


wa) 1 ( 
l 
12 
V ( 
K?m? {1 + 


4 : 4 a 
ve2-N62m?2 v2 N°62m? 
3 3 


+ 2Nm? (: + 


Pw 2...9 
k?m* = 0 


There are thus three roots for s*, but attention will be given only 
to the smallest one. In the whole range, 0 < 6 < , the values 
obtained differed only slightly from those obtained by the solu- 
tion of three-dimensional equations, and Gannot be observed on 
the scale of Fig. 1. Thus curve © in Fig. 1 represents also a solu- 
tion of Equation [21]. Numerically, largest discrepancies be- 
tween the two solutions were obtained in the neighborhood of the 
minimum value, which may be due to a coupling effect with 


purely radial vibrations. The limiting velocities may be evalu- 
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ated directly from Equation [21]. For very long waves, 5 — 0, 
the limiting velocity is 


ne / 
s? = | 21+) + = (i 
6(1 v) / 


If m is small as compared to unity, as in the present case 


s? = 2(1 + pv) [23] 
which coincides with the exact solution, given by the limit of 
Equation [5]. For very short waves, 6 > ©, Equation [21] re- 


duces to 
[24] 


whatever the shell parameter m. 

The double root s? = 2N belongs to the two higher modes and 
will not be discussed in the present paper. The root s* = «x? be- 
longs to the lower mode and the coefficient k may now be de- 
termined, precisely as in Mindlin’s plate theory (20), by matching 
the velocity obtained in the foregoing with that obtained from a 
solution of the three-dimensional theory given by Equation [7]. 
An appropriate value of x? is therefore the lowest root of 

0<x <1. [25] 
Thus, «x? depends upon Poisson’s ratio v and ranges from x? = 
0.76 for vy = 0 tox? = 0.91 fory = 0.5. Forv = 0.3, x? = 0.86. 
As m — 0, the shell approaches a flat plate and Equation [21] re- 
duces, in part, to the one obtained by Mindlin (20). 

Neglecting Rotatory Inertia. Omitting now the terms with p/ 
in Equations of Motion [18], the wave Solutions [20] lead to the 
characteristic equation 


=< t 
— Nad4s? — 42*x?s?5? 


8 
(2N — s*) | g Nati: 


+ 2Nx?m? + 


N29r*62m? (: + 


t 
4 | N95 *(s? — x?)m? N*9r*62m* (1 + 
9 


NV 2yK2262m? — 4v2N%2m? [26] 


S 
Neen = 


Its solution is plotted as curve @ For long waves, 
(6 > 0), s? = 21 
As m — 0, Equation [26] reduces, in part, to the corresponding 
case of a flat plate, discussed by Mindlin (20). 

Neglecting Shear Deformation. Using Equations of Motion [19], 
the membrane effect, flexural stiffness, and rotatory inertia are in- 


in Fig. 1. 
+ v), and for short waves (6 ~ =), s? = x? 


cluded. The motion will consist of just two modes and the charac- 
teristic equation is 


(2N — s*) | 


8 2 
w'Nd* + , m*Ndb‘m? 
q 


4 © 
T's 204 


o 


ae E m? 
Nvr6?m? 2Nm {1 + 
3 12 


m*m?s?}* + 422s%? 


9 
2vNm? | = T?N6? 


9 s*6? + on | = 0 
3 | 


The solution of Equation [27] is plotted as curve @® in Fig. 1. 
For long waves (6 — 0) the lower velocity is 
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F m? / m? 
eo = | Al +9) +. /{14 (28 
6(1 v)j/ 12 , 


v) if mis small. For short waves 


2/(1 


identical to the one obtained by Min4@lin (20) in the corresponding 


which reduces to s? = 2(1 + 


(0 — ~) the lower wave velocity is s? = v) which is 


case, and is much too large as compared to the Rayleigh wave 
Ifm = 


flat plate is obtained. 


velocity. 0, again Mindlin’s corresponding result for a 


Bending Theory. The bending theory of shells, Equations [19], 


with 7] = 0, leads to the characteristic equation 


m? s 
(2N s? for2s26? 2Nm? (: + ) - Nw*d* 
12 3 


+ 4N%Q? (» + wr? 
For long waves 


in Fig 


[29] 


whose solution is plotted as curve 
the lower limiting velocity is 


30 | 


| 
which simplifies, for small m, to s? 
(6— 


3? = 


l ys 6(1 


2/(1 v). With m = 0, 
Equation [29] reduces, in part, to the result of the classical plate 


which simplifies for small m to s? = 


theory. 
Membrane Theory. The classical membrane theory of shells 


gives rise to the characteristic equation 


2r*st5? 4N 736? Ns*m? + 2Nm%{1 + v) = 0.. [31] 


which still contains two modes. The solution of Equation [31] is 
plotted as curve © in Fig. 1. For long waves (6 — 0) the lower 
mode has a velocity s? = 2(1 + v) and for short waves (6 — 


the lower mode has a vanishing velocity. 
Discussion OF RESULTS 


The essential results of the present study are visible from Fig. 1. 
The important conclusion which can be drawn is to the effect 
that it is possible to deduce a relatively simple shell theory, which 
predicts for the full range of wave lengths practically the same 
phase velocities of propagated waves (or frequencies of free 
vibration), as the three-dimensional theory. 

Furthermore, it is seen that, for large wave lengths, 6 < 0.035, 
the elementary membrane shell theory, as expected, yields good 
results. From this value on, that is, if the wave length L is 
smaller than the mean radius of the shell R [since 6 = (h/R)(R/L) 
and h/R was taken as 1/30], the shell bending theory must be 
used, which predicts a minimum of the phase velocity. An ap- 
proximate value for this minimum may be obtained by observing 
that since bending is important in this region the effect of axial 
inertia may be neglected. 

The minimum velocity is then found to be 


2m V1 y? 
i—vyV3 
and the corresponding value of 6 is 


m¥ 31 


0,7" on 


which gives 
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L* 2n? 
— = Mm 


Re VxX1—v) 


The expression for the minimum velocity, suggested by Junger 
and Rosato (18), differs markedly from the one given by Equation 
[32]. For wave lengths Garger than those given by Equa- 
tion [33], that is, if LZ is smaller than, say, twice the radius R, 
the curvature terms are practically of no importance and the shell 
behaves like a flat plate, but rotatory inertia and, much more so, 
transverse-shear-deformation effects become very significant. 

In summarizing, it may be stated that in propagating a har- 
monic wave, a thin shell behaves in a different manner in two 
regions, depending upon whether the wave length is smaller or 
larger than the transition length given by Equation [34]. 

For wave lengths larger than the transition length, the shell 
may be wel! described by the membrane theory, because all bend- 
ing effects are negligible and curvature terms are predominant. 
For wave lengths smaller than the transition length, the shell be- 
haves like a flat plate, since curvature terms become negligible. 
Thus it appears that actually in the problem on hand, no ad- 
vanced shell theory is necessary. The full range may be de- 
scribed by the membrane shell theory (for large wave lengths) and 
by the Mindlin plate theory (for short wave lengths). 

An analogous behavior occurs in hydrodynamics for the case of 
capillary waves taking gravity into account (24). For small wave 
lengths, the motion is governed by cohesion, while for larger 
wave lengths gravity preponderates. Both the separate and 


joint effects of these forces lead qualitatively to the same velocity- 
wave length curves as in the present case. 

The existence of a minimum may be made plausible physically 
by observing that as the wave length becomes smaller the con- 


tribution of radial displacements to the motion becomes larger 
and therefore the coupling with purely radial vibrations be- 
comes stronger, exhibiting in the minimum a certain resonance 
effect. After a further decrease of wave length, the motion be- 
comes essentially flexural and the coupling gets weaker. A cer- 
tain improvement of the shell theory offered in this paper may be 
achieved, by matching the frequency of purely radial vibrations 
obtained from the present theory, with the one determined by 
McFadden from the three-dimensional theory (25). This would 
necessitate the appropriate introduction of an additional constant 
in the stress-displacement Relations [17] of the present shell 
theory, which would play a role similar to the constant x*. 

In conclusion, it should be emphasized that the foregoing re- 
marks are valid only for lower phase velocities and are not 
necessarily true for velocities of higher modes, mode shapes, stress 
in the shell, or group velocities. Neither are they necessarily 
valid for nonaxially symmetric motions, which will be investi- 
gated by the authors in a forthcoming paper. 
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Effect of Imperfections on Buckling 
of Thin Cylinders Under 


External Pressure 


By L. H. DONNELL,* CHICAGO, ILL. 


The buckling of thin cylinders under external pressure is 
studied by finite-deflection theory, assuming the same 
type of imperfections as had been assumed in a previous 
study of buckling under axial compression (3).? Unlike 
the axial compression case only a small elastic post buckling 
reduction in resistance is found, and this only for long 
cylinders. However, if reasonable imperfections are as- 
sumed, failure loads initiated by yielding are found to be 
of the same order as those indicated by experiments. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


length, mean radius, wall thickness of cylinder 
Young’s modulus, Poisson’s ratio, yield point of ma- 


Lrt= 
E,u,o, = 
terial 
P hydraulic pressure on cylinder wall and end bulk- 
heads 
axial, circumferential co-ordinates, Fig. 1 
radial, axial, circumferential displacement under load, 
Fig. 1 
equivalent, initial radial deviation from cylindrical 
shape 
number of circumferential waves, ratio of circum- 
ferential to axial wave length 
parameters defining amplitudes of w, wo, and second- 
ary deflection 
stress function of membrane stresses 
1 + 2u/w = 1 + 2ao/a 
unevenness factor, assumed to depend only on ma- 
terial and manufacturing process, Equation [2] 
Katn?/2r 
l ._ (volume decrease) 
2 (rt)'/* 


r'/t 


VJ (rt) : pth 


INTRODUCTION 


The simplest and probably the most practically important 
type of shell for buckling studies is the right circular cylinder, of 
isotropic material and of uniform wall thickness, which is thin 
1 This work was carried out under a contract with the Office of 
Naval Research sponsored by the David Taylor Model Basin. 

2 Research Professor of Mechanics, Illinois Institute of Technology. 
Mem. ASME. 

* Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

Presented at the National Applied Mechanics Division Confer- 
ence, Urbana, Ill., June 14-16, 1956, of Tae American Socrery 
or MEcHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, October 24, 1955. Paper No. 56—APM-39. 


enough compared to the radius to justify certain theoretical 
simplifications and to make at least the initial stages of buckling 
The most basic loadings which can produce buckling are 
those causing uniform axial compressive stress, uniform circum- 


elastic. 


ferential compressive stress combined with axial compressive 
stress produced by all-around hydraulic pressure, and uniform 
shear stress produced by torsion. The simplest boundary condi- 
tions are those corresponding to complete cylinders having hinged 
or fixed end edges; these at least ‘“bracket’’ the end conditions of 
most cylinder applications. Until such basic cases have been 
satisfactorily solved there does not seem much point in studying 
more special Cases 

“Classical’’ solutions to most of these basic cases, satisfying 
with probably adequate accuracy the conditions for neutral sta- 
bility of ideally perfect specimens, have been known for many 
years. The most nearly complete experimental check of these 
theories available is perhaps for the case of torsion of fixed-edge 
cylinders. Experiments on cylinders having a very wide range of 
proportions and materials check the theoretical buckling shape 
closely, and give failure strengths from 60 to nearly 100 per cent 
of those predicted, over this whole range. It is customary in such 
cases to attribute the discrepancy in strength to “defects always 
present in actual specimens.’’ However, we can hardly be 
satisfied with this “explanation’’ when the experimental failure 
strengths are only 15 to 60 per cent of the theoretical value and 
give a poor check with theoretical buckling shape, as is the case 
for axial compression. And even for the torsion case it is highly 
desirable to know just how defects reduce strength, and perhaps 
to be able to predict strengths in individual cases within closer 
limits. The check between experiments and the classical theory 
for the case of buckling under hydraulic pressure seems to be inter- 
mediate between the cases of torsion and axial compression. 

In 1941 von Karman and Tsien (1) studied the case of axial 
compression of a perfect cylinder with an approximate finite-de- 
flection theory developed by the author in 1934(2). They found 
an almost catastrophic drop-off in resistance after buckling, a con- 
dition radically different from the constart resistance predicted 
by the classical theory, and one which sugyests great sensitivity 
to defects for this case. 

In 1950 the author and C. C. Wan (3) studied the effect of de- 
fects in the axial-compression case by the finite-deflection theory, 
and found that the assumption of reasonable defects could indeed 
explain the experimental behavior and give some insight into the 
strength reduction to be expected in individual cases. In a re- 
cently published paper, T. T. Loo (4) studies the case of torsion 
by similar methods, and finds that defects of about the same mag- 
nitude as were assumed for the axial-compression case, which gave 
large strength reductions for that case, produce the much smaller 
reductions indicated by experiments when assumed for the tor- 
sion case. 

The present paper describes a similar study, by the finite-de- 
flection theory, of the effect of defects in the case of buckling of a 
thin cylinder with hinged end edges under all-around hydraulic 


pressure. 
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AssUMPTIONS MADE 


Fig. 1 shows the co-ordinate system and the symbols which will 
The 


be used for displacements, cylinder dimensions, and loads. 
radial deflection w under load is assumed to be 


ns mnzx mnz 
w = at| cos cos + b{| cos 
r r r 


3mnz 
+ 0.3 cos , 
r 


where a (the amplitude of the deflection), n (the number of cir- 
cumferential waves), and b are three parameters to be determined 


-I/2<2< 1/2) (1) 


Pp 


| 


Fic. 1 Co-Orprnates, Displacements, Erc., Usep 1n THEorRY 


from energy considerations, and m = mr/nl is the ratio between 
the circumferential and axial half wave length (assumed equal to /, 


as it is in tests) of the primary buckling deflection. 
Expression [1] satisfies the conditions on w for hinged end edges 


+1/2: M, = [(E@/12(1 be?) |(0*w/dzr? 


+ pd*w/ds?) = 0 


z= w = 0, 


where EZ, u are the elastic modulus and the Poisson’s ratio of the 
material, respectively. The first term of Expression [1] is the 
deflection satisfying the differential equations of small-deflection 
elassical theory, and will be called the “primary’’ deflection. 

The “‘secondary’’ deflection, represented by the last two terms, 
serves a double purpose. First, it can represent the inward deflec- 
tion of the cylinder, due to the pressure, before buckling occurs; 
this has been neglected in most previous theories for this case. It 
has about the right shape for this purpose in the practically im- 
portant case of a bay which forms one of many bays separated 
by rigid bulkheads, to which a continuous skin is hinged.‘ In such 
a case the primary buckling wave would be inward in one bay and 
outward in the adjoining bay, with a node between; on the other 
hand, the axisymmetric secondary deflection would be inward in 
both bays, with a horizontal tangent between. For the bay 
studied a horizontal tangent would require the coefficient of the 
third term to be '/;; the value of 0.3 represents a compromise with 
the conditions which would prevail in a single bay, or at one end 
of an end bay in a series of bays, where a value of around zero for 
this coefficient could be expected. 

The second and most important purpose of the secondary de- 
flection is to represent the axisymmetric inward deflection, with a 
shape approximately proportional to squares of the primary de- 
flections, which experience shows to be very important in finite- 
deflection theories to partially cancel the finite-displacement 
circumferential strains which otherwise greatly increase the strain 
energy. 
bending energy, and the use of a value of 0.3 instead of '/; for the 
coefficient of the third term is in the direction of the compromise 
which these conflicting energy trends will result in, in an actual 


Of course such a secondary displacement also involves 


specimen. It would of course be better to use an arbitrary 


‘ Ring stiffeners riveted to the skin but of open cross section, so that 
they are flexible in torsion but stiff against radial displacement, would 
approximate this condition. 
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parameter for the coefficient of the third term, but this would 
greatly increase the computational difficulties. 

The initial radial deviation from true cylindrical shape, wo, 
must have the same shape as the deflection under load w in order 
to satisfy the requirements of the theory used, that is wy) = 
(ao/a)w, where ay is the amplitude of deviation.* This means that 
only this one component of the actual deviation can be taken into 
consideration; however, experience with buckling problems in- 
dicates that such a component is more important than any other 
component of the deviation. Moreover, do is to be regarded as not 
merely the amplitude of this component of the actual geometric 
deviation of the specimen, but as the amplitude of an equivalent 
component which would have the same effect, in so far as possible, 
as the combined effects of this and of ‘‘neighboring’’ components 
(components of nearly the same shape) as well as of other kinds of 
defects (such as those due to irregularities of elastic properties due 
to crystal orientation, inclusions, ete. ) 
equivalent initial deviation’’ from 


“ 


The amplitude ap of this 
cylindrical shape will certainly vary from specimen to specimen, 
even for specimens which are “identical’’ as far as manufacturing 
methods can make them. 
group of such identical specimens will differ from the average 


Nevertheless, its average value for a 


value for another such group in which the proportions, material, 
or manufacturing process is different. These average values can 
be expected to be some more or less definite function of the pro- 
portions, material, and manufacturing process. 

In the 1950 paper previously cited on the axial compression 
ease (3) this function was, for reasons discussed in that paper, 
assumed to be of the form 


ao = (U/m*)l,) 5195/0 = Ur?/m'4n%t? [2 


where 1, and J, are the half wave lengths of the primary buckling 
waves in the axial and circumferential directions, and U is an 
“unevenness’’ factor assumed to depend only upon the material 
and manufacturing process. We will assume the same relation 
in the present case, and we will then be able to compare the effect 
of defects corresponding to the same values of U’ upon the two 
types of loading. 


MEMBRANE STRESSES AND DISPLACEMENTS 


In the previously mentioned paper of 1934 (2) the following re- 
lation was developed between the deflection w and the stress func- 
tion of the membrane stresses f 


O*w y 
Oros 

where V? is the operator 07/dz? + 0°/ds?and K = 1 + 2m/w = 
const. The nonlinear terms on the right-hand side correspond to 


O*w 
Oz* 


O*w O*%w E 


(V?)*f = EK 
oz? 


Os? r 


membrane stresses due to finite displacements and are the same 
as in von Karman’s finite-displacement theory for flat plates (6). 
The last term on the right-hand side corresponds to membrane 
stresses due to curvature, and is obtained by using the same ap- 
proximations as were used in the approximate small-deflection 
cylinder theory first developed by the author for studying the 

problem of buckling under torsion (7). 
In the present case 
K = 


1 + 2wo/w = 1 + 2ao/a [4] 


where dp is defined by Equation [2]. We will use the new parame- 
ter v defined as 


5A different theoretical method would have to be used to investi- 
gate such questions as the possible relative importance of axisym- 
metric and nonaxisymmetric parts of the initial deviation. 

® Measurements of columns have since indicated the suitability of 
this type of relation for the case of columns (5). It is hoped to make 
further studies of this question for the case of cylinders. 





DON NELL—BUCKLING OF THIN CYLINDERS UNDER EXTERNAL PRESSURE 


Kain? agin? atn? 


r ?r 
atn? Ur 


Ur? 


m'-*n%{? 2r m'-5¢ 


tn? = 
[5 


Substituting the Expression [1] for w into Equation [3], using 
Equation [5], and simplifying, we obtain 
Eatm*n? 2mnz 
Vv cos 
3 r 


(V*)¥7 = 


r 


ns pee 2mnz eo imnzx 
1 + 3.7 cos + 2.7 cos 
r r r 


mnx mnz " 3mnz 
+ b | cos + 2.7 cos 
r r r 


vb cos 


A particular solution for f is 


l 2mnx 2ns 
Vv cos 
l6m* r r 
ns 3. 2mnzx 
vb cos 1 + 
r (1 + 
mnx 


cos 
2.7 4mnzx 
a cos a cos 
(1 + 16m?*)? r (1 + m? r 


4m?)? r 
b mnxr ] Smnz ie 
cos T cos + ( 4° 
m* r 30 r 


The last two terms of Equation [6] are part of the 


Eatl*m* 


mr 


+ Cz? [6] 
general 
solution of the homogeneous equation obtained by setting the 
right-hand side of Equation [3] equal to zero, which can be added 
to the particular solution to obtain the general solution for f. 
Besides such power-function solutions, trigonometric-hyperbolic 
solutions of the homogeneous equation such as 


ns nx RS. nz 
A cosh + B sinh 
r r r r 


2ns : 2nz 
+ cos C cosh 
r r 


cos 


9 9 
2nz . 2nz 
+ D sinh 
r r 


ean also be added to the expression for f. If the Expressions [7] 
are added, the constants of integration A, B, C, D can be deter- 
mined so as to satisfy eud conditions on the ‘‘“membrane displace- 


ments’ u, v or the membrane stresses 


‘= = O°'f/dr?, T,, = —O*f/dzxds, 


z 


o*f ds*, GC, 


describing complete fixity against u, v displacements or complete 


freedom of u, v displacements 


or related end conditions. 

Because of the greatly increased work of computation which 
their use would have involved, the Terms [7] 
the expression for f was taken as that given in Equation [6]. As 
a result, the solution obtained does not satisfy any simple end 
conditions for membrane displacements or This is 
probably not important in the early stages of buckling but must 
Further study of this question 


were not used, and 


stresses. 


become important in later stages. 
would certainly be desirable. 
Returning to Expression [6] for the membrane stress function f, 
the constant of integration C, can be determined from the con- 
dition of equilibrium in the axial direction of one end of the cylin- 


der. Assuming the hydraulic pressure to act upon the entire end 


bulkhead, this requires that 


2rr 


Trp = to,ds = 


2er 

‘fc (0°F/0s* )ds 
( 

On using Expression [6] for f this reduces to 


} 


trp = 4mriC,, C, = —pr ‘At (9 


rhe constant of integration C, can be determined from the re- 
quirement that the cireumferential displacement v must be con- 
tinuous. It is shown in the 1934 paper previously mentioned (2) 
that the u and v displacements have the following relations to w 


and f 


Ou 


ow 
or 


ow 
ds 


Ou o*f 


Os a y Ors 


Substituting Expressions [1] and [6] for w and f into Equations 
[10], integrating, eliminating functions of integration, and de- 
termining constants of integration by assuming u = v = Oatz = 


0, s = 0, we find 


atm jymn v 
sin 


2mnz 
Pt 
"(3.7 4m? 
( (1 + 4m?) 
( 1.35( 16m? 


1) ‘ fminz 
0.45 } sin 
\ a4 r 
ns mnx bb mnzx 3mnz 
sin ~ | sin + 0.1 sin ) 
r r m* r ’ 


vb? {3.62mn 
z 
i 


2mnz 


. 8\e 
l6m?)? 
Os 


2mnz tina 
+ O.8 sin 0.9 sin 
r T rT 


San) | 
e wy 


0.27 sin 


2mnz 
a 
> m 2yvb sin 
r 


- 16m?) 
16m?)? 


mn r| 
cos ‘a 
r f 


12] 


It can be seen that in order for »v to be continuous, the terms 


linear in s in Equation [12] must vanish, or 


2 at 


E n 4r 


vn 


By using the Value [9] for C, this gives 


avEt ur 
Sr if 


p 
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VoLUME-PRESSURE RELATION 


We wish to determine the relation between the external loading 
and the deformation of the cylinder. The loading is of course fully 
described by the hydraulic pressure p, while the deformation 
corresponding to such loading can best be characterized by the 
volume decrease under load, which we will designate by AV. 
The volume change can be taken without serious error to be that 
due to radial displacements of the cylinder wall, plus that due to 
the general axial displacements of the end bulkheads, or 


l 
2 2er 

AV = aruz= —1/2 — Uzr=1/2) + f ; dz f, wds [14] 
a 


where terms periodic in s in the expression for u can be neglected, 
since their effect on volume change would cancel out. By using 
Expressions [1] and [11], the resulting relation can be written 


a 2) p _ 2AV _ at? | 3.6(2 — pb 
“ E rl r? T 
v 
+ 2 (uh + m? + 3.62m%) | 


EnerGy RELATIONS 


The internal strain energy E is 


I 
Ee 2 2er 
—E= . —— dz ds 
24(1 — yp?) F 0 
as 
(V2w)? + 2(1 — p) (2 1 = 
- Oxrds 
i 

t 2 2er 

+ | dz f ds 


f)2 4 7 
tov of)? + 21 + w) [ (2%) 


We will use the new dimensionless parameters 
Vr (rt)! es E 


together with m and v previously defined 


aw dw) 
da? ds? | f 


oy oY | 


da? ds? | f 


m = tr/nl ] 
atn? Ur _ ma Ur 
2r m' = 2m? =r, 
By using Expressions [1] and [6] for w, f, Expression [9] and 


[13] for C,, C,, eliminating p, n, and a by means of Relations [15] 
and [18], and taking » = 0.3, the strain energy E.can be written 


r\s Vv 7 
E = (as x) — (ms — vr 
Ls t 

2 

r mt) 


[13.56 + (A + Bb*)] + (ms 
8.92 / 1 Sats, ae 
re (gq + 16.580") + (C + 6.356") 


s 
Eu 


+ vb(D + Fb?) + v™{G + Hb? +709 | [19] 


Where A, B, .. ., J are the following functions of m 
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2 2 
A = 345m? + 1.04, B = 12.5m%, C = ( =); 
1 + m?* 


D = 2.14m? — 1.16 + C | 0:76m: — 2.55 


3.14(1 + 8.9m? + 4m*) 


(1 + 4m*)* 
G = 0.4(1 + m*) + 0.165m? 


0.46(1 + 36.5m? + 16m*) 
(1 + 16m?*)? 


F = 7.74m?, 


3.43 


~~ ‘ 
H = 0.6m? + 4m E + (1 + 4m) 


. = | J = 3.6m‘ 
(1 + 16m?*)* 

For a given cylinder, U and L will be given. If the volume 
change AV, and hence V, is held constant (as in a test in which the 
cylinder is surrounded by an incompressible fluid in a tight, rigid 
tank) there will be no external work done by the pressure p during 
virtual displacements produced by small changes in m, b, and v. 
By the law of virtual work, therefore, the partial derivatives, E,,, 
E,, E,, of E with respect to m, b, and » must be zero. This is 
equivalent to minimization with respect to the original parameters 
n, b, anda. The three equations thus obtained are most con- 
veniently taken in the form 


mE,, — 2vE, = 0, and bE, = 0 


Dividing by (m*v — m‘*Ur/t), since the solution m'/*v = Ur/t 
seems meaningless here, we obtain, treating V az a constant 


vE, = 0, 


y 0.5(Ur/t)m'/* 

Ls (mv —(Ur/t)m'?2 
U ,, 48.92 / 1 

+ 207 > mit) L* (4 + 16.58") 


+ (C + 6.35b") + vb(D + Fb*) + 


0= [13.56 + (A + Bb*)] 
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v(G + Hb? + oo} +( my — “ m'/s ) 


fac (1 


+ v?[(mG,, — 4G) + (mH,, 


8.92 
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4H )b*) ; 


my 


o=——{ 


L* |m'y — (Ur t)m‘/2 


[13.56 + 1A + Bb*)] +A + pus) 


{8.92 ( 1 
+ 2m*p < - 
1 4¢ 


+ vb(D + Fb*) + v(G + Hb? + no} 


+ 16.586+) + (C + 6.356%) 


Ur « ; 
+ (my a *) {vb(D + Fb?) 
+ 2G + Hb? + Jb*)} 
P Ps " 
.— 2 (13.5b + 2vBb?) 
U 17.84 
+ (m» - _ mn) 7 16.58)? + 12.76? 


+ vb(D + 3Fb*) + 2v%bH + 2st 
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By using the foregoing parameters, the Relation [15] between 
the loading and deformation of the cylinder can be put in the form 


Se. 
= m' ) (0.44b + 0.032(A + Bb*)] 


P =0.7V—L* (m 


21) 
The load-deformation, or P versus V curve, for a cylinder having 
a certain value of Ur/t and L can theoretically now be determined 
by assuming values of V, solving Equations [20] for m, b, and y, 
and then finding P from Equation [21] 

Since it is actually quite impractical to solve Equations (20) 
explicitly for m, b, and v, solutions have been obtained as follows: 
The third of Equations [20] is used to eliminate V/L* from the 
other two, which are solved for L. Sets of values of Ur/t, m, b, 
and vy are assumed, and each of the two values found for L is 
plotted against b. The intersection of the two curves gives a 
combination of values of Ur/t, m, b, v, and L satisfying Equations 
{20}. For given values of Ur/t and m, the quantities L and 6 are 
plotted against v, and sets of values of Ur/t, m, b, varedetermined 
corresponding to certain specific values of L. For each of these 
sets of values, V can then be determined from the third of Equa- 
tions [20] and P from Equation [21]. 

Fig. 2 shows P versus V curves thus calculated for four values, 
1.7, 3.1, 5.5, and 9.7, of the cylinder shape constant L, and for 
several values of Ur/t. It will be noticed that for the largest 
value of L, 9.7 (corresponding to relatively long or thin cylinders), 
there is some drop-off of resistance after buckling, both for perfect 
specimens (Ur/t = 0) and for those with small imperfections. 
The peaks of the P versus V curves give values of the resistance 
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to a purely elastic type of failure. However, for some proportions 
and materials, yielding of the material may occur at certain points 
in the specimen before these elastic buckling peaks are reached, 
and experience indicates that in such cases (except for extremely 
stocky, stable shapes) complete buckling failure initiated by yield- 
ing will occur at only slightly higher loads. 

For L = 5.5 the drop-off in resistance after elastic buckling is 
much smaller, and for the lower values of L the drop-off is elimi- 
nated entirely. For L = 1.7 the change in slope of the P versus V 
curve after buckling is comparatively slight. 
thicker cylinders there is thus apparently no purely elastic ulti- 
mate buckling strength, and all complete buckling failures must 
be initiated by yielding. 

The value of m, which determines the number of circumferen- 
tial waves n, is found to be nearly constant for a given value of L. 
Fig. 3 shows the value of n and of P at the point of buckling of a 
perfect specimen (Ur/t = 0), as functions of the shape factor L, 


For these shorter or 


compared to the classical von Mises theory (8 


8 


] 


L 
, we 





new theory (U+0, 
buckling peint) 
———— von Mises theory (8) 


| O experiment 
~ new theory, U = 0.0001 
™ new theory, U = 0.0003 
4 + osc ten Satesiesigaiaigeannen 





SE ee feces SS ee a See a © 
° . «. 2 es eae. 2. oe oe he 
Fic. 3 Numper or CIRCUMFERENTIAL WAVES ” AND PRESSURE 


Factor P at Pornt or Buck.ine or a Perrect Specimen VERSUS 
SHare Facror L 


It is shown in the 1950 paper (3) that, according to the shear- 
energy theory, yielding will occur when the yield point of the ma- 


terial o, reaches the value 
/ ‘ ° an?) 
0, = Vo,’— 0,0, + o,* + 3r,,’ (22) 


where 
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oe Ez o*w 0*w 
a, = — ra + yu 7 
ox? (1 — pw?) \ Os? oz? 
o*f Ez o*w 
Ox0s (1 + pw) Oxds 
Points where yielding seems most likely to occur first are on 
the inside or outside surfaces where the maximum flexural stress 
occurs: (a) at the nodes of the primary deflection, where the twist 
is a maximum, and (5) at the outside peas of the primary deflec- 
tion, or (c) at the inside peaks of the primary deflection, where the 
bending stresses are a maximum. Co-ordinates of such points are, 


respectively 


(a) x 
(6) x 


(ce) z 


For points (c), using Expressions [1], [6], etc., in Equation 


[22] we find 


(42)" - (22) (FF) =x 


jv oui: 3.7 " 2.7 
4 7 1 + 4m?)? — (1 + 16m?)? 


XS + S?.... [24] 


where 


X = 


( 
1 fo. P _ 5.43a : 3 an 
Ml (1 + m?)? { ma oA 2L L? t m? ssa 


+ 43.2 
(1 + 16m?)? 


5.43a (1 
(¢— op * pa (og +03 + 11d 


— 14.8 
mV 
m1 + 4m)? 


| 0.3P 
— C— 1.3b7 


a = [m*v — (Ur/t)m'/*|L*/4.94 


Similar expressions are found for points (a) and (6). 

Selecting the higher of the two values at each point, the values 
of o,r/Et or o,/UE at point (c) are found to be about twice 
the values at point (6), which in turn are always greater than the 
values at point (a). However, if these highest values, at point 
(c), are used, it is found that the theory is “too successful’’ in ex- 
plaining the reduction in strength due to imperfections. That is, 
for any reasonable values of U the predicted pressure at which 
yielding starts seems to be unreasonably far below the experi- 
mental failure pressure. 

A clue to the reason for this is found in the experimental re- 
sults. These indicate that yielding actually occurs first at point 
(b) instead of at point (c), and that the reason this is so is that the 
primary deflection shape is actually not a simple sinusoidal one in 
the circumferential direction, as was assumed in the theory. The 
primary deflection shape indicated by experiments seems to con- 
tain a strong second-harmonic component which greatly in- 
creases the circumferential bending at point (b), at the same time 
decreasing the circumferential bending at point (c). 

This means that the values found for ¢,r/Et or ¢,/UE by this 
theory at point (c) are too large, and those found at point (b) are 


too small. In the absence of the more complex theory which 
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would be required to analyze these trends completely, it appears 
that the best estimate which can be obtained from the present 
theory of the values of o,r/Et or o,/UE at which substantial 
yielding will occur is the average of the values of these quantities 
found at points (b) and (c). 

Fig. 4 shows such average values of these quantities plotted 
against P and Ur/t, for each of the four values of L previously 
used. According to the theory, experimental points for groups of 
specimens made of the same material and by the same manu- 
facturing process should lie along one of the constant o,/UE lines, 
since this quantity would be the same for all such specimens. 


G 


Fic. 4 Pressure Factor P as a Function or Ur/t ror Various 


VaLues or o,/UE, oyr/ET, anv L 


The constant o,r/Et lines, on the other hand, show more 
clearly the effect of the magnitude of the imperfections, as de- 
scribed by the co-ordinate Ur/t. It can be seen that for a given 
value of o,r/Etand L, that is, for cylinders of a given material and 
dimensions, the predicted failure pressure, measured by P, falls 
very rapidly at first as Ur/t increases from zero. For the smaller 
values of L, after a small threshold value of Ur/t is reached, the 
effect of further increase in Ur/t is comparatively small. The 
value of Ur/t for actual cylinders is probably well above this 
threshold value and in the range where the failure pressure is 
relatively insensitive to the exact magnitude of the defects. For 
L = 9.7 the picture is somewhat different, but even for this case 
the values of Ur/t for actual cylinders are certainly above the 
range where the failure pressure is most sensitive to the magni- 
tudes of defects. 

The predicted failure pressure for any given cylinder can be de- 
termined from Fig. 4 as follows: A value of U is first selected, 
corresponding to the care which was taken in all the manufactur- 
ing operations to reduce deviations from perfect shape and other 
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TABLE 1 COMPARISON OF 


DTMB L 


model 


1000cy 


> > 


defects. In the study of the axial compression case (3) values of U 
from 0.0001 up to 0.0005 or even a little higher were required to 
explain experimental results from a large number of specimens 
made in a very wide range of proportions, materials, and manu- 
facturing processes. These values seemed reasonable since similar 
values were required to explain the strength of columns as pre- 
dicted by commonly accepted column formulas. The largest 
values of U required corresponded to specimens which were very 
“shim stock,”’ a ma- 
The values of U 


required for specimens made from sheet stock which had been sub- 


smal! scale and which were rolled from thin 
terial which has large deviations from flatness 


jected to standard flattening process ranged from about 0.0001 to 
0.0003, with an average value of about 0.00015. 

With the dimensions and properties of the material known, 
values of Ur/t and of o,/UE or o,r/Et can then be caleulated, 
and values of P read from each of the four charts, corresponding 
to four values of L. A curve of P versus L is then plotted with 
these four values, from which the value of P can be read corre- 
sponding to the actual L of the specimen (this is not difficult 
since the variation of P with L is not great The value of p 
can then be determined from the definition of P. 

A number of specimens tested by the David Taylor Model 
Basin (9) were analyzed by this method, using values for U of 
0.0001 and 0.0003. 
Table | and also have been plotted in Fig. 3. 
with the assumption of reasonable defects, the theory can easily 


The results of these calculations are shown in 
It can be seen that, 


explain the observed reductions of actual buckling pressures below 
those predicted by the classical theory of von Mises (8). In some 
cases the theory predicts too low a buckling pressure. This may 
be due to the fact that the ultimate pressure which was measured 
in the tests can somewhat exceed the pressure at which yielding 


starts, and to the fact that the end conditions in most of the 


THEORY WITH DAVID TAYLOR MODEL BASIN TESTS 


P n 
Present theory Present 
0.0001 U =0.0003 Test theory 
0.65 0.49 10.5 
0. 5 0.53 
0 0.62 3 
0 0.58 ; 3 


0 0 
0 0 

0 0.5 
0 
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tests were probably closer to the fixed-end than to the hinged-end 
condition. Further study of the effect of end conditions is 
planned 
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Minimum Weight Design of 
Cylindrical Shells 


By WALTER FREIBERGER,? PROVIDENCE, R. I. 


The theory of collapse and minimum weight design of 
cylindrical shells by Onat and Prager**‘ is applied in this 
paper to the development of a method for designing the 
variable wall thickness of a cylindrical shell under axial 
loading and arbitrary pressures to give maximum economy 
of material. The design is such that the shell does not fail 
plastically in the sense used in limit analysis.’ It will be 
assumed that the shell is supported at the ends by in- 
extensible rings so that the circumferential strain rates 
vanish there. : 


NOMENCLATURE 
The following nomenclature is used in the paper: 


z,¢ = axial and circumferential co-ordinates 

= radius of mid-surface of shell 

= wall thickness of shell 

= axial and circumferential membrane forces 

= axial bending moment 

= shear force 
fully plastic membrane force and bending moment 
radial and axial loads 


No, M, = 
Pq = 
Note: Nz, Ne, Mz, 8S, No, and Mo are specified per unit length of 
line element in the mid-surface of the shell, and p, g per unit area of 
the mid-surface. The membrane forces and axial load are positive 
for tension, the loading moments are positive if they produce concave 
curvature in the axial direction, referred to the outside of the shell, and 
shear force and radial load are positive radially outward. 


Q = applied axial force per unit length of shell perime- 
ter, positive for tension 

yield limit of shell material in simple tension 

+/(200/QR) for positive Q 

half-length of shell 

nondimensional quantities N,/No, N,/No, M,/Mo 


a= 
@ = 
l = 


Ne» nym, = 


Primes denote ordinary differentiation with respect to z. 
With the foregoing notation the equilibrium of the shell elemen 
in Fig. 1 demands 
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P= p, N,’ 
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so that 
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M,"+—= 
R 
The fully plastic membrane force and bending moment per unit 
length are 
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M, (positive) 


iti 
ee positive) 


N, (positive) 
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Fic. 1 Evement or SHELL 


Design For MINIMUM WEIGHT 


The theory and philosophy on which minimum weight design in 
the sense of limit analysis is based are discussed by Onat and 
Prager.‘ Fig. 2 shows the yield surface of cylindrical shells de- 
veloped by Onat.* It consists of a number of intersecting planes 
and surfaces to make up a convex surface in space, and it is 
shown‘ that for maximum economy of material the generic point 
of the stress state of the shell must move on the edges separating 
the various domains of the yield surface. This result is a conse- 
quence of the argument that, to achieve minimum weight, the 
shell must be designed in such a manner that any admissible col- 
lapse mode is a linear combination of a number of independent 
collapse modes, this number being equal to the number of inde- 
pendent variables at the designer’s disposal. Fora shell with con- 
tinuously varying wall thickness the number is infinite. 

Depending on the signs of n,, ny, m,, four edges of the yield 
surface are admissible regimes, viz. 

I Positive n, and n, 


mM, = 1, m, = 2n,{1 —n,) [4] 


576 
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Fic.3 Section mz = 0 or Yre_p SuRFACcE 


or m, = —2n,(1 —n,)... ae [5] 


according to the sign of the bending moment. These are the 
parabolas bounding face I in Fig. 2. The section m, = 0 of the 
yield surface is shown in Fig. 3. Also admissible for case I is the 
edge AE in Fig. 3; there, m, = 0,n, = 1, and0 < ny < 1. 

II Positive ny, negative n, 


Ng—n, = 1, m, = +2n,(1 + n,) 


These are the parabolas bounding face II in Fig. 2. 
III Negative ng, positive n, 


2g~—N, = 1, m, = £2n,(1 — n,) 


Negative ny, negative n, 


+2n(1—n,), plus line n, 


l, m, = 


The edges III and IV are hidden in Fig. 2. 

Case I is appropriate to axial tension and internal pressure, 
Case II to axial compression and internal pressure, Case III to 
axial tension and external pressure, Case IV to axial compression 
and external pressure. By proper choice of the regime for each 
shell point any loading condition can be analyzed. The following 
discussion will be confined to Case I. 

Substituting Equations [2] and [3] into [4] gives, for positive 
bending moment, the relation 


Ng = oh, M, = 


z 


z 
— (ooh 


and into Equation [5], for negative bending moment 


Ny ™ Ooh, (ah 


y 
M, = ; 
» 

20. 

The problem to be discussed is indicated in Fig. 5; namely, the 
determination of the wall thickness A(x) of a shell under con- 
stant axial tension Q per unit length of shell perimeter and arbi- 
Hence N, = Q in Equations [6 


z 


trary internal pressure p(z). 


and [7], and 


Substituting the first of Equations [6] and [7], and Equations 


[8] and [9], into Equation [1] gives, finally 
h* T wh = 
for positive bending moment, and 


h” wh = 


for negative bending moment, where 





R (n,#=O m,=0) 
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w = --- [12] 
QR 
The boundary conditions on A at the ends r = +1 follow from 
the condition that the shell is supported by inextensible rings; 
i.e., that the circumferential strain €, vanishes there. By inspec- 
tion of Figs. 3 and 4 it is seen that the end points z = +/ must 
correspond to point A on the yield surface where a vanishing of 
the circumferential strain rate is possible under the assumption 
of a discontinuity in n,; viz., that a transition from point A to 
point E (ng = 0) takes place atz = +/. This jump in the value 
of ng from 1 to 0 is permissible because it does not violate equi- 
librium or yield conditions. 
Clearly, from Equations [6] and [7], 4, = 0 leads to the fol- 
lowing boundary condition on h 


, Q 
Mz)=— for z= +/ 


Fo 


[13] 


The solution of the problem consists in the determination of a 
function A(z) satisfying Equation [10] at points of positive and 
Equation [11] at points of negative bending moment, and Bound- 
ary Conditions [13}. 

In general, it may be expected that there will be a range x, < x 
< xz. in which the bending moment will be negative, and that the 
bending moment will be positive in the remaining parts —l < x 
<2, 2%2 <2 <loftheshell. Let h(x) = ho(x) in the former, and 
h(x), ho(x), respectively, in the latter. If this assumption is not 
justified in a particular case, and nevertheless made, it will lead to 
an impossible answer such as that h(x) < Q/ao» at some points of 
the shell. A different assumption about the sections at which the 
bending moment changes sign—one suggested by physical rea- 
soning—and application of the same technique as that here out- 
lined will then lead to the correct solution. 

It will be assumed, then, that the bending moment changes sign 
atx = xz, and x = 22; it must therefore be zero there and hence 

Q 


A(z) = — at z=2, and t=2z 
yo 


the same as at the end sections. Furthermore, h’(z) must be con- 
tinuous at z, and xz. These conditions are sufficient to determine 
h(x) for all x in (—, 1) and also to determine the values of zx, and 


22, as shown in the next section 


SoLuTION OF Equations For Optimum WALL THICKNESS 
The equations to be solved are 


2p(x) 


hk” +h = for l<z2<2 


2p(z) . 
— for ~S2tS2% 
Q 
2p(z) 
A” +h = at for 


Q 


Let the solution of these equations be denoted by Ay, he, and hz, re- 
Then the boundary conditions are given by 


mizsi [16] 
spectively. 


Ai(—l) = Aya) = holz,) = hol re) 


hy'(21) = he’ (21 )y ho'(x2) = h;"(22) 


The solutions of Equations [14], [15], and [16] can be expressed 
in the form 
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hi(z) = A, sin wr + A: cos wr 


2 zt 
+ (t) sin ox tjdt 
= i P 


for—l <2 


hz) = B, sinh wr + B, cosh wr 


2 z 
p(t) sinh w(x tjdt 
wQ J. 


forz, S2 


A(z) = C, sin wr + C, cos wr 


9 z 
+ At) sin wir tjdt [20 
wt) f 


forz2 <z<l 


where A,, Ao, B,, Be, C;, C2 are constants to be determined by the 
Boundary Conditions [17]; the latter are eight equations for these 
six constants and the values z; and x2. The following expressions 
for hy, he, and hz result 


or sin w(x + 1) + sin w(r, 


) 
h(x) = : 
sin w(x, + 1) 


wR j sinw(x +1) (** : 
<-— P(t) sin wx t)dt 
Q jsina(z, +1 - 


z 
f p(t) sin w(x 
—l 


sinh w(x 


( , 
t)dt\ for 
f 


zi) + sinh wr 
h(x) = > 
sinh w(x. 
wR { sinh w(z 


Q 7 sinh w( ze 


z 
- f p(t) sinh w(r 
Tt 


r sin w(x Xe) 


a (xr) = . 
sin w(/ 

wR } sin w(zr 

Q } sin aw(l 


E { 
p(t) sin w(x — t)dt® 
 z y 


where the functions p(z) are given and x, and zx, are determined 
from the following two equations 


1 + cos w(2; l) wR ° sin a(/ + ¢ 
- + p(t) — dt 
sin w(x, + lL) Q J) sin w(x, + 1 


1 cosh a 22 a) wR  ¥ 


sinh w(x. 


sinh w(r2 — 2) o J. sinh w(x. 


and 
1 + cosh w(z2 21) wR - 
pt 
sinh w(z2 — 2) Q 


l cos a(l + 22) wk f' sin wl ) 
: p(t) dt 


sin w(l — x2) Q sin w(l 


sinh w(t 


sinh w(x. 


=z 


SIMPLIFICATION IN PARTICULAR CASES 


In particular cases simplification will result when along portion 
of the shell the optimum thickness may be chosen as constant and 
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equal to its value at the extremities of the shell. This will occur, 
for instance, when a certain part of the wall is stress-free, and in 
other cases. The examples discussed here are a band of uniform 
pressure and a distribution of linearly increasing pressure. 

Band of Pressure. Let the band occupy the region a < z < bof 
the shell and the internal pressure along this length be p = const 
per unit area and zero everywhere else. The axial tension is 
@Q/unit length of shell perimeter. If a thickness distribution can 
be found such that at points z = z, and z = zz where 2; < a, 22 > b 
the bending moment and shearing force both vanish, then a uni- 
form thickness h(x) = A(x,) = h(z2) = Q/oo can be taken as the 
optimum distribution for —l < x < zm, anda <2z<l. In 
other words, the equations to be solved are 


for m<2z 
2p 


for 


under the boundary conditions h(z,;) = A(z.) Q/ao, h(x) = 
Then this solution, together with A(z) = Q/ao for 
It can be 


h'(z2) = 0. 

l<2<2%,72 <2 </ will give the optimum design. 
seen readily, as a special case of the solution of the previous sec- 
tion, or independently, that the following solution satisfies these 


conditions 
cosh w Ti x) for 


do 
( A(z) = cosh w(x, 


pR 
Q 


f 
} cosh w(a 


h(x) = cosh w(z-e zx) for 


Q 


where z, and zx, are found from the equations 


sinh oz, sinh w(a 


where & 2 and the solution is valid only if pR/Q > 


Clearly 


oO . 
cosh GF; &) 


hax 
pR pR 
cosh w(a T 


33] 
- +O [33] 


In this case Ny 18 discontinuous at the sections x = ZX andz = Z2, 
viz., it suffers a unit jump there, and the situation is the same as 
that previously discussed in connection with the end points 
z= +l 

Fig. 6 shows the optimum thickness distribution for a cylindri- 
cal shell with two bands of internal pressure: One at a/l = —4.7, 
b/l = 0.5, the other at the end of the shell, a/l = 0.8, b/] = 
1.0. The boundary conditions for the band at the extremity of 
the shell are slightly different from those given previously but the 
modifications in the analysis are trivial. The following numerical 


values are assumed in the diagram. 


us R 


Q 


= 10 [34] 


Since z, for the left-hand band is smaller than z, for the right- 
hand band, the design procedures for the two bands are inde- 
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pendent of each other. Since z, differs only slightly from a and z 


from b this will, in general, be true when the bands are not too 


close together. 
LINEARLY INCREASING PRESSURE DISTRIBUTION 


he solution of the preceding section applies, with 


Pr zr = ‘ - ) 35 


where P is the pressure per unit area at the extremity z = 


In this case 


of the shell; the pressure tapers to zero at z = l. 
It is found that a point z, can be chosen such that the bending 
moment and shearing force vanish there; i.e. 


A(z, 


and that the optimum w 
solution of 
9 


h” 2 _ p(x) = 
Q 
in the region < z, under the boundary conditions 


h(x) = 0 


Q 
hi Zi ° 
og 


and by 


A(x - 
o 


in the region z; <. 2 < J. For the latter solution to be statically 


admissible one must have, from the equilibrium equations 


No 


= MT 


pR PR 
Q 20 


41 


In other words, as the generic point z moves from z, to l on the 
1Z in 


shell, the generic stress point on the yield locus moves on 


Fig. 3. At 2, ny jumps from the value 1 to the value 


20 


then, as 2, ~/, ny ~ 0 on AE. 


It follows that with 





580 


and putting (RP)/(2Q) = k 
(1 — 2k) sinh w(x, — x) + 
(2 k—k + 1) sinh «(1 + x) 
iz) = 3 — 
Q sinh w(x; + 1) 


—k (< -— 1) for —l<z< 2, 





a 
— h(x) = 1 for m4<2<l 


Q 


with z, given by 
ry 
am k 

fF 


As a numerical example, we take again Q/PR = 0.5 (therefore 
k = 1),1/R = 4, oR/Q = 10. 
The equation for zx, becomes, for k = 1 


~-k+ i) cosh w(l + 2) 


bk 
-- sinh w(l + 2) + 2k—1=0 [43] 
wl 


1 
= sinh w(l + 2,) — > cosh w(l + 2) = 
In the present case 


w= (8) ¥eS) 3 


so that for the order of magnitude of wl considered 


= 4,/20 
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l 
sinh wl & cosh wl & ae 


hence 


Z “4 
a ta 2e-* + Zi) 


l 


Since e — 4,/20 = 6.5 X 107, this is negligible compared to 1 /wl 


and so 
v1 1 a Ae 
— va — = 0.056 
l wl 
The optimum wall-thickness distribution is plotted in Fig. 7. 
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The Tapered-Land Thrust Bearing 


By C. F. KETTLEBOROUGH,' MELBOURNE, AUSTRALIA 


Neglecting side leakage the maximum load capacity 
which can be carried per unit width is obtained when there 
is a stepped convergence to the oil film. However, when 
side leakage is considered the stepped bearing is only 
slightly better than the tilting-pad bearing, this being due 
to the fact that the maximum oil pressure occurs at the 
step where the oil-film thickness is a maximum and hence 
there is easy means of escape for oil. The tapered-land 
bearing does not suffer from this disadvantage and com- 
putations have been carried out which show that the maxi- 
mum load this bearing is capable of supporting is about 
14 per cent greater than the maximum load capable of 
being supported by the tilting-pad bearing, both cases not 
neglecting side leakage. Some numerical calculations 
are made. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


. hy — he 
slope of tapered film = 
hl — R) 
width of pad 
friction criterion 
load criterion 
coefficient of friction 
friction force 

= film thickness 
inlet-film thickness 
outlet-film thickness 
(hy — he) 
nondimensional film thickness = h/h 
film ratio (h;/he) 

= length of pad in direction of motion 
oil-film pressure 
nondimensional pressure parameter 
fractional length of parallel portion (see Fig. 1) 
linear velocity of moving boundary 
total load 
co-ordinate axes in plane of bearing 
nondimensional co-ordinate 
viscosity 


INTRODUCTION 


Lord Rayleigh (1)? analyzed in detail the simple slider, ne- 
glecting side leakage and found the maximum load capacity per 
unit width perpendicular to the direction of motion was produced 
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when there was a stepped convergence to the oil film. For this 


case Rayleigh showed that 


Wmax = 0.206 


uUB 
hy? 
This constitutes an increase in load-carrying capacity of 29 
per cent as compared with the maximum load per unit width 
which can be supported by a tilting-pad bearing, also neglecting 
side leakage, in which case 


UB 
Wmex = 0.160 - 
h,? 


When side leakage is considered, the constants in Equations 
{1] and [2] become 0.0725 and 0.072, respectively, for maximum 
load capacity. The advantage of the stepped slider over the 
tilting pad is considerably reduced. As pointed out by Archi- 
bald (2), this is due to the fact that the maximum oil pressure 
occurs at the step where the oil-film thickness is a maximum 
and hence there is easy means of escape for oil. 

Bower (3) has demonstrated that, for the composite slider 
shown in Fig. 1, the maximum load per unit width, neglecting 
side leakage is 

W max = 0.192 ul a 

2 
when R = 0.2 and k = 2.25 
than the maximum load carried by the stepped pad. 
when side leakage takes place, the tapered-land bearing does not 
suffer from the same disadvantage as the stepped bearing. 

Computations have been made and it is found that the maxi- 
mum load capacity of the tenvered-land bearing is 14 per cent 
greater than that carried by the tilting-pad bearing, side leakage 


This is only about 7 per cent less 
However, 


being considered. 
ANALYSIS 


The composite slider, Fig. 1, consists of two regions; region 2, 
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where the oil-film thickness is hg, and region 1, where the oil-film 
thickness increases linearly from hg to h,. 
The governing equation over region 1 is Reynolds equation 


h? h dh 
2 (ee) 2 (ee Pe 
oz \ w Ox Oz\ u oz dz 
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Over region 2 where the film thickness is constant this reduces 
to 
op dp 


+e ok op teeta 


The pressure on the exterior boundaries is zero. The boundary 
condition between the two regions is determined by equating the 
oil flow out of region 1 to the oil flow into region 2, i.e. 


hi Op Uh, h3 Op Uh. 
+— = — . [6] 
12u or) 1 2 12u Or/ 2 2 


where (Op/dr); and (Op/dzxr). are the slopes of the pressure dis- 
tribution for regions 1 and 2, respectively, at the common bound- 
Since hz = h,, at this boundary Equation [6] reduces to 


(2”) 7 (””) ceee fT] 


Equations [4], [5], and [6] are made nondimensional by the 


ary. 


following substitutions 


I 6uUB 


ht P; z = ZB; 


h = Hhe 


R)] over region 1 


H = (1+ 0(X- 


P) op a oP | oH 
H3 H3 =-—. 
2] 2 | * al Q | x 


where 


o*P 
ox? 


oP 
ox? 


(3),- (3 
ox/, \ox/, 


The resultant pressure distribution over the bearing surface is 
determined by relaxation techniques. The application of Equa- 
tion [8] over region 1 has been given by Christopherson (4). 
Equation [9] applied over region 1 is the simple (1,1,1,1, —4) 
relaxation operator, and Equation [10], used to determine the 
common boundary pressure, gives 


=0.... 


1 
Po = 6 [4(P1)2 + 4(P1): — (P22 — (P2):] 
) 
where Po, (P1)e, (P1):, (P2)e, and (P:),, are defined in Fig. 2. 


INTERNAL Bounpary 
Y~ 


(Po) (P,P) 





Resi 

















Having determined the pressure distribution, all the important 
operating characteristics can be computed: 
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Total load 


ee” 6! ae 
W = PdX dZ 
h? Jo Jo 
Load criterion 


W \ (he? Re ay na 
C,={— =6 PdX dZ 
ul B 0/0 


Friction force 


ue, LL 
Fel E + 5 log. [1 + (1 — R)) 
) 


he B E 
l L/B 
+ 3b [ | PaX az | 
JRJO0 
Friction criterion 


c= (*)(*) -[a $1 - loge [1 + d(1 R)) 
uu B? B bB 
71 L/B 
+ 3b | PdX wz | 
R/O 


Coefficient of Friction Criterion. This equals 


Friction criterion ' B 


Load criterion ” he 


CALCULATED RESULTS 


A square slider was considered (B/L = 1), and the pressure 
distribution was determined for values of R = 0, 0.125, 0.25, 
0.375, and 0.50. The load criterion is plotted in Fig. 3 for these 
conditions. A value of R = 0.25 appears to give the maximum 
load-carrying capacity for all values of the film ratio. This 
value is greater than the load carried by the tilting pad for which 
R = 0. Fig. 3 gives the variation of the load criterion against 
film ratio for R = 0.25, extra computations being made for 
values of k between 2 and 3. The maximum load capacity is now 


pUB 


0.0823 {11 
* (11) 


at a film ratio of 2.3. This is 14 per cent increase on the load of 
the simple tilting slider. 


Some NuMERICAL CALCULATIONS 


It must be noted that the tapered-land and tilting thrust 
bearings behave differently. The film ratio under which the 
tilting pad operates is controlled by the pivot location. An in- 
crease in the load causes a decrease in the minimum film thick- 
ness, while the film ratio remains constant, the pad tilting about 
some axis ahead of the trailing edge; hence the difference be- 
tween the inlet and outlet-film thicknesses decreases. In the 
tapered-land bearing the difference between the inlet and outlet- 
film thicknesses remains constant. An increase in the load causes 
the minimum film thickness to decrease and the film ratio to in- 
crease. Hence Fig. 3 is not entirely suitable for the solution of 
fixed-tapered thrust bearings as this graph shows the variation in 
load capacity for different film ratios for constant outlet-film 
thickness, this implying a progressively increasing value of (h, 
he) which is physically impossible. The load-criterion curve has 
been replotted in Fig. 3, introducing h = (h; 
hain the load-criterion formula so that the load criterion based on 


he), instead of 


his 
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Curves ror TAPERED-LAND BEARING 


(™)(#) - a—ne 
(“)(k)-« 


Friction criterion 
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Similarly 


-1)C, 


Load criterion To 


The following example illustrates the behavior of the tapered- 
land bearing as compared with the tilting-pad bearing: 

(a) A tilting-pad bearing, 1 in. X 1 in., operates at 100 fps and a 
minimum oil-film thickness of 0.001 in. at a load of 200 psi. The 
pivot position is to be chosen so that the optimum conditions may 


be obtained. 


The charts of Muskat, Morgan, and Meres (5) have been used 

The pivot must be located 0.6 in. from the inlet edge, the film 
ratio is 2.33, an oil viscosity of 2.36 X 10~*reyns is necessary, and 
the coefficient of friction is 0.00997. 
and pivot position, operating values have beer. computed for 
different loads as given in Table 1. 

(6) A tapered-land bearing was then considered 


For the same oil viscosity 


The initial 

conditions were taken as in the foregoing case at 200 Ib load 

(hi = 0.001 in., he = 0.00233 in., h = 0.00133 in., U = 100 fps 
When k = 2.33, and using Fig. 3 


Wh? 
= 0.148 
uUB 


= 1.99 X 10-*reyns, Using 


this oil viscosity and assuming A remains constant at 0.00133 in., 


from which the operating viscosity 


the mininum film thickness, the film ratio, and coefficient of 
friction have been computed for several applied loads, using the 
graphs in Fig. 3, and tabulated in Table 1 

(c) As another example of its operation, a tapered-land bear- 
ing was considered with h = 0.001 in. and uw = 2.1 K i0~*reyns 
Details are given in Table 1 


OPERATING CONDITIONS 


ad, psi 
100 200 300 400 500 
Tilting pad 0014 0.0010 0.00082 0.00071 00063 
k = 2.33 j 0141 0.0100 0081 0.0071 0063 
0014 0.001K 00079 0.00067 00058 
0144 0.0006 0077 0.0066 0060 
06 33 > 68 2.99 3.20 


TABLE 1 TYPICAL CALCULATED 


Tapered-land pad 

h = 0.00133 in. 
00084 0.00072 00064 
0082 0 0069 0061 

2.19 2.38 2.57 


0014 0.001f 
0158 0.0102 
1.73 2.00 


Tapered-land pad 
h 0.001 in 


The results clearly indicate that a nontilting bearing of the 
tapered-land type can be designed to operate with a comparable 
efficiency to that of the more complicated tilting-pad bearing 
over a certain range of operating conditions. However, the tilt- 
ing-pad bearing, by reason of its adjustability, can maintain op- 
timum conditions for all values of the uN /W criterion. Refer- 
ring to Fig. 3, the load capacity of the tapered-land bearing with 
R= 
tilting-pad bearing (R = 0) 
to 3-16. Hence, during the starting and stopping cycle, when k 
is very large or under light loads when k is small, the tilting-pad 


0.25 is greater than the maximum load capacity for the 
over a range of film ratio from 1-69 


bearing has the advantage. 
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The Sector-Shaped Pad 


By C. F. KETTLEBOROUGH,' MELBOURNE, AUSTRALIA 


Boegli’s simplifying assumptions for the solution of the 
rectangular pad has been applied to the sector-shaped 
pad and extended to the case of varying viscosity. The 
process of obtaining the operating characteristics is very 
rapid and yields results comparable with those obtained by 
longer numerical methods. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = (6wAorr*)/ho? 
A, B,C constants of integration 
b (film ratio —1) 
c (viscosity ratio —1) 
D = load function, Equation [7] 
F = friction force 
f film ratio 
h = film thickness 
h, outlet film thickness 
constants in solution of Equation [4] 
defined in Equation [4a] 
=@¢/p 
= V—M/N? 
pressure 
radius 
inner radius 
nondimensional radius 
outer radius 
radial breadth 
radius at which F(r,) has a maximum value 
viscosity ratio 
oil-film velocity in direction of motion 
co-ordinate perpendicular to plane of motion 
nondimensional pressure parameter in direction of 
motion 
nondimensional pressure parameter in radial direc- 
tion 
circumferential co-ordinate 
nondimensional circumferential co-ordinate 
value of @,, where F(@,) has a maximum value 
position of center of pressure 
angle subtended by radial edges of pad 
film-thickness function = (1 + 66,) 
viscosity function = (1 + c@,) 
loge r2/r,, from r = roe?" 
viscosity 
inlet viscosity 
= mean viscosity 
= angular velocity 
= coefficient of friction 
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INTRODUCTION 


An exact mathematical analysis of Reynolds equation for a 
bearing of finite width has always been difficult or tedious. 
Owing to uncertainty of the behavior of the viscosity of the 
lubricant, micro and macro-geometry of the bearing surfaces, 
distortion of the bearing surfaces, rounding of the inlet edge of 
the tilting pad, and so on, an approximate solution yielding 
answers to within about 5 per cent of the exact solution would be 
of use. 

The solution of Boegli (1947)? for the case of a finite rectangular 
slider with constant viscosity does not appear to have received 
much attention. Two assumptions were made in his analysis: 
(1) Boswall’s (1928)? assumption that the pressure function along 
the length and width of a slider are independent; (2) the pres- 
sure function along the length of the slider, i.e., in the direction of 
motion, is the same as that for an infinite slider. 

The sector-shaped slider has been analyzed along similar lines, 
assuming a linear variation of viscosity as the oil flows through 
the bearing and values compared with those obtained by Boswall’s 
(1928)? and Christopherson’s (1941 )* solutions. 


ANALYSIS 


Reynolds equation for two-dimensional flow for the sector pad 


2 (eee + 2(¥ 2P) P , ah 
ae. oe r rs = Owr 
dO\r 20 ar\X Or a 


Makir.¢ the usual Boswall assumptions 
6 = 60; r = ne™ 
h = hoB = ho(1 + 04,) 
A = hoe = Ao(1 + ch) 
the foregoing equation becomes 


3 32 df 
i 4) + i Bs = = Aer", & TT 
28,\ € 36; € Or,? dé, 
Following Boswall’s assumption the pressure at any point can 


be expressed as the product of two independent functions. 
Hence, substituting 


is 


mit 


Pp = Aerm F(0,)F(n) 


‘ 3 2 
a + ys F(a) eer) 
€ or;? 


0] 6 
- [ F(n) 


00; € 6, 


- e7e (ri —rm) ap 


dé; 


To solve for F(6,), i.e., pressure function in direction of motion. 
F(@,) is assumed to be the same form as that for a pad neglecting 
side leakage. Under this condition Equation [1] reduces to 


<(f2) = Aeron Be * 
dé, € dé, dé, 
?“'The Hydrodynamic Lubrication of Finite Sliders,"” by C. P. 
Boegli, Journal of Applied Physics, vol. 18, 1947, p. 482. 

3**Theory of Film Lubrication,” by R. O. Boswall, Longmans, 
Green and Company, New York, N. Y., 1928. 

4*‘A New Mathematical Solution of Film Lubrication Problems,” 
by D. G. Christopherson, Proceedings of The Institution of Mechani- 
cal Engineers, London, England, vol. 146, 1941, p. 126. 
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The pressure functions both pass through the point of maxi- 
mum pressure. For F(6,) this is where r; = r,,. Hence, consider- 
ing the r,,-section and substituting p = Ae?°™F(@), Equation [3] 
becomes 


d kK ed _ 48 : [4] 
d0,| « dO, | dO, "et 


which on differentiation gives 
B* d*F (6) 4. dF(6,) d (*) “ dg 
« 0; a0, d0,\«e/ dé, 
when F(6,) is a maximum, i.e. 


aF( 6,) 
dé, 


this equation shows that 


d*F(6,) Zi (s <) 
d0,2 |, \8* d0,/on 


where 6,, = @, when F(6,) isa maximum. Dividing by F(@,,) 


1 d*F(6,) eds 1 
_ = - = M, say.. 
F(0,) a6? |e, 8? dO, F(O;) Jem ' 


The solution of Equation [4] is given by Boswall* 
(b —c) 

(1 + b@,) 

(b + ¢ + 2bcO,) 
2(1 Tt b#A, )2 


b)? a b(b — c) 
Cc 10€e t ox. 
> + 2) & . (1 + b) 


and 6,, = (Ki - 


: 1 
F(@,) = Fl etose(t + b@; ) 


Ky 


5 


K: = (b ¢ Ki(b + c)/2 1)/b 


pressure function perpendicular to the 
F(r,)* is solved along the line where F(@,) is a 


To solve for F(r; 
direction of motion. 
maximum, i.e. 


dF(6,) _ 
dé, 


Equation [2] gives 


1 d*F(6,) eds 1 
d*F(r;) _ LF(@,) dO? lon 83 dO, F(9;) lon 
- 4 F(r,) = ————————" e 


dr? N? N2 
@F(n) | Me) M296 
dr;? N? N? 
The solution of this is 
Fin 


where 


( M . 
= ~ - e7 <PTm 
M + 4¢* 


The value of r,, is required. This is the value of r; when F(r;) 
is 2 maximum. 
5 Boswall, loc. cit., pp. 40-41. 


¢ The maximum value of the radial pressure function is not necessar- 
ily equal to unity, as in Boswall’s solution. 


This condition is obtained from Equation [5] 


dF (r,) 


= Ane™™ — Bne~™™ 2pCe*r"™ = 0 
dr; 


FRICTION AND FRICTION CRITERION 


It is necessary to apply a tangential force to overcome the 
shear stress in the layer of film in contact with the rotating disk 
The fluid exerts a drag force on the stationary surface chiefly in 
the direction of motion. The intensity of the tangential force 7’ 
across any oil section is given by 


dw 
» (**) 
dy 


where 


ldp (y y h 
a7 wr 
rh dO 


h 
= [f Trd6 dr 


Substituting for p, r, h, 0, and X and simplifying 
= h ll dp 
+ Ae*?'™ 4, “ p F(6,) e?": F(r,)d0,dr, 
2° JoJo dO, 


l 
X WO P ( 
ro 


ho : 0 


frictional force 


+ 


« 0 
€ 
i 


The coefficient of friction u is given by //W and defining the 


friction criterion as 
(EX) 
ro J \ Xow 
/ r 3 
(A\(m)" (24% (1 4 ) l {$a 
ro/\\w)  \6D ) ~ 2 


1! dp 
3pe7"r™ | | F(0, res race’ 
JoJvo | 


The positive sign is for the stationary surface; the negative 
Examination shows that yu is 
Con- 


sign is for the moving surface. 
greatest for the moving surface; /(6,) is actually negative. 


sidering the first integral 


This integral has been evaluated for different values of c and b by 


Boswall!’ 
The second integral becomes 


- 1 . 
+ 3hpe-*"™ f, F(0,)d0, f, F(7r,)e?"dr, 


1 
The integral ‘ F(0,)d0, is the same as that for a pad with 
{ 
side leakage neglected and has been evaluated for different con- 
ditions by Boswall.? (This is actually the table headed D.) The 


1 
integral f P(r, )e?"dr, is solved numerically. 


Total Load. Following the method of Boswall 


? Boswall, loc. cit., p. 42. 
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TABLE 1 


‘Film eriterion— 
Ratio f, » This -revious 
v method method 


0.390 0.3934 
0.407 0.3976 
2 0.381 0.3916 


EXAMPLES 


——Friction criterion - f 
This Previous This Previous 
method method method method 


3.164 0.432 0 
2.656 0.392 0.37! 
2.576 0.416 0.3% 


* Determination by Boswall's approximate method. 


+6 Determination by Christopherson's method. 


W = ff erao dr = Arj?oD .... [7] 


where 


1 1 
D= perorm ff F(0,)d, f, F(7, )e??"dr, 
) 


Film-Thickness Criterion. This is defined as 


ho w\'? Dy 
ory? Aow (6D) Sale [8] 


on rearranging Equation [7]. 

Center of Pressure. (Defined as 6.) The value of 6 depends on 
the values of 6 and ¢ and is equal to 6 for a pad neglecting side 
leakage. The error introduced is only small, particularly as the 


equivalent (length/breadth) ratio is normally in the region of 1. 
NUMERICAL PROBLEM 


The case will be considered where the film ratio (f) is 3, i.e., 
b = 2andc = 1; i.e., viscosity ratio is 2. Substituting in the 
given formulas, K,; = 1.589, (6,,) = 0.294, F(6@,,) = —0.060 


= 1.59 


= 1.29 


The value of M is calculated from the expression on the right- 
hand side of Equation [4a], M = —10.74. 

In some research carried out at Sheffield University the pads 
had the following dimensions: Inner radius 1'/s in.; outer radius 
2'/is in.; angle subtended by pad, 35° 16’. The values of p and 
N are 0.606 and 1.107, respectively, and hence n = 3.22. 

From Equation [5a] r,, is found to be 0.592 and e7°"™ = 2.050. 
The constants required to determine F(r;) become 


A = —0.077, B = —0.493, C = 0.568 


F(r,) is determined for r; = 0 to 1.0 for 10 intervals whence 
1 . " 9 
bh F(r,)e?""! dr; = 0.803 
1 + 
From Boswall, 5 F(6,)d6, = 0.0368, 


whence D becomes 0.0366 and the film-thickness criterion based 


on the mean viscosity (A,,) 


(*\(%)" 6D)' ( 2 )" ies 
= (6 8 = 0.38 
dro? \wX,, ve te + 8 


Friction Criterion. Briefly 


1 1 
f e’"'F(r, dr, = 0.55; f F(0,)d6@, = 0.0368; 
0 0 
*1 
€ 
dé, 
J, B 
u\(/Ww\” 3.16; (4)() a 
= 3.16; = 2.57 
(“)() ‘ ») wr,, 


From Boswall® 6 = 0.416. 
Examples which have been solved are given ‘in Table 1. The 


whence 


agreement between the two sets of results is very close and ap- 
pears to justify the assumptions made. The chief advantage is 
the time saved. The method described requires the use of a slide 
rule only, whereas Boswall’s and Christopherson’s methods re- 
quire a calculating machine. 


§ Boswall, loc. cit., table 11, p. 43. 








The Boundary Layer Inside a Conical 
Surface Due to Swirl 


By H. E. WEBER,’ EMERYVILLE, CALIF. 


An analysis of the axially symmetric boundary layer on 
the inside of a conical surface due to swirl flow about the 
conical axis is presented. The momentum integrals of 
the boundary layer are derived, and both the laminar and 
turbulent boundary-layer solutions are obtained numeri- 
cally. In the free stream the flow is assumed to be a po- 
tential vortex. A comparison between theory and experi- 
ment is made by using the particle paths on the conical 
surface of a cyclone dust separator. 


NOMENCLATURE 
The following nomenclature is used in the paper: 
¢3, (4 = constants in series expansion of the dependent varia- 
bles in boundary-layer solution for swirl flow near 
a conical surface 
proportionality factor in assumed expression for u- 
velocity, where FE = E(x) 
mass rate of flow 
static pressure 
radius in spherical co-ordinates with origin at vertex 
of cyclone cone with R lying on conical surface 
distance between vertex and base of a cone meas- 
ured along R 
nondimensional spherical radius on conical surface 
where R,; = R/Ro 
radius of conical wall in cylindrical co-ordinates 
fluid velocities in boundary-layer analysis for swirl 
flow in z, 0, y co-ordinates, respectively 
6-velocity in free stream at edge of boundary layer 
on cone wall 
acute angle between path of particle on conical sur- 
face and spherical radius R 
co-ordinates in boundary-layer analysis with z and y 
in a meridian plane and parallel and perpendicular, 
respectively, to cone wall and @ in direction per- 
pendicular to a meridian plane 
acute cone angles where a’ = —a 
boundary-layer thickness as defined by momentum 
integrals of boundary layer 
nondimensional boundary-layer thickness defined in 
text 
nondimensional y-co-ordinate where 7 y/6 
of fluid 
of fluid 
kinematic viscosity of fluid 
shear stress on fluid at wall 


density 


viscosity 
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To. = shear stress on fluid at wall in z and 6@-directions 


zw u 


T 


free-stream vortex strength, [ = vr = const for a 


potential vortex 
INTRODUCTION 


dust separator the tangential-velocity com 


than the 


In a cyclone 


much axial and radial-velocity 


components except in a region near the cyclone axis and in the 
Therefore, as a first approxima 


ponents are greater 
boundary layers near the walls 
tion, the flow outside of the wall boundary layer on the conical 
surface of the cyclone may be considered as a two-dimensional 
vortex; i.e., the component of velocity parallel to the wall in a 
meridian plane may be assumed zero. In addition, it may be as 
sumed that the vortex in the free stream is a potential vortex 
about the axis of the cone and outside of central fluid core 
The data of Ter Linden? on experimentally measured velocity 
profiles show that this approximation for the tangential velocity 
component in the free stream is reasonable. In addition, the data 


rotation continually decreases 


show that the core of solid-body 
in diameter with the decrease in cone diameter, and the potential 
type of vortex exists outside of the boundary layer as far down the 
cone as the measurements were taken which was */, of the cone 
depth. In the cyclone used by Ter Linden the hole to the col 
lecting hopper was formed by cutting the cone at 85 per cent of its 
depth. Hence we shall assume that the potential vortex exists 
outside of the wall boundary layer over the entire axial depth of 
the conical surface. 

The free-stream vortex creates a pressure gradient with pres 
This pressure gradient has 


sure decreasing radially inward. 


a component parallel to the cone wall. In the free stream the 
pressure gradient is balanced by the radial acceleration of the 
fluid, but in the boundary layer the pressure gradient causes fluid 
which is retarded by the wall and has a smaller radial acceleration 
to acquire a component of velocity in a meridian plane. How- 


ever, the total velocity is zero at the wall. In the free stream the 


component of velocity in a meridian plane is zero by the assumed 
Therefore this component of velocity is zero 


flow conditions. 
at the surface of the boundary layer and at the wall of the cone 
and attains a maximum value somewhere in the boundary layer 

Finally, the customary boundary-layer assumptions are made 
The velocity normal to the wall is assumed negligible as com 
pared with the velocity parallel to the wall. The variations in 
pressure through the boundary layer in the direction normal to the 
wall are assumed negligible as compared with these variations in 


the direction parallel to the wall. In addition, the boundary-layer 


thickness is assumed to be small compared with the radius of the 
cone. In this analysis the momentum integrals of the boundar\ 
layer are employed,? and both laminar and turbulent bound 


ary-layer solutions are obtained. 


Separators,"’ by A. J. Ter 


‘Investigations Into Cyclone Dust 
Mechanical 


Linden, Proceedings of The Institution of 
London, England, vol. 160, no. 2, 1949, p. 233 

3G. I. Taylor has solved this problem for the laminar boundary 
layer by transforming the Navier-Stokes equations into integral 
equations and using the Karman-Pohlhausen method “The 
Boundary Layer in the Converging Nozzle of a Swirl Atomizer 
by G. 1. Tay lor, Quart rly Journal of VU echanics and A pplic 1 Mathe 
1950, p. 129 
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Fig. 1 Evementary Controt Votums ror Bounpary Layer 


Momentum INTEGRAL Equations or Bounpary LAYER FOR 
AXIALLY Symmetric Flow 


In Fig. 1 is shown an elementary portion of the boundary layer 
on the conical surface which diverges in the positive z-direction. 
In the cyclone the cone converges in the positive z-direction and 
the angle a becomes negative, but the same equations are ap- 
plicable in either case. Since the velocity u, parallel to the wall in 
a meridian plane, is assumed negligible outside of the boundary 
layer, a momentum influx occurs across surface 1 in the positive 
z-direction and across surface 2 with a component in the positive z- 
direction as shown in Fig. 1. Neglecting second-order differentials 
this influx of momentum in the positive z-direction can be written 


as 
° ° d6 
Min = f pu*rdOdy + pv? sin a dx dy.. 
0 0 7 


where sin (d0/2) is approximated by d@/2. 

An efflux of momentum occurs across surface 3 in the positive 
z-direction and across surface 4 with a component in the nega- 
tive z-direction. Again neglecting second-order differentials this 
efflux of momentum in the positive z-direction can be written as 


é 1 6 
Mou = f pu*rd@dy + = If pu'rdbiy | dz 
0 dz lL Jo 


06 dé 
— | pv? sin adz — dy. . [2] 
0 2 

The net force acting on the elementary control volume of Fig. 
1 in the positive z-direction is composed of the pressure forces and 
the wall shear force. This net force in the positive z-direction is 
given as 


F, = —6r,d0 2 dz — T,,7,d0dz... 
dx 
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The net efflux of momentum in the positive z-direction is equal 
to the net force in this direction. Therefore, by subtracting Equa- 
tion [1] from Equation [2], equating this difference to Equation 
[3], and dividing by d@ dz we obtain the momentum equation for 
the z-direction as 


d “ . i 
- pry | —_ pv? sin ady = —ér,, ae ow 
dz 0 0 dx 


In addition to the linear momentum equation just derived ..e 
can derive the moment-of-momentum equation about the axis of 
the cone for the elementary control volume of Fig. 1. In a man- 
ner similar to that used in the derivation of the linear-momentum- 
equation, the net efflux of moment of momentum about the axis 
of the cone from surfaces 1, 2, 3, and 4 can be expressed as 


d 3 
MMi, = f pvur*dOdy | dx 
dz 0 


However, although the z-momentum carried in by the mass flow 
through surface 5 is assumed negligible because of a negligible 
value of u in the free stream, the moment of momentum carried in 
by the mass flow across this top surface of the boundary layer is 


not negligible. This moment-of-momentum influx is written as 


[5] 


MMs; = var, — 5)dm = vgr.dm [6] 


where dm is the mass rate of flow across surface 5. The quantity 
dm can be related to the u-velocity in the boundary layer by the 
continuity equation for the elementary control volume considered. 
The net efflux of mass from surfaces 1, 2, 3, and 4 can be ex- 
pressed as 


d $ : 
— pur d@dy | dz.... 7) 
dz 0 


In the steady state with no sources or sinks in the boundary 
layer, this efflux of mass must be equal to the influx of mass across 
the top surface of the boundary layer (surface 5), or 


d tC) 
dm = — [ f pur andy | dz. 
dz 0 


The net efflux of moment of momentum from the control vol- 
ume about the axis of the cone must be equal to the torque acting 
on the control volume about the same axis. The torque on the 
control volume is due to the wall shear stress in the tangential 
direction. This torque, positive in the direction of efflux of 
moment of momentum, is expressed as 


- (8) 


T = —*o,7,,2d0 dz.. [9] 


Combining Equations [5, [6], [8], and [9] we obtain the moment- 
of-momentum equation for the control volume of Fig. 1 as 


d 6 d ’ it 
pvur*? dy Very > pur dy | = —»,7,”. . [10] 
dz L Jo dz LJo 


In order to solve Equations [4] and [10] for the boundary-layer 
thickness 6 the velocities u and v are assumed as functions of y 
and the shear stresses at the wall 7,,, and rT», are expressed in 
terms of these velocities or their derivatives and hence also in 
terms of y. In the following sections the laminar and turbulent 
boundary-layer solutions for Equations [4] and [10] are obtained. 


LAMINAR BounDARY LAYER 


To solve the momentum Equations [4] and [10] for the 
growth of the boundary layer and the acceleration of the flow 
along the wall of the cone appropriate velocity profiles must 
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be assumed across the boundary layer. In addition, the wall shear 

stresses must be determined. The velocity profiles for u and »v 
must satisfy the essential boundary conditions 

= 0, v=Oaty =0 |) 

> .. [11] 


and 
u = 0, v=vseaty = 6 
If the radius of the cone is large compared with the thickness of 
the boundary layer, the foregoing boundary conditions and the 
equations of motion for a real fluid require the normal derivatives 
of u and v to be a constant at the wall. Furthermore, the velocity 
asymptotically approaches the free-stream velocity as the dis- 
tance from the wall increases. Hence the derivatives of u and 
v in the direction normal to the wall are made zero at the edge 
of the boundary layer. Finally, it is assumed that u, the ve- 
locity in meridian planes, can be expressed as the product of a 
function of z and a power series in y. For simplicity we take the 
power series in y to be a cubic such that the Boundary Conditions 
[11] are satisfied. Finally, u must approach zero as vs approaches 
0. Hence u and v are expressed as 


u = v3E(n — 2n* + n°) | 


v = v9(2n — n°) ) 


where » = y/6, and where E = E(x) and E(0) = 0, since u = 0 
atz = 0. 

With the assumed velocity profiles for u and v the wall shear 
stresses may be expressed in terms of 6 by evaluating the gradients 
of u and »v in the y-direction at the cone wall. Hence the wall 
shear stress in the z-direction is given by 


. [13] 


(>) bb (*) 
iM = nashacs ae 
Ov/y=0 5 \dn/,=0 


From the velocity profile assumed for u this shear stress becomes 


Tey = wvsE/6... [14] 


If the radius r, of the conical surface is large compared with 6, 
the wall shear stress in the 6-direction is given by 


(>) mM (=) 115) 
Te, = = — 7 5 
, ' oy /y=0 6 \dn/,=0 


and from Equation [12] this shear stress becomes 
1 


Ti, = 2uv,/d. . [16] 


Substituting the assumed velocity profiles and the shear 
stresses of Equations [14] and [16] into the momentum integral 
Equations [4] and [10], we obtain after integration 


1 d 


— (6E%;*r) 
105 dx ( os 


8 ‘ 
— dvs? sin @ 
15 


r, dp ver EL 
p dz 6 


LS SEvgtr? 
— ca 403°T*) — 
0dz* ° 


ver, a 


12 dz 


2vvsr,, 3 


F [18] 


(dEvgr) = 

The boundary-layer thickness was assumed to be small com- 
pared with the radius of the cone, and in the free stream the ve- 
locity distribution was assumed to be a potential vortex. There- 
fore 


. [19] 


ver, = T° = const. 
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Also, r, is related to x by the cone angle as shown in Fig. 1 and is 
given as 


+2zsina 20] 


=r 


w 
and for the converging cone 


zr sin a’ 21) 


rT. = To 
u 


where a’ = —a. 

The pressure gradient in the boundary layer in the z-direction is 
obtained from the free-stream pressure gradient. Fluid shear is 
assumed negligible in the free stream, and the pressure gradient is 
obtained from the equations of motion of an inviscid fluid 
Hence we obtain 

dp dp dr, 


dz dr, dz 


and with Equation [21] and the equations of motion for an invis- 
cid fluid 


dp ‘ — 
= —pv;? sin a’/r, [23] 


dz 
Using these relations and performing the indicated differentiation 
we may write Equations [17] and [18] for the converging cone as 


62H? 52 vEr, 


dE? 1 dé? om alten ¥ 
P—- = iP —— = sin a’ + 49 — sina 105 — 
dr 2 r he re I 


6 


dE? ___ di? vEr, 
62 — + E£ = 120 — 
dz dz ] 


It is somewhat more convenient to put these equations in terms of 
spherical co-ordinates as shown in Fig. 1. The required relations 
are 
z= R, R 
dx = —dR 26] 


r, = Rsina 


With these substitutions Equations [24] and [25] are expressed 
in spherical co-ordinates as 


., dE* l dé? 6°E? _ VER sin a’ 
6? + - FE = 4 + 105 
dR 2 dR R R I 
.. aE? dé? vER sin a’ 
Pc = —120 = 
dR dR I 
Finally, the equations may be simplified and put into dimension- 
less form with the following substitutions 


6? = 6,2 y Ro’ sin a’ /T 29] 
R, = R/Ro [30] 


In dimensionless form Equations [27) and [28] are written as 


, d;? 6,2? 
2 


dE? 1 
. + = 
dR, R, 


dR, * 2 
iE? 5, 
so + E? —~ = —120 ER, 32] 


6,2 
19 R + 105 ER, [31] 


with the initial conditions 


6 = Oat Rk, = 1 


and l > R,; 2 0. 


These equations may be solved by numerical computation. 
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However, to start the equations numerically, another combina- 
tion of the variables EF and 6, are required, since Equations [31] 
and [32] are identically zero at Rj = 1. With the variables E? 
and E6,? these equations can be put into a form suitable for com- 
putation. The resulting equations are 


dE? 2E? 98 333 
dR, R, R, Eb, 2 
d( £6,*) E6,? 49E6,? 


ie - — 285 
dR; Rk + ER, om 


330E?R, 
~ [33] 


[34] 


and £6? = 0, E*? = Oat R; = 1. 
To start these equations from R,; = 1 we expand FE? and £6,? in 
a power series about 2, and assume that for a small change in R; 
the first term of the series is valid. Hence we can start these 
equations by taking dk; = AR, = —0.005 and expressing the 
variables E? and E6,? as 
' [35] 


—R,) } 


E* = ¢;(1 — R,) 


Eé,? = e(1 


Substituting these quantities into Equations [33] and [34] we can 
solve for c; and c, and obtain in this way the values of E? and Eé,? 
at R, = 0.995. From then on Euler’s finite-difference forms of 
Equations [33] and [34] are employed and the solution ob- 
tained stepwise to R; = 0.05. The numerical solution is plotted 
in Fig. 2 as a function of R,. 
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It is of interest for comparison with experimental data to de- 
termine the angle X between a tangent to a streamline and the 
radius F in spherical co-erdinates at the conical surface. A line on 
the conical surface which at every point makes this angle with F is 
the path traced by a small particle on the surface under the action 
of the fluid-drag forces. Analytically, this angle is given as 


X = tan= (*) [36 
uJ a—-0 


and from the velocity profiles of Equation [12] 


9 
X = tan™ ( :\ [37] 
E} 
The angie X is plotted as a function of R, in Fig. 3. A line making 
this angle with the radius 2, is drawn as its projection on a flat 
plate in Fig. 4. 
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Dusr SEPARATOR COMPARED 


It is doubtful that the boundary layer on the conical surface of 
a cyclone is laminar in designs usually encountered. Hence we 
shall solve the turbulent boundary-layer flow employing again the 


momentum Equations [4] and [10]. 
TuRBULENT BounparY LAYER 
Again, to make use of the integral equations of the boundary 
layer, velocity distributions are assumed for u and v normal to the 


The essential boundary conditions, Equations [11], must 
If the boundary-layer thick- 


wall. 
be satisfied by these distributions. 
ness is small compared to the cone radius, the one-seventh power 
distribution is suitable for v, the velocity in planes normal to the 


axis of the cone. Hence this velocity profile is assumed to be 


v = vgn’. [38] 


In the boundary layer near the wall it is assumed that u, the ve- 
locity in meridian planes, also varies as the one-seventh power of 
the distance from the wall. This velocity reaches a maximum at 
some distance from the wall and decreases again to zero at the edge 
of the boundary layer. The greatest percentage of the loss of 
angular momentum in the boundary layer as indicated by v oc- 
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curs very near the wall. Hence the maximum value of u proba- 
bly occurs at a smaller value of 7 than in the case of the laminar 
boundary layer. Again it is assumed that u can be expressed as 
the product of a function of z and a power series in y or 4. In ad- 
dition, u must approach zero as vs approaches zero. Therefore, 
for lack of other data u is assumed to be given simply as 


u = gE (7! n) (39) 


The profile assumed for u has its maximum value at about 7 = 
0.1. 

The wall shear stresses cannot be determined from the gradients 
of u and v, because these gradients are infinite at the wall (7 = 0). 
However, from theoretical considerations and pipe-flow data the 
shear stress at the wall can be expressed in terms of the velocity 
and distance from the wall as 

T., = 0.0225pV'/(v/y)'“* [40) 
It should be noted that this shear stress is independent of y for 
the one-seventh power velocity distributions. In the z-direction 
(direction of u) the component of the shear stress decreases as the 
distance from the wall increases. This component goes through 
zero at the point of maximum u. Since the z and 6-components of 
the shear stress at the wall are required, the behavior of the total 
velocity near the wall is used in evaluating the shear stress. Near 
the wall 7 approaches zero and both assumed components of ve- 
locity, u and v, vary as the one-seventh power of the distance from 
the wall. The z and 6-components of the wall shear stress may be 
expressed in terms of u and v with Equation [40] and the relation 


(2+ yp? = VY? . {41} 


Then with the velocity profiles given in Equations [38] and [39] 


we obtain 


[42] 


. v Vs 
To, = 0.0225 pes ° 5 (1 + BE)’ ad 


y\‘/s 1 "/s 
= ().0225 e)* + . 
Wai 0. »p(vsE) i) 1 + =) [43] 
The wall shear stresses as given by Equations [42] and [43] and 
the assumed velocity profiles are now substituted into the mo- 
mentum integral Equations [4] and [10]. Performing the indi- 
cated integration we obtain 


rs pdévs? sin @ 
. 4p en my (@\"° a3 we 
ér,, 0.0225pr_(vsE ) F 1 rE .. [44] 


o 


8 d ( 22 
obr..vs2E2) 
45 dz — 


d 
Val » ( r. v3E) 
g ie 5. (por, 


LD 


0.0225pr,,2v5 /* (5) (1 + E*)*/*. [45] 


Equations [19], [21], and [23] of the previous section on Laminar 
Boundary Layer may be used to express the foregoing equations 
in the form 


6E? 16 


sin a’ + sin a’ 


r 


8 uw 
0.0225E/* (2) (: ». 
Vee0L - 
6T E 
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and 
d 


dz 


ryv\ 


sr) (1 + E?) 17 


(6E) = 0.352 ( 

For convenience spherical co-ordinates are employed as shown 
in Fig. 1 and as given by Equation [26]. In addition, the equa- 
tions may be simplified and put into dimensionless form with the 
following substitutions 


5 = OR. (° = S ) 18) 


R, = R/R 
With these variables Equations [46] and [47] become 


8 d 8 E%%, 6; 
(0,E?) = 
45 dR, 5 Rk, 8R, 


+ 0.0225E /* ( 


R\' 


and 


1 
(6,4) = —0.352 ( 
dR, 


with the following initial conditions 
Oo, = 0, E=0OatR, = 1 


and 12 Rk, 20 

As in the previous section on the Laminar Boundary Layer, 
numerical methods are required to obtain the solution to these 
equations. But to start the equations numerically with E = 6, = 
0 at R; = 1 an appropriate combination of E and 4, is required as 
variables. If Equations [50] and [51] are put in 
the variables E? and E6,°/*, the numerical method described in the 
Laminar Boundary Layer is easily applied to the solution. The 


terms of 


resulting equations suitable for numerical computation are as 


follows 


dE? 2E* 1.406 a 
= ~ + 0.957 


dR, PR, R, 


E6,*’* 


0.560 R,'/( EB? + 1)°/* — 0.250 
1 


~- 2: 
+ 0.176 - 
E*R, 


ra} 
[53] 


The solution is plotted in Fig. 5. The angle X which the stream- 
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lines make with the spherical radius R as the conical surface is 
approached (i.e., as 7 approaches zero) is given by Equation [36]. 
For the turbulent boundary layer X is obtained from this equa- 
tion and the velocity profiles given by Equations [38] and [39] 


as 
1 
X = tan™ iat 
an (;,) 


The angle X is plotted as a function of R, in Fig.3. A line making 
this angle with the radius R, is drawn as its projection on a flat 
plate (90-deg cone angle) in Fig. 4 for comparison with the same 
line obtained for the laminar boundary layer. 


(54) 


Discussion 


Without probing the boundary layer on the conical surface of a 
cyclone separator a comparison of the theoretical results with an 
actual flow can be obtained by the measurement of the angle X. 
As was discussed previously, the line traced by a small particle on 
the conical surface makes the angle X with the radius R;. These 
lines obtained by the preceding analysis for laminar and turbulent 
boundary layern are shown in Fig. 4 as their projections on a flat 
plate. 

For comparison with the theory the projected particle paths 
are superimposed on a photograph of lampblack streaks on the 
conical surface of the experimental cyclone shown in Fig. 4. 
The streaks were obtained from the evaporation of a solution of 
lampblack and kerosene which was painted on the conical sur- 
face. The photograph does not represent exactly a projection of 
the conical surface on a flat plate because of the effect of perspec- 
tive from the cone base to the central hole. However, this effect 
was made as small as possible and makes the central hole appear 
only about 10 per cent smaller than an actual projection. From 
the fact that the experimental streaks begin tangent to the base 
circle of the cone, it would appear that the u-velocity in the free 
stream is very small compared with the v-velocity as was as- 
sumed in the analysis.‘ The correspondence between the lamp- 
black streaks and the theoretical particle path for the turbulent 
boundary layer may be fortuitous, at least in the region near the 
apex of the cone. We shall see that this is true by an examination 
of the theoretical boundary-layer thickness. 

The ratio of maximum boundary-layer thickness to the radius 
of the cylindrical portion of the cyclone is shown in Fig. 6 as a 
function of the cone angle using air at 70 F. In addition Fig. 7 
shows the ratio of boundary-layer thickness to the cone radius as 
afunction of R;. This latter figure shows that the boundary-layer 
thickness in swirl flow rapidly becomes 10 per cent of the cone 
radius when the boundary layer begins with zero thickness at the 
base of the cone which is the radius of the cyclone cylinder. In 
fact, for small cone angles as shown in Fig. 7 the boundary layer 
theoretically ‘‘fills’’ the cone near its lower end, and the assump- 
tion of small boundary-layer thickness as compared with the cone 
radius is invalidated in this region. The cyclone used in the ex- 
perimental program has a 30-deg cone angle with the cone cut at 
R, = 0.18. In all of the experimental runs the product of the inlet 


‘ As the extension of the cyclone exhaust pipe is increased, approach- 
ing the plane of the cone base, the u-velocity in the free stream may 
no longer be negligible and must be taken into account in the analysis. 
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velocity and inlet-port radius was about 50 sq ft per sec which is 
equal to I’, if loss of angular momentum of the fluid after entry is 
negligible. Thus at the edge of the hole in the cone which opens 
to the dust-collecting hopper, Fig. 7 shows the boundary-layer 
thickness to be 35 per cent of the cone radius for ! = 50 sq ft per 
sec. 

In conclusion it is pointed out that this analysis was performed 
as a part of the over-all determination of the flow in a vortex 
chamber or cyclone separator. The boundary-layer mechanics 
are important, since it is the flow near the wall that carries the 
dust to the hopper. 
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A Theory for Base Pressures in Transonic 
and Supersonic Flow 


By H. H. KORST,? URBANA, ILL. 


A physical flow model is devised based on the concepts of 
interaction between the dissipative shear flow and the ad- 
jacent free stream and the conservation of mass in the 
wake. Four flow components are integrated in the model; 
namely, the flow approaching the trailing edge, the ex- 
pansion around the trailing edge, the mixing within the 
free-jet boundary, and the recompression at the end of the 
wake. A unique and stable solution results for the base 
pressure. Theoretical results obtained for thin approach- 
ing boundary layer do not require empirical information 
and are, therefore, best suited to evaluate the merits of the 
theory. Here emphasized is the case of isoenergetic con- 
stant-pressure mixing in the turbulent free-jet boundary 
and agreement is found between theory and experimental 
data. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = area 

0. gravitational constant 

G, = mass rate per unit width at. which air is added ex- 
ternally to the wake 

G, mass rate per unit width flowing between jet-boundary 
streamline and streamline s 

H step height 


n significant length proportions assuring geometrical 


similarity 
reference length 
absolute pressure 
gas constant 
absolute temperature 
velocity component in z-direction 
co-ordinates in the intrinsic co-ordinate system 
co-ordinates in the reference co-ordinate system 
dummy variable 
boundary-layer thickness 
eddy viscosity 
streamline angle 
density 
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Subscripts 


1, 2, 3, 4 refers to conditions at cross sections indicated in 
Fig. 2 
refers to conditions in the free stream adjacent to the 
clissipative regions 
refers to conditions along the discriminating stream- 
line 
= floating index 
refers to conditions along the jet-boundary stream- 
line 
refers to co-ordinate shift due to momentum integral 
refers to stagnation value 
refers to reduced approach ‘onditions 
> refers to large co-ordinate reference value 
refers to streamline defined by Equation [19 


Superscripls 


* refers to conditions where M = 1.0 
‘ refers to lower stream past blunt trailing edge 


Dimensionless Groups 


C = u/umax, Crocco number 
k = c,/c,, ratio of specific heats 
M = Mach number 
base pressure ratio 
Reynolds number 
= y/5s, dimensionless y-co-ordinate 
y/6;, dimensionless y-co-ordinate 
= (np, dimensionless co-ordinate 
1/(2+/£), position parameter 
transformed dimensionless z-co-ordinate 
dimensionless bleed number 
dimensionless velocity 
= z/6,, dimensionless z-co-ordinate 
similarity parameter for homogeneous co-ordinate y/z 


INTRODUCTION 


The study of base-pressure problems has been pursued by both 
analytical and experimental methuds over a long period of time so 
that a noticeable amount of information is available in the litera- 
ture (1)* ¢ pertinent to external and internal-flow coni.gurations. 
Here considered are cases in which the flow approaching the base 
is sonic or supersonic and remains supersonic after the wake, as 
they are applicable to various practical problems in externa] and 
internal aerodynamics, some of which are depicted schematically 
in Fig. 1. 

While analytical approaches did not keep pace with the need 
for reliable design data, a great number of experimental investiga- 
tions helped establish the significant parameters influencing the 
base pressure for a given geometrical configuration, such as Mach 
number, Reynolds number, type and configuration of the bound- 


? Numbers in parentheses refer to the Bibliography at the end of the 


paper. 
‘A comprehensive Bibliography of unclassified references appears 


in reference (1). 
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ary layer approaching the base, heating of the forebody, and at 
the base (2). 

Recently, a theoretical analysis of the base-pressure problem, 
based on a flow model exhibiting interaction between the dissipa- 
tive flow region and the nearly isentropic free stream, was ad- 
vanced by L. Crocco and L. Lees (3). Their results reflect quali- 
tatively the influences of Mach number and Reynolds number but 
depend, for quantitative interpretation, on empirical information 
concerning the jet-mixing component of the model. The impor- 
tance of the interaction concept had already been recognized and 
D. R. Chapman (4) devised such a flow model, although for quali- 
tative reasoning only, while depending on a semiempirical corre- 
lation of experimental data. 


(>) SUPERSONIC AIRFOIL WITH 
BLUNT TRAILING EDGE 


(co) SUPERSONIC FLOW 
PAST A BACK- STEP 


(c) SUPERSONIC FLOW THROUGH 
AN ABRUPT INCREASE IN 
CROSS ~- SECTION 


TypicaL Frow ConricguraTIONsS FOR Two-DimENsIONAL 
Base-Pressure PROBLEMS 


Fie. 1 


In the present analysis a theoretical treatment of the base- 
pressure problem is given which utilizes, essentially, D. R. Chap- 
man’s model, but includes one additional flow component which 
makes the system of equations complete and yields a quantitative, 
stable solution for the base pressure. The additional information 
is obtained by relating the physical requirement of conservation 
of mass in the wake to an “escape concept’”’ applied to a particular 
streamline in the mixing region, thus formulating an energetic 
criterion for penetration into the high-pressure region created by 
the recompression at the end of the wake (5). A prerequisite for 
determining the level of mechanical energy along streamlines in 
the jet-mixing region was to study first the problem of compres- 
sible jet mixing at constant pressure under consideration of initial 
mixing profile disturbances (6, 7). The latter influence is easily 
recognized as providing the mechanism for Reynolds-number 
effects as the free jet boundary itself would not contribute any 
significant reference length. An asymptotic solution of the jet- 
mixing problem corresponds to a fully developed jet boundary in 
which any influence of an initial disturbance in the jet-mixing 
profile (boundary-layer configuration developed upstream of the 
tailing edge) has vanished. 

Application of this asymptotic jet-mixing solution to the base- 
pressure problem, specified as “restricted theory,’’ is consistent 
with physical conditions where the thickness of the boundary 
layer approaching the trailing edge is thin as compared to the 
length of the wake. Results obtained with this restriction repre- 
sent lowest limiting base-pressure values as they are approached 
with increasing Reynolds numbers for a given configuration and 
approach Mach number. It is of special significance that some 
base-pressure problems of practical importance can be treated 
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by the restricted theory without the use of empirical in- 
formation; others by utilizing a single proportionality factor o 
which is reasonably well defined by previous experimental in- 
vestigations on turbulent compressible jet boundaries. Results 
of the restricted theory are emphasized in this paper as they are 
best suited for an evaluation of the merits of this base-pressure 
theory. A comprehensive treatment of the initially disturbed 
turbulent jet-mixing problem going beyond mere qualitative 
aspects in comparison with the restricted theory would require 
empirical information which is presently not available in sufficient 
detail. 

The use of an isoenergetic 
mixing concept reduces the scope of this paper to adiabatic, two- 
dimensional wakes.* 


two-dimensional turbulent jet- 


© EXPANSION 


ISENTROPIC 
ISENTROPIC 


CORE 


\\ INTERFERENCE 


\ LINES TRAILING 
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© j 
G, » “REGION 


Yyytw$—#=# YY fi hp iy 
7 hhh / FFE I SH 


FOR Two-DIMENSIONAL Base-PRESSURE 
PROBLEM 








hh hha o 


Fic. 2 Frow Moper 


Mopet or Ftrow MEcHANISM 


The general principle underlying the analysis is to consider the 
interaction between dissipative and adjacent free-stream domains 
together with information concerning the mechanical energy dis- 
tribution within the compressible jet boundary, in order to 
satisfy quantitatively the conservation of mass in the wake. 
The model of the flow mechanism, exemplified for the two- 
dimension case, is illustrated in Fig. 2, depicting the following 
flow regions: 

(a) Flow approaching the trailing edge, between cross sec- 
tions 0 and 1. 

(6) Flow expanding around the trailing edge, between 1 and 2. 

(c) Flow along the wake, with constant pressure mixing within 
the compressible jet boundary, between 2 and 3. 

(d) Recompression at the end of the wake; e.g., 
shock between 3 and 4. 


by a plane 


The flow mechanism is formulated in the following five points: 


(i) The flow in the dissipative shear-flow domain has its static 
pressure impressed by the adjacent, nearly uniform free stream 

P 
—t = A 

P; 

‘a 
(ii) The expansion of the free stream, between cross sections 1 
and 2, follows the Prandtl-Meyer solution for the simple wave, 

here functionally expressed by 


P, 
“7 a, Y2e ~ Ai. : a 
P, (Mia, 8 ) [2] 


5 Extension to some axially symmetric configurations was given in 
reference (1), and an extension to nonadiabatic wakes has meanwhile 
been made by R. H. Page and H. H. Korst (8). 
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Mo. = Maee(Mia, O24 Ai4) . [3] 


In the dissipative domain, between 1 and 2, one may formally ex- 


press 
Py 
P, 


6 P, r 
= 3 [ ens: ), Mie, | [5] 


(iii) The mixing process in the jet boundary, between cross sec- 


of) = or E £1),Mie, 


tions 2 and 3, occurs at constant pressure, so that 
P; 
- (6) 
2 

which generally will require that the thickness of the dissipative 
region remains small as compared to any significant length in the 
wake, such as step height, or any radius of curvature related to the 
jet boundary. Under this condition, and in restricting to the iso- 
energetic turbulent jet boundary, the results of the previously 
mentioned mixing theory (6, 7) become applicable, the main 
points of which are briefly summarized for convenience: 


BOUNDARY OF THE 
CORRE SPONDING 
INVISCID JET 


EmpPpLoYeD IN Jet MIxING 
Base-PREessuRE Mope. 


Co-ORDINATES 
 wo-DIMENSIONAL 


Fie. 3 SysTem oF 
COMPONENT OF 


The mixing theory introduces a reference system of co-ordinates 
(X, Y) as an orthogonal and generally curvilinear system of co- 
ordinates which follows the boundary of the corresponding invis- 
cid jet, Fig. 3. The latter is defined as the hypothetical friction- 
less jet which has the same approach Mach number M,q,, expands 
through the same pressure ratio P;/P,, and is influenced by the 
same geometry of physical boundaries 


as the actual viscous jet. The angular deviation of the reference 


system of co-ordinates from the unifcrm flow approaching cross 


>t) 


section 1 is 


n 


Aé, = 6, Or. = Aé, (m. P, P,, 


as resulting from potential flow theory. Also specified is an in- 
trinsic system of co-ordinates (z, y) which is displaced from the 
reference system of co-ordinates in the Y-direction, so that, as the 
angle between the two co-ordinate systems will be small, X ~ z 
and Y = y — y,,(z), while y,,(0) = 0. Essentially, the mixing 
theory is a momentum-integral method which utilizes a highly 
simplified equation of motion 


ou € Ou —_ 
= {8} 


or Ute oy? 


with the turbulent viscosity expressed in a modified form of 
Prandtl’s exchange coefficient €, so that, after introducing the di- 
mensionless variables 


l 
«= - Woru2ef( 
20° 


where 


fp) lasy— « 


and by the transformation 


] * 
t- vi idy (10) 
2a? 0 


The following formulation of the mixing problem is obtained 
oy m re ba ta) 
o& of? 
0 
Pol tC) for 
1 for 1-« 
o)—-() for 
— 1 for 


The resulting approximate solutions for the velocity distributions 
satisfy the initial and boundary conditions in both the intrinsic 
and reference systems of co-ordinates, but are interpreted as valid 


within the intrinsic system 


where 7p, the position parameter, is given by 
Np = 1/(2V/§) 
n= [np i4 


and 


Subsequently, the momentum integral is used to localize the 
intrinsic system with respect to the reference system of co- 
ordinates. For isoenergetic conditions in the mixing region, here 


restricting the treatment to adiabatic wakes 
T» 
Toe 


As a matter of expediency, the dimensionless velocity C = u/tumax 
is introduced to replace Mach number to which it is related by 


2 “a 
to E + ama 


The displacement of the intrinsic system with respect to the 
reference system 7,, = (¥/mMp)/da is expressed by 


[16] 


Nm = Nal f), Np Coe] 
I 
= Ir Np + {1 . C:."] Np [ , 
/ 0 


oR 
l 
—2* 


¢.*dt 
C2a%hs? 

¢g*dn 

Ce" 
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where 1p is a reference value, chosen large enough, so that 


1—¢le(f), mps me) <t 


t being a small quantity. 
By the use of the continuity equation, the location n, of the 
streamline s, defined by 


ont. a. 
~ l — C:,"¢? b2pratiral 1 worl C:.”) 
m= gtdn 1 go 1 — ga)dt 
eae ere a is 
t= Gi 0 : 


Ys 
G, = f pu dy 
vi 


is obtained, and the velocity along any streamline may be calcu- 
lated, according to Equation [12]. The jet-boundary streamline 
j at location ;, which separates the fluid of the approaching 
stream from the fluid in the “dead-air’’ region, is specified by 
G, = 0 


mz §=egdn = Ga 
l os C:.*¢? ~e l C2.*¢? 
"1 
| 1 go 1 — g2)df 
al 0 1 "1 C22g2" 


(iv) The pressure increase in the recompression region at the 
end of the wake is determined by the flow conditions in the adja- 
cent free stream, according to point (i), and the free-stream com- 
pression has to be specified; e.g., by a plane angle shock between 
cross sections 3and 4. Thus the static pressure in the dissipative 
region behind the shock may be found if approach conditions of 
the free stream are given and the deflection angle (@:. — 44) is 
sufficiently defined 


neG, 


[19] 


where 


(20) 


Lc = x (Mea, 


— As2 — Oa). 
P, P, 3 4 


. [21] 


(v) The requirement of conservation of mass in the dead-air 
region is to be satisfied. A discriminating streamline d, at location 
4 Within the mixing region is defined such that it has a level of 
mechanical energy, expressed by the stagnation pressure at cross 
section 3, Poa, so that recompression to the static pressure in 
cross section 4, P,, is possible by the complete conversion of 
the kinetic energy; that is 


where, using the reversible adiabatic relation 


Prosa ( k—1 k= 
———= &D 1 4+ -——— M 2 
P; 2 3d 


This expresses the escape criterion satisfied by the streamline d. 
Fluid along streamlines having Po;/P, < 1 will not be able to 
penetrate into the region where the static pressure P, prevails, 
while fluid along streamlines with Po;/P, > 1 will pass through 
the recompression zone. 

An “open wake’’ is defined as referring to those cases where 
mass is added to the dead-air region, at the rate G,, either by 
direct mass injection or by backflow from the high-pressure region 
behind the recompression zone. The continuity of mass in the 
wake requires that 


G, + G, =0.. _, [24] 


JOURNAL OF APPLIED MECHANICS 


DECEMBER, 1956 


Pose _ Po 


=1.. 
Posa Ps 


and 
A “closed wake’’ specifies the case where both G, and G, are 
individually equal to zero and 
a Pos; 


in wy [26 } 

Posa P, 
While there are, strictly speaking, no closed wakes (considering 
the possibility of backflow in the dissipative domain near the 
trailing shock), there are a number of configurations of practical 
interest where the model of a closed wake may be applied success- 
fully. 

The system of equations listed under points (i) through (v) is 
principally sufficient to determine the solution of the base-pressure 
problem. However, it must be stressed that exact theoretical solu- 
tions have not yet been obtained for Equations [4] and [5]. It is 
now fortunate that the case of thin approaching boundary layers 
(np — 0) eliminates these two relationships entirely and, at the 
same time, will not require any empirical information concerning 
the mixing component in the case of a closed wake, while, for an 
open wake only one empirical coefficient, namely ¢, has to be 
known. It shall be noticed that as ¢(np > 0; ;) < ¢(np = 0, n;), 
the restricted base pressure theory (yp = 0) establishes the lower 
limit for base pressures obtained with a finite approaching bound- 
ary-layer thickness. 


Base Pressures FoR THIN APPROACHING BounpAaRY LAYERS— 
Restricrep THeory (np = 0) 
As np — 0, Equations [12], [17], [18], [19] reduce to 


aaa 
i (1 + erf n) 


- 


g= 


where 


The integrals 


¢g*dn 
- — . n) 


” 
Pig 


where g = ¢(7), according to Equation [27], have been tabulated* 
as functions of the upper limit for 21 values of the parameter C2, 
together with the values for 7,,(C2.), 9;(C2_), and g{C2,) (9). A 
graphical presentation of g; = ¢,(C2,) is given in Fig. 4. 


*The calculations were carried out on the ILLIAC, Electronic 
Digital Computer, Engineering Research Laboratory, University of 
Illinois. 
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APPLICATION OF THE RestricreD THEORY TO CLOsED WAKES 


With G, = G, = 0 and a given geometry and approach Mach 
number, the base pressure is uniquely determined, as shall be 
shown in the case of supersonic flow past a back step, Fig. 5(a). 


Tr 
ff 





% | T 
"y= 0 | 























Cee 


DiMENSIONLESS VELOCITY ALONG JeT-BouNDARY STREAM- 
LINE (np = 0) 


16. 4 


A trial-and-error solution can be avoided if one selects Me, as 
the independent variable, determines C,, (Equation [16]), ¢; 
(Fig. 4), Pos;/P: = P./Ps (Equation [23]), and solves the angle 
shock relation for 6:4 — %. (Equation [21]). As 024 = 4, for 
a straight jet boundary 


62a = Iie = O36 — ia 


and M,, may be found from the Prandtl-Meyer expansion (Equa- 
tion [3]}) so that P2,/P, will be determined by the reversible adia- 
batic pressure relations. The results of such calculations are 
compared with experimental base-pressure values obtained for high 
Reynolds numbers by D. R. Chapman, et al. (10), and H. Eggink 
(11), Fig. 5(b). It is significant to note that Eggink reported 
lower limiting values of base pressures as being asymptotically 
reached for an increasing height of the back step, while the other 
parameters were left unchanged, so that the conditions of the re- 
stricted theory were met. The limiting character of the np = 0 
solution is also well borne out for the higher Mach-number range 
in Fig. 6, showing test data of various sources originally compiled 
by K. L. Goin (12). Support for the validity of the theoretical 
solution in the lower supersonic Mach-number range was found 
by studying internal-flow problems with Mi. = 1 (1, 5, 13), 
Fig. 7. 

A generalization of the back-step problem is possible which in- 
cludes the effects of upstream and downstream wall inclinations 
in a unified treatment by introducing a reduced Mach number 
(Mrea) concept, Fig. 8(a). Defining a streamline angle 0,* which 
gives the direction of the critical flow (M, = 1) from which the 
flow condition (Mia, 4:1.) would be produced by a Prandtl-Meyer 
expansion 


Mi. = M,.(9:6 - 6,*) 


this reduced Mach number is 


Mverea = Mereal Axa g.* 


Mrea (P16 .* ai (Ar. a A4.)) [31] 


which is now interpreted as an approach Mach number for the 
simple back-step configuration of Fig. 5(a) where 0:, = @4 = (0). 
In order to reduce the test data obtained by H. Eggink (11) for 
two approach Mach numbers, 1.85 and 2.48, and for various 
downstream wall inclinations, 4,., s0 that they can be compared 
with the theoretical solution presented in Fig. 5(b), one uses the 
identity 
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Fic. 5 Supersonic Flow Past a Back Strep 


low configuration. 6, Comparison of theory and experimental data 
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where P;/Po, and Prea/Po. are reversible, adiabatic pressure func- 
tions of Mi, and Mrea, respectively. The apparent validity of the 
reduced Mach-number concept is illustrated by Fig. 8(b). 

A further generalization of the back-step problem permits the 
treatment of the base-pressure problem produced by two streams 
approaching a blunt trailing edge with generally different Mach 
numbers M,, and M,,’, and different streamline angles @,, and 
6,,’, but identical stagnation pressures and stagnation tempera- 
tures. Introducing, in the same way as before, 0,* and 8,*’, one 
obtains 


6°’) ; [32] 


.. = — (0,° 


Mrea = Mred(Ps1a — 94°) [33] 


so that the results given previously for the generalized back step 
ean be applied.’ 

It shall be noted that Equation [7] completely contains the 
effects of interference between disturbances in the adjacent free 
stream and the jet boundary. This is of special importance for con- 
figurations where expansion fans or shocks originate from opposite 
boundaries, limiting the range of a direct comparison of base- 

™To include the effects of appreciable angles of attack (different 


stagnation pressures in the free streams on both sides of the trailing 
edge), the concept of open wakes must be used; see next section. 
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——--——~ Base Pressure Theory 
4 
Ufj, ornee Base Pressures From Untapered wings (12). 
© Average Base Pressure From 45° pelta Wing (12). 


Wren Base Pressures (10) Obtained At Near The Mid-Span Location ¢ 
On Rectangular Wings Of A= 3.0. t/ce = 0,0 to 0.10, h/t = 0.25 to 1.00, 


A = Aspect Ratio 
t = Max, Wing Thickness 
e = Wing Chord 
, h = Thickness at 
Trailing Edge 
> = Wing Spa 


——_ Base Pressures Obtained From Two Slots At 
Rectangular Wing Of A = 2.7. t/c = 0.06, 
Source: Ref. 3 in (12). 
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Fic. 6 Comparison or Base-Pressure Data as Presented By K. L. Gorin (12) anp THEorRY (np = O 





APPL ‘AT N * THE SSTRICTE y T Open W CEs 
© TESTS OF AS. wick (14) PPLICATION OF THE RESTRICTED THEORY TO OPE AKES 


SHORT APPROACH LENGTH 


Open wakes, with G, ~ 0 and n, # 7; will generally require 
information on o, an empirical quantity, the numerical value of 
which is well established as 12 for low velocities (M — 0) (15), but 
on which information in the compressible flow region is meager 
(1). 

Here discussed is the case of a supersonic flow past a back step 
with bleeding into the wake; see Fig. 9(a). The bleeding air has 
the same stagnation temperature* as the main stream and is 
added slowly into the wake at a rate G,, which is considered to be 
the independent variable since the effectiveness of bleeding as a 
means of base pressure control shall be studied. 


PRESSURE RATIO Pe2/P: 


Defining a dimensionless bleed number H 


V(5) 


~ ‘ where H is the height of the step and R the gas constant, one ob- 
AREA RATIO, He/H; tains 


BASE 


GV Toa 


ae HP,. 


[34] 
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Fie. 7 Expermmentat Base-Pressure Ratios ror Sonic FLow 
THroveH AN ABRUPT Cross-SecrionaL AREA CHANGE COMPARED 
Wirs Taeoreticat SoLtvTion 


T(Ceas n,)| (35) 


pressure values obtained in internal and external flow (1). A 
two-dimensional base-pressure problem of the internal-flow type 
was studied by R. 8. Wick (14) for sonic flow approaching a 
sudden enlargment in cross section, and the results of this experi- 


where 74/7'2, and A2,/A,* are the reversible adiabatic relations 
of the absolute-temperature ratio and the area ratio, respectively, 


for M:,. Shown in Fig. 9(b) are the results of the theoretical cal- 


mental investigation were discussed in the light of the present 
theory (5, 13), Fig. 7 


8 For an extension of the theory to treat the case of bleeding of hot 
air, see reference (8). 
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culations, based on a value of ¢ = 12, together with experimental 
data obtained at the University of Illinois for Mi, = 2.00. It is 
noteworthy to point out the high sensitivity of the base-pressure 
ratio to small rates of bleeding at higher supersonic Mach num- 
bers. A discussion of the stability of the base-pressure solution 
can be based on the monotonous character of the curves as shown 
in Fig. 9(b) (1). 

The flow past blunt trailing edges (or supersonic separation 
wakes) on airfoils in transonic and supersonic flow with dissimilar 
Mach numbers and dissimilar stagnation pressures (but identical 
stagnation temperatures, according to the restriction imposed in 
this paper, Equation [15], as occur at appreciable angles of at- 
tacks, also can be treated by the theory of open wakes.* 


CONCLUSIONS 


The simplified flow model devised to study the base-pressure 
problem in supersonic and transonic flow is apparently suited to 
explain the main influencing parameters, in this case, Mach num- 
ber, and, in a limiting consideration, Reynolds number. 

Asymptotic results which would apply to cases where the ap- 
proaching turbulent boundary layer is relatively thin, that is, 
for high Reynolds numbers, predict lowest limiting base-pressure 
values. 


* A detailed discussion of this problem was given in a thesis pro- 
posal by W. Tripp: ‘The base pressure behind a blunt trailing edge 
for supersonic two-dimensional flow in which the approaching streams 
have the same stagnation temperature, but have dissimilar Mach 
numbers and stagnation pressures,’’ submitted to the Mechanical En- 
gineering Graduate Studies Chairman, University of Illinois, October, 
1954, and will be presented, together with the results of the experi- 
mental phase of this investigation, in a forthcoming PhD thesis. 
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(a, Flow configuration. 
1 1.5, and 2.0, and experimenta) data for Mia = 2.0.) 


These limiting base-pressure values, calculated for closed wakes 
without the use of empirical information, are in good agreement 
with experimental data obtained at high Reynolds numbers 

The theoretical treatment of mass bleeding into the wake re- 
quires the use of one empirical coefficient. Agreement between 
theoretical results and experimental data was obtained for a value 
of o@ = 12, which value has been established previously, although 
for low-speed mixing. 
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On the Torsional Oscillations of a Solid 
Sphere in a Viscous Fluid’ 


By G. F. CARRIER? anp R. C. DI PRIMA,* CAMBRIDGE, MASS. 


Most treatments of the torsional oscillations of solid 
bodies assume that the velocity field is circumferential. 
In this paper the motion in planes containing the axis of 
oscillation is also considered. An expansion in terms of the 
angular displacement ¢ (assumed small) is made. The 
first approximation to the circumferential velocity is com- 
puted, and then used in computing the first approxima- 
tion to the pumping motion. This is used to compute the 
correction to the circumferential velocity and, in particu- 
lar, the correction to the viscous torque. For the range of 
parameters considered it is found that the correction to 
the torque is of the order of 0.04€2/N,|, where Np is the 
classical viscous torque. This problem is of interest in 
practical viscosity measurements. 


INTRODUCTION 


STUDY of the oscillations of small bodies of revolution 
in a viscous fluid was initiated with the work of G. G. 
Stokes in his memoir relating to the motion of spherical 
and cylindrical pendulums (1). This work was primarily con- 
cerned with the transverse oscillations of the body, though Stokes 
does give a solution for the torsional oscillation of a finite disk 
(and could have given the solution for the torsional oscillation of 
a sphere). The torsional oscillations of spheres and cylinders 
were then discussed both theoretically and experimentally by 
Helmholtz and Piotrowski (2). They were primarily interested 
in this problem as a possible method of measuring the viscosity of 
various fluids, the idea being that the kinematic viscosity of the 
fluid can be deduced from the period of oscillation, and from the 
logarithmic decrement of the torsional oscillations of the system. 
In recent years such methods have been suggested for measuring 
the viscosity of gases, in particular at high temperatures and 
pressures. For a discussion of the work that has been done along 
these lines as well as an extensive bibliography, see Kestin and 
Persen (3, 4) and Kestin (5). Finally, we mention that the trans- 
verse, as well as the torsional oscillations of a prolate spheroid 
were treated by J. Buchanan in 1891 (6). Accounts and some 
additions to the early work on the oscillations of bodies of revolu- 
tion in a viscous fluid may be found in Basset (7) and Lamb (8). 
In this paper we shall center our attention on the torsional os- 
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cillations of a solid sphere in a viscous fluid which extends to in 
finity in all directions. In allof the afore-mentioned papers dealing 
with this problem, it has been assumed that the fluid moves in 
concentric circles whose centers lie on the axis of rotation. It is 
clear that if account is taken of the centrifugal force that this 
cannot be the case. Actually, since the centrifugal force is greatest 
in the neighborhood of the equator of the oscillating sphere, the 
fluid particles will recede from the sphere at the equator and ap- 
proach it again at the poles. Thus, combined with the motion 
about the axis, there will be a circulatory motion in planes con- 
taining the axis of rotation. 

It is the purpose of this paper to compute the first approxima- 
tion to this circulatory motion, and then to use these results to ob- 
First, 
the circumfereutial velocity, assuming there is no circulatory mo- 
tion, is computed. This result is then used in computing the first 
approximation to the circulatory motion. Both of these results 
appear in a rather complicated manner in the nonhomogeneous 
term in the differential equation governing the correction to the 
circumferential velocity. This differential equation is solved in 
the case that a = R(2w/v)'/*is large. Here R is the radius of the 
sphere, w is the angular frequency, and v is the kinematic vis- 
cosity. If No denotes the torque which must be supplied, on the 
assumption of only concentric flow in order that the sphere per- 
form harmonic torsional oscillations of amplitude ¢, it is found that 
the correction to No is the order of 0.04e*| No| for the range of 
a considered. Hence for small values of € the correction is quite 
small, It is particularly interesting to note that, since both No 
and the correction torque are proportional to a plus terms of order 
one, increasing a does not decrease the correction to the viscous 


tain a correction to the viscous torque acting on the sphere. 


torque. 
EQuATIONS OF MorTion 
The equations of motion of a viseous, incompressible fluid are 


— 


div v =0 


—_ 


p(dv /ot + D grad 7?) + grad p= gw curl? > 1} 


It is most convenient to use the spherical co-ordinates r, 6, ¢, 
where 7 is the radial co-ordinate, @ is the latitudinal angle, and @ 
is the longitudinal angle. Let the unit vectors i, j, and k be asso- 
ciated with the r, 6, @ directions, respectively. For a sphere per- 
forming torsional oscillations about the ¢-axis, we seek a solution 
of Equations [1] independent of @. Consequently, in line with the 
discussion in the introduction we take v to be of the form®* 


Tir. 6. ko(r, 6, £) + curl [| kWWr, 8, t)} 


i(r sin 0)-“W sin 0)g — jr-(rp), + ke 
The term kv(r, 8, ¢) gives the flow in planes perpendicular to the 


'In certain experiments being performed at Brown University by 
Prof. J. Kestin, values of a in the range 20-30 occur; hence taking 
a large is not impractical. 

* The symbols r, @, t, r, 2 used as subscripts denote differentiation 
with respect to that variable. It will be clear from the content 
whether partial or ordinary differentiation is implied. 





602 


axis of oscillation, and the term curl {ky(r, 8, ¢)} gives the flow in 
planes containing the axis of oscillation. The k-components of 
the momentum equation and the cur! of the momentum equation 
will vield two equations for v and y. Carrying out these lengthy 
but straightforward computations we obtain 


v, + vL{v) = —v(r? sin 0)—{(rv),(W sin Oe ) 
— (rw),(v sin O)o} 


P oo 
Liv,) + vLXy) = —rr-{(v? cot 6), — (v?/r)e it 
— fr(WL()], — [QP )LW)eo} 


where the operators L, Q,, and Q: are defined by 


Le) = —— 1 ("Pe += [eee | ; | 
r 6 


r sin 6 f che [4] 
Q(v) = r-“P sin Oo, QA) = —r-“(ry), | 


We shall assume that the motion of the sphere is harmonic; 
that is, we assume that the angular velocity Q of the sphere is 
given by 2 = ew exp (iwt).’ Here w is the angular frequency, and 
¢ is the angular displacement amplitude, which we assume to be 
small. (Our problem might now be stated as: What torque is 
required to maintain this harmonic oscillation when the sphere is 
surrounded by a viscous fluid?) Let R be the radius of the sphere, 
and introduce the following dimensionless variables 


o? = u/R*pw = v/R*w, 
v = weRF(z, 0, 7), 


r=wot, z=r/R, 


WY = we*R*y(2z,0,7) 


Then Equations [3] become 


) 


-€(x? sin 0)—'{(zF), 


(x sin 0)e — (zx),(F sin 4)o} 5] 
Uxr) + oLXx) = 2—{eot 0F*), — 2-4 F*)g} | ae 
— 2 { (2Q(XLO) le + (Qx(W)L(x) lo} 


where now L, Q,, and Q; are the operators defined by Equations 
[4] with r replaced by z. 

It would be a hopeless task to try and solve Equations [5] as 
they now stand. However, if F and x are expanded as series in 
the small parameter €* 


F,+ @l(F) = - 


F(z, 0, r) = y ae e"F (2, 6,7), x(r, 6,7) = > e"y,,(z, 8, T) 
n=0 n=0 
6] 


we obtain the following system of equations for Fo, xo, and F, 
which are amenable to treatment 


(Fo)t + oL(Fo) = 0... [7a] 


L(xo)r + LX Xo) = z~"{ cot O(Fo*), — z~Fo*)o} . . . [7b] 


(F,), + oL(F;) = — (x? sin 0)~"{(xFo),(xo sin O)e 


— (xxo),(Fo sin 09} [7c] 
The boundary conditions that the F,, and x, must satisfy are ob- 
tained from the requirement that there be no slip at the surface of 
the sphere, and that the velocity at infinity be zero. They are 
Pays = Xn = (Xale = 0 


} 
| 


F(x, 0, 7) = sin Be’, 


atx = 1, and as z approaches infinity = 


, | 

F, = Xn = (Xa)s = 0 j 

TIt is to be understood that here and throughout the rest of this 

paper, where complex representations are used, we are actually re- 
ferring to their real parts. 
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forn > 0. If we had assumed that the flow took place in concen- 
tric circles about the axis of oscillation, and also had neglected 
the nonlinear terms in the equations of motion, we would have ob- 
tained only Equation [7a]. Once we know the solution of Equa- 
tion [7a] we can solve Equation [76] for xo which is the first ap- 
proximation to the circulatory motion. Then, knowing Fy) and xo, 
we can solve Equation [7c] for F; and hence obtain a correction 
to the circumferential velocity, and the torque acting on the 
sphere. 

In order to solve the foregoing systems of equations it is neces- 
sary to investigate more closely the differential operator L. It is 
easy to deduce that the derivatives of the Legendre polynomials 
P,, (cos 6) which we denote by 7, (@) (and we have factored out 
a constant so that the coefficient of the leading term is 1), are 
eigenfunctions of the differential equation 


o < 5a {sin 0 rat +k,7T,(0) = 0 

and hence the 7',(@) are factors of the operator L (reference 9). 
It follows immediately from the form of the Legendre polynomials 
that for n odd the 7’, (@) are simply polynomials in sin @, while for 
n even they are polynomials in sin @ times a factor sin 26. In 
particular, the first few 7’, are 


T(6) = 0, T(0) = sin 20 


7,(0) = sin 0 T(@) = sin 0 — (5/4) sin’ 0 


The orthogonality relation which the 7’, satisfy is 


msn 


4 T,{9)T,,(8) sin 0d? = 0 


and for n = 1 this becomes 


y T (9) sin? 6d0 = 0 
0 
This relation is important for the following reason. 

The tangential stress S which opposes the motion of the sphere 
is given by S = —,(v/r), evaluated at r = R. The torque N 
which acts on the sphere is SR sin @ integrated over the sphere. 
Then, substituting for v and carrying out the integration in @, we 


obtain 
* OF /zr) 
2ruweR?® 
0 or 


In analogy with the expansion of F in a powers series in €? we may 


write 
* OF,/z : 
= —lruweR?® sin? 6d8 
0 or z=1 


9] 


N= sin? 6d@ 


z=1 


Thus if the F(z, 0, rT) are expanded in terms of the 7',,(@) [actu- 
ally in terms of the odd 7’,,(@) because of the geometry of the prob- 
lem], it is clear from Equation [9] and the foregoing orthogonality 
relation that only the first mode in @ can give a nonzero viscous 
torque. 

Now let us return to Equation [7a]. From the form of the 
boundary conditions and the discussion it is evident that we 
should take 

F(z, 0,7) = f(x) sin Be'* {10} 
in which case Equation [7a] becomes 
L,(f) - 


2f=0 {ll} 
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where 


Lif) =z—"{ (xf es - 


22-'f}, 
= (1 + i)aand a = R(w/2r)'/* 
Solving this equation we obtain 
1 + 2x 
(1 + z)z? 


1 ¢ ‘ 2\'/ 

1 + 2axr + 2a%x?\'’* 

= e~a(2-1) 
x8 


e~**—D gin Be'* 


Fd2z, 6,7) = 


sin Aeilr- a(z—1)+m(z)} 

where 8 = (1 + 2a + 2a?) and n,(z) = arctan {a(x — 1)/(1 + 
a+az }. Using Equation [9] and carrying out the in- 
dicated computations we find that 


+ 2a*z) 


(3 + 6a + 6a? + 2a’) 
SruR? + i(1 + a)2a? 
3 8 
(Sa® + 32a° + 64a‘* + Sta’ 
Sruk? + 72a? + 36a + 9)/? r 
weeio 


3 B 


No = 


where 7: = arctan [2a*(1 + a)/(3 + 6a + 6a? + 2a)|]. The 
phase advance in N> for large a@ is arctan (1 2/a), and as a — « 
this is 7/4, which is the well-known result for the skin friction of 
an infinite lamina oscillating in a viscous incompressible fluid. 
The results given in Equations [12] and [13] are in agreement with 
those given by Lamb (8); however, the notation is quite dif- 
ferent. 

Finally, we point out that if one wished to consider an initial 
value problem, instead of the steady-state problem considered 
here, and had used the method of Laplace transforms to solve the 
resulting problem he would find that the transform of Fo(z, 6, r) is 
given by the first of Equations [12] where now z? = s/o? (s being 
the transform variable with respect to). See (4) for a more com- 
plete discussion of the nonsteady-state problem. 


Tue Crrcutatory Motion 


Since F(z, 0, 7) is proportional to exp (ir), the quadratic non- 
homogeneous term in Equation [7b] will consist of a time-inde 
pendent term plus a term which is proportional to exp (2ir). 
Using Equation [12] we obtain after substituting in Equation 
(7b] the following differential equation for x; 


L(xe)r + o?L*(xX0) 
‘ 3 + bar + 6a%r? + 2a*r? 
sin 20 
28xr* 
3 + Gzxr + 4z*%x? + 23x? 


sin 20 é 
2(1 + z)*r 


2a(z- 


The form of this equation suggests that we take 


xo(x, 6,7) = sin 20{ g(x) + G(x)e*t7} [15] 


in which case we obtain the two ordinary differential equations 


(3 + 6ar + 6a*z? + 2a*r’) 
é 


2o0°Br* 


Lg) = ~oe8 [16a | 

22*L,(G) 

__ (3 + Gex + dete* + 22°) _ 22-1) 
20% 1 + z)*z* 


LG) 


[16d] 


where LAg) = z—"{d%zxg) dz? — 6x ~'g} 


The boundary conditions on g and G are that they and their first 


derivatives vanish at z = 1, and as z ~ ~, 

Solutions of Equations [16a] and [16] which satisfy the 
boundary conditions at infinity may be obtained by the usual 
method of variation of parameters. They are 


a(z—1 ( 3 4 l 
ax* 2z? 


- * es 
40078 \' 


gaz) = + 
x z* 


a 


B, 


+ Bhix, 6 


WwW here a 


Mir, 6 


E(x) = 


1,, Ao, B,, and B, are determined by requiring that 
We 


The constants . 
g(x) and G(r) and their first derivatives are zero at z = 1. 
obtain the following results 


1 j a‘e*E(a)| 
1, = <1 + 
320°8 | : ; j , . 


1 \ 6 
80078 la 


a‘te*E(a | 
4 { 


where 


K = a*/&(1 + z)* 

As has been pointed out previously, as the sphere performs tor- 
sional oscillations, fluid will be sucked in along the axis of oscilla- 
tion and then thrown out along the equatorial plane of the sphere 
A measure of the amount of steady pumping (i.e., the d-c pump- 
ing) can be found in the following manner: Let V be the steady 
component of velocity in the @-direction; then using Equations 
[2] and [15] we see that 


weR sin 28 d(zg) 


12 [19] 


J 
ar 


A careful analysis of d(zg)/dz shows that it only vanishes at z = 1 
hence V is one signed. Let 


Q= | ai 2arVdr 


and z = o; 


[20] 
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Then Q is essentially the amount of fluid which is pumped across 
a surface of a cone of apex angle @ outside of a sphere of radius R. 
Q is clearly the product of a velocity times an area. Upon using 
Equations [19], [17a], and [18] we may evaluate Equation [20] 
obtaining the result 

a’ a’ a‘K(a I 


nee os 2 
3 6 6 ‘sc 


rusetRa? sin 2 
Q 16P 


where P = (2 + 2a + a’). As is to be expected, the pumping is 
proportional to the square of the angular displacement. Its de- 
pendence on the other parameters is more complicated; however, 
it is possible to consider the limiting cases of a large and small. 
When a is large, E(a) may be replaced by its asymptotic form 


{E(a) ~ (1/a — 1/a* + 2!/a* + ... ) exp(—a)} 


and we obtain 


mweR? sin 20 J 4 ( 1 )} 
= 1—— +0({ — : 

e .  . Se ee 

If we denote the maximum peripheral velocity by V; = «wR sin 6, 

and the area of the sphere by A = 47 R? we can rewrite Equation 
[22] as 

V,Ae cos 6 f 4 ( 1 ’ 

= 11 — - }} 2: 

PRS woe ane tate tt 


For fixed values of 6, Vi, and A the pumping decreases linearly 
with €. On the other hand, if we keep 0, €, and V; fixed it is clear 
that Q varies as the square of R. If one is running an experiment 
at large values of a and wishes to keep the pumping small it is 
desirable to keep € and particularly R small. 

The limiting case in which the sphere rotates with constant. 
angular velocity {2 can be obtained by dividing Equation [21} by 
w* and then letting w — 0; i.e..a—~0. The reason for this is 
that in our formulation of the problem the circumferential velocity 
is proportional to ew exp(iwt) while x is proportional to the square 
of the circumferential velocity. Carrying out this operation and 
noting that € becomes Q) we obtain 


rQ?R sin 20 


' 24 
Se [24] 


Just as in the previous case, if we let Vo = %F sin 6 we can write 


O,,R2 cos 
Q = VeA ( ~~ *) 25) 


l6v 


Equation [24] as 


where the quantity {)/*/y is a dimensionless quantity. Again, 
just as before, it is clear that the most important factor in de- 
creasing Q is to decrease R. For intermediate values of a, Q can 
be computed from Equation [21]. 

Finally, in the next section we shall require asymptotic repre- 
sentations of g(x), G(x) and their first derivatives when a is 
large. These representations can be obtained from Equations 
{!7a] and [176] by replacing the exponential integrals by their 
asymptotic representations. We obtain 


a? fA,’ A,’ 
16P ) z x 


ea £-1) 


( 2 4 
, - + 
ax’ a*r* 


g(a) ~ 
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B, 


G2) ~ 


, Ke—22@-D 


+ Beh(x, 6) 


1 l 
der? Qo%rt 


26} 
(cont) 


. (: 
4270 \ 


Asymptotic representations of the derivatives of g and G can be 
obtained by differentiating Equations [26]. However, the high- 
est-order terms must be neglected; i.e., in dg/dz the terms of 
0(1/a*) would not be correct if the representation of g(x) given in 
Equation [26] is used. It is not too difficult to obtain more ac- 
curate expressions, but the accuracy we shall acquire in the next 
section will allow us to drop terms 0(1/a?) against 1 so the 
accuracy in Equation [26] is sufficient. Actually, terms 0(1/a*) 
have already been neglected in the expressions for B,; and B, 
given previously. 


CORRECTIONS TO THE Viscous TorQqUE 


Now, knowing F> and xo, we can compute the nonhomogeneous 
term in Equation [7c] obtaining 


(Pi), + oL(F:) = &*{ Hy(z)T(0) + His(x)T(8)} 
+ e®*§ Hs.(x)T (0) + Hss(x)T)} 


where 


Hy(x) = (1/20zx?){26(zg),f + 6(2f).g + 13(2G),f* + 3(2f*),G} 


Hi(x) = (4/5r*){ 4(2f).g — 6(2g),f + 2A2f*),G — 3(2G),f*! 


Hy(2) (1 '20x?)} 13(2G),f + 3(2f),G} 


H3(2) = (4/52r*){ 2(xf),G — 3(xG),f} 


An asterisk is used to denote the complex conjugate. Unfor- 
tunately, because of the complexity of the differential equation, 
the notation which is employed must become more complicated. 
However, the method of attack, in theory, is still straightforward. 

tecalling our earlier discussion about the operator L, and 
noting the form of the nonhomogeneous term in Equation [27], 


it is clear that we should take 


F(z, 0, 7) = et! f.(x)T(8) + fis(x)T(0)} 


+ eit} n(z)T (0) - Ssxlx \7(0)} [28] 


Now we are primarily interested in determining the correction to 
the first harmonic of the viscous torque, so we need only deter- 
mine f(z) and fisx(z); but because of the orthogonality relation 
for the T,,(8), fis(z) cannot contribute to N;. Hence we need only 
determine f;,(z); the equation for this function is 


ifs — o*z—{ (zfs - 


The boundary conditions are f(1) = fu( ©) = 0. Now the func- 
tion Hy(z), as defined previously, is an extremely complex 
function involving products of five different exponentials and 
polynomials in 1/z as well as exponential integrals. It is clear 
that solving Equation [29] exactly and extracting numerical in- 
formation is an extremely laborious task. 


22-Yfu} = Hu(z) [29] 
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However, in computing N, we only need d(/,/xz)/dz evaluated at 
z = 1. Hence we need only determine a solution of Equation 
[29] which is accurate in the neighborhood of z = 1. Now in the 
case that a is large (the only case which we shall consider) the 
behavior of H,,(z) is the following: It starts at zero at z = 1, 
rises quickly to its maximum in a distanee of the order of 1/a, and 
then dies out exponentially as exp {a(z — 1)}. Hence Hu(z) 
can be approximated quite well in the region of particular interest 
by letting z = 1 + £/a, where &/a < 1 and then neglecting terms 
0(1/a?). To the same order of accuracy the term 2¢%z~'f;; can be 
neglected against irf;,(z). This is essentially an approximation of 
the boundary-layer type. 

Letting p(x) = zfu(z) Equation [29] reduces to 


d*p 


ae bp = (ec, + dé + e€*)e-™ 
Ss 


5 
> (cj + d,&)e iP 
— | 


i e 


[30] 


where b = z?/a*. The ¥i are, respectively, z/a, (z + a)/a, (z* + 
5)/a, (2z + 2*)/a, and z*/a; the cj and dj and e, are functions of a 
of the form U, + U2/a where U; and U; are, in general, complex 
constants. To solve this equation still requires a considerable 
amount of work, but this work is very small indeed compared to 
that required to solve the original problem. Carrying out the 
necessary computations we obtain 


4.173 


a 


. SruRtwe 85.556a ( 
iv, = » a 


3 3200 


) el wt +m+ «/2) (31 ] 


where 
nm = arctan {(0.356 + 7.502/a)} 


To the same order of accuracy Equation [13] reduces to 
s 2 4 

> muh we S 1 + — } ellot+m) [32] 

3 ‘a a 

where 7; = arctan (1 — 4/a). It is interesting to note that both 
No and N, are proportional to the dimensionless parameter a = 
R(2w/v)'/*, Hence, forgetting about the extremely slight effect 
of the terms 0(1/a) compared to 1, it is clear that increasing a will 
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not decrease the correction to the viscous torque. However, be- 
cause of the extremely small coefficient in N, the correction will 
not be too large as long as € is small. Combining Equations [31] 
and [32] we obtain 


8ruR wea '(, 2 stat 
«sm. 


( 4.173 1 \) 
0.0386? | 1 ) sin (wt + m™) + o( 
a a? } 4 


So if € is one radian the correction is about 4 per cent, but for a 


No + &N, = 


more reasonable value of €, say € = 1/4 radian, the correction is 
only about 0.23 per cent and hence should affect only extremely 
accurate measurements. Hence for very accurate viscosity meas- 


urements € should be kept as small as possible 
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An Experimental Investigation of Beam 
Stresses Produced by Oblique 
Impact of a Steel Sphere 


By D. M. CUNNINGHAM? anv WERNER GOLDSMITH,’ BERKELEY, CALIF. 


An experimental investigation designed to study the 
phenomena incident to the oblique collision of 1/2-in-diam 
steel spheres with mild-steel and annealed drill-rod beams 
at oblique angles of incidence has been undertaken. 
Initial ball velocities ranged from 30 ft/sec to 150 ft/sec, 
beam sizes varied from 1/4 in. X 1/4 in. to 3/4 in. X 3/4 in., 
angles of incidence were chosen from 85 deg to normal 
incidence, and simply supported, clamped, and free beams 
were employed. information is reported concerning the 
values of maximum bending stress at various positions 
along the beam as function of the angle of incidence and 
as a function of beam size for various angles of incidence. 
The progressive dispersion of the initial transient has been 
examined in detail. The effect of end supports, effective 
beam length, and repetitive shots into the same hole upon 
stress are described. 


INTRODUCTION 


Pitre trance theoretical and experimental investigations of 


the transverse impact of spheres on beams have been 

limited to the case of normal impact at low initial veloci- 
ties resulting in essentially elastic collisions. In many important 
applications, however, the impact will occur at oblique incidence 
and may produce considerable plastic flow at the contact point, 
whereas the structure as a whole will not be permanently de- 
formed. The present investigation was undertaken to ascertain 
the effect of oblique impact and crater formation on various 
parameters which were believed to describe most effectively the 
resistance of the beam to the collision. The primary variables 
involved are the peak stresses and deformations encountered in 
the beam. In terms of a damage criterion for the structure, the 
dimensions of the crater, the duration of contact, and the wave- 
propagation effects are also important. 

The present paper is the second of a sequence of four describing 
the phenomena incident to the oblique impact of steel spheres 
upon steel beams. The first paper (1)* described the equipment 
and procedure employed in the present experimental investiga- 
tion and delineated the analysis of a typical test run. The current 
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publication contains the results for the entire stress investigation 
of approximately 130 runs and a discussion of these data. A 
forthcoming paper will present parallel information on the 
kinetic history of the process, including data relative to beam 
deflections, contact deformations, durations of contact, and wave- 
propagation characteristics. The final paper of this sequence will 
deal with a theoretical prediction of the variables and a com- 
parison of such calculated values with a selected number of data. 

The parameters employed in this investigation are summarized 
as follows: 


Ball: '/:in-diam steel ball bearing, approximately 68 Rockwell 
C hardness 

Beams: (a) Simply supported between 30-in. centers: 

1/s-im. XK '/e-im., '/¢ K 4/2, '/2 WK B/s, '/2 WK F/a, F/e & F/e-in. mild 
cold-rolled steel, '/2-in. X '/:in. annealed drill-rod steel (0.95 /1.05 C, 
0.20 /40 Mn, 0.10 /0.25 Si) 

(b) Clamped over a 2-in. distance at both ends with a span of 22 in.: 

'/>-in. X '/:in. mild cold-rolled steel 

1/g-in. &X '/einm., 3/8 K 1/2, 1/2 &X 
rod steel 


1/3, and */4 X #/¢-in. annealed drill- 

(c) Free-free ends with a length of 36 in. 

Superficial hardness,of mild cold-rolled steel was about 95 Rockwell 
B and that of annealed drill rod about 90 Rockwell B. Stress-strain 
curves for both materials are shown in Fig. 1. 

Impact velocities: 30 to 150 fps 

Angles of incidence: From 85 deg to normal incidence 
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RESULTS 
The transient-stress peaks have been labeled in accordance 
The 
strain transient at the impact point, called the major pulse, 
consists of a single pulse which disperses along the rod with con- 
tinued inversion of amplitude and increasing number of wavelets, 
The number of each precursor represents the 


with a scheme of successive appearance of these pulses. 


or precursors. 
number of strain inversions of the pulse since its initiation at the 
impact point. The terminology is illustrated in Fig. 2 which is an 


PULSE OF 


| 
x=6 
BEAM INCHES 


LONGITUDINAL BENDING STRESS 


actual strain record representing the propagation of a stress pulse 
*/s in. X '/:-in. annealed drill-rod beam, with gages spaced at 
The detailed structure of such a 


ina 
2 in. intervals from center. 
pulse is shown in Fig. 3 where the stress history was measured at 
1/)-in. intervals 

Each beam was used for several shots, and an attempt was made 
to prevent overlapping of successive craters. However, a 
tabulation of the stresses obtained from some of the initial runs 
indicated a high degree of inconsistency which was later attrib- 
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uted to the fact that the shots were scattered too widely about 
the central gage. In order to obtain one shot per gage for each 
beam, avoid any scatter or overlapping, and yet retain a central 
impact, it was expedient to run a series of tests with a new end 
connection. This was accomplished by using clamped-clamped 
supports at the ends of a 22-in. span on a 36-in. bar with a clamp- 
ing distance of 2 in. at each end. The characteristic of this con- 
nection was such that it permitted a longitudinal shifting of the 
beam between shots, and incidentally prevented a vibration of 
the overhanging parts of the beam. It was ascertained that 
neither length nor type of end connection—simply supported, 
fixed-fixed, or free—affected the major pulse region of the gage 
behind the point of impact provided this position was not too 
close to the span ends. 

Metamorphosis of the Major Pulse. In previous investigations 
(2 to 4) a number of strain-gage records have been exhibited 
showing the stress-time histories for various positions along a 
beam subjected to central impact. In all instances the spacing 
of the gages was far too great to permit an analysis of the growth 
and decay of any of the predominant wave groups of the transient 
as a function of distance along the beam. The phase of the 
investigation described in this section was designed to resolve this 
question by providing an effective gage spacing of '/,. in. along 
the beam. 

A number of tests were conducted on a simply supported '/--in. 
X '/:-in. annealed drill-rod beam with a '/:-in. gage spacing for a 
distance of 2'/, in. from the beam center. Impact points were 
chosen judiciously so that their location relative to the several 
gage positions varied by '/\.-in. increments. The gun was moved 
longitudinally with respect to the beam up to a distance 2 in. off 
center, resulting in noncentral impact. The results of this investi- 
gation are exhibited in Fig. 3. The upper diagram is primarily 
concerned with the decay of the major pulse and covers only 
2'/; in. of the beam span, while the lower figure shows a more 
complete picture for the entire beam. These diagrams clearly 
demonstrate the growth and decay of the predominant wave 
groups and substantiate the basis of the nomenclature presented 
in Fig. 2. 

At the center, the major pulse begins with a rapid linear rise 
of about 10 microsec and decays “‘exponentially” until the arrival 
of the reflected wave. As the pulse moves along the beam, its 
peak diminishes until its shape has been distorted beyond 
recognition at a point approximately four beam depths from the 
center. In the interim, the energy contained originally in the 
major pulse has been transferred primarily to a single predomi- 
nant wave group, called the first precursor, which just precedes 
this major pulse. Periodically, additional precursors appear on 
the record and each in turn becomes the predominant pulse at 
some position. For the beam described by Fig. 3, the distance 
required for attaining a maximum amplitude of each successive 
precursor is about the same as that observed for the diminution 
of the major pulse. Although each precursor reaches a maxima! 
value with a sign opposite to that of its predecessor, it was 
observed in some instances that a few precursors had their 
genesis in a pulse of identical sign. The first precursor appears 
to attain a maximum value corresponding to 75 per cent of the 
stress reached by the major pulse at the center, and all subsequent 
precursors are smaller. 

Although the impact produces both flexural and tensile wave 
components in the beam, the former completely control the shape 
of the major pulse. A separate series of tests indicated that the 
peak tensile-wave strain never exceeded 7 per cent of the maxi- 
mum flexural-wave strain, and hence the strain pulses observed 
can be considered to be almost entirely of flexural character. 
The presence of the tensile component is manifested by a small 
disturbance on the flat portion of the major pulse, as shown in 
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Figs. 2 and 3, which represents the reflection of this wave from 
the supports. 

The distribution of the peak stress of the major pulse as a 
function of distance along the beam for three beams is shown in 
dimensionless co-ordinates in Fig. 4 where the parameter o/0> is 
plotted against z/h. o is the major pulse stress at any station, 
0 is the peak major pulse stress at the impact point, z represents 
the distance traveled, and h denotes the beam depth. An essen- 
tially linear relationship may be observed to exist between the 
dimensionless terms, represented most nearly by the empirical 
equation 

o = 0(1.79)-*/* 


The applicability of this equation appears to be restricted to the 
range 0 < z/h < 2. The major pulse is obscured or disappears 
beyond the upper limit of this parameter, and the accuracy of the 
stress measurement decreases proportionally. 
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Inspection of Fig. 4 reveals that the magnitude of the peak 
stress of the major pulse would be indicated 25 per cent too low 
when measured by a gage located only '/, in. from the impact 
point for the '/:-in. X '/:-in. beam. This discrepancy emphasizes 
the necessity for the corrections applied to the peak of the major 
pulse stress in the case of eccentric shots. The correction was not 
applied to any of the precursors in view of the fact that such a law 


of distribution was not as well defined. However, the stress 
magnitude of the precursors at any given position is not nearly as 
sensitive to the position of the impact as that of the major pulse. 

A study of the effect of velocity on peak stresses at normal 
incidence was undertaken by shooting a */s-in. X '/:-in. X 22-in. 
clamped-clamped drill-rod beam at velocities ranging from 30 to 
150 fps. An essentially linear relationship was found to exist 
between peak stresses of the major pulse at positions z = 0 and 
x = 2 in., the first precursor at z = 2 and z = 4 in., and the 
second precursor at z = 4 in. 

Effect of Repetitive Shots Over the Same Spot. It was believed that 
some of the craters in the distributed tests were spaced so close 
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together that the stress level produced by the second shot was not 
independent of the previous history. A series of controlled shots 
over the same station indicated a pronounced effect. 
describes the variation of the major pulse stress at the center 
and the diameter of the crater as a function of the number of re- 
peated shots for a */,-in. X */,in. X 30-in. simply supported 
mild-steel beam. The stress nearly doubles after about fifteen 
shots and levels off subsequently, with the largest single increase 
(about 18 per cent) observed between the first and second shots. 
The curve representing crater diameter follows a similar trend. 
Effect of Beam Size. Fig. 6 represents the variation of the peak 
of the central major pulse stress with beam stiffness for various 
angles of incidence at a constant initial velocity of about 150 fps. 
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Both mild steel and drill rod were used in these tests. All data 
below a critical stress appear to follow an exponential law of the 
form 

o = k(I)™ 


where n varies from 0.48 to 0.57 and J is the moment of inertia of 
the beam. The critical stress seems to be associated with the dy- 
namic elastic limit of the material and represents a value of 130,- 
000 psi. This compares with a static elastic limit of 80,000 to 
90,000 psi for the materials employed. The empirical law de- 
scribed is restricted to the present experimental conditions and 
depends on the velocity, geometry, and material of the striking 
mass. 

Effect of Angle. The variation of stress with angle of incidence 
has been portrayed in Fig. 7. With the exception of the '/,-in. x 
‘/-in. beam, the tests were conducted at an initial velocity of 150 
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fps; the impact velocity for the smallest beam was reduced to 83 
fps to avoid the onset of plastic flow throughout the entire cross 
section. For comparison, two cosine curves have been super- 
posed on these data. It may be observed that the experimental 
data conform quite well to the cosine law, although they can be 
more adequately represented by two straight-line segments. The 
excellent correspondence in the trends of these curves for two dif- 
ferent materials also may be observed by a comparison of the re- 
sults for the mild-steel and drill-rod '/:-in. X '/2-in. beams. The 
knee evident in the experimental data for the central positions dis- 
appears at stations removed from the impact point. 


DIscussION 


Comparison of the stress pattern for identical impacts on two 
beams with different lengths and end conditions indicates clearly 
that neither parameter governs the motion at a given point until 
arrival of a reflected wave from the end. It is likely that some 
small-amplitude pulses travel faster than the observed wave 
velocity; but these pulses cannot be detected with the equipment 
employed, and consequently their effect will not appear in the 
strain histories reproduced in this paper. 

The difference in beam lengths between the simply supported 
and clamped beams is emphasized by the earlier occurrence of the 
reflected wave in the same ratio as that of the beam spans. This 
also demonstrates that the average propagation velocity does not 
vary significantly with beam length for identical impact veloci- 
ties. Differences in phase between the reflected wave portions of 
the two types of beams are the result of variation in the mode of 
reflection of the wave striking a free and fixed end, respectively. 

The metamorphosis of the major pulse has been detailed pre- 
viously in conjunction with the description of Fig. 3. A faster 
build-up of the precursors was observed for the more flexible 
beams. This substantiates the observation that successively 
higher stress levels were activated in the smaller beams and indi- 
cates that higher stress amplitudes change character more 
rapidly as the result of the dispersive nature of the phenomenon. 

Owing to relatively coarse gage spacing, previous investigators 
(2 to 4) concerned with the propagation of bending pulses resulting 
from transverse impact on beams have not described the succes- 
sive inversion of the pulse as indicated in Fig. 3. The present 
work differs from both that of Vigness (3) and Dengler (4) in that 
permanent craters were always achieved, while their tests featured 
only elastic contact mechanisms. However, their strain records 
at successive beam positions indicated quite similar characteris- 
tics to that described by Fig. 3, at least within the regime of the 
transient stresses. It is interesting to note in Vigness’ tests that 
the closest gage to the impact point indicated a much more 
gradual rise (2 millisec) and much longer decay of the major pulse 
than observed under the present conditions. However, the pat- 
tern of the precursors shown in his diagrams is virtually indis- 
tinguishable from the records presented here. The limited num- 
ber of strain records given in reference (4) appear to be much 
more irregular than the present data, but a quantitative com- 
parison of these strain-time histories with those presented in this 
paper cannot be effected in view of the difference in the imposed 
conditions. A recent publication (6) describing the production 
of bending waves in rods by means of unsymmetrical end impact 
of balls also indicates a similar propagation mechanism. 

On the basis of identical initial momenta, the strain records 
obtained by reference (2) for an 8-oz ball-pointed steel hammer 
striking a 15-ft, '/,-in. X '/:-in. steel beam should be comparable 
to the transient strains obtained in the present experiments on 
beams of identical cross section when the '/,-in. ball was fired at 
an initial velocity of about 160 fps. The records shown exhibit 
similar tendencies concerning the metamorphosis of the major 
pulse, but are spaced too far apart to indicate the details of this 
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transformation. Furthermore, the decaying portion of the major 
pulse crossed the zero strain axis before the arrival of reflected 
waves, a phenomenon which was not observed on any of the tests in 
the present investigation. In view of the empirical nature of the 
theoretical correlation proposed in reference (2), a comparison of 
the present results with the suggested analysis was not attempted 
A correlation of the experimental strains with more rigorous ana- 
lytical formulations will be provided in the fourth paper of this 
series. Central strain-gage records obtained by Hoppmann (7) 
also agreed fairly well in the shape of the initial major pulse dur- 
ing the first few microseconds after contact; however, reflected 
waves appeared to distort his records much more rapidly than ob- 
served in the present investigation for beams of comparable 
lengths. 

A high-frequency vibrational transient, whose amplitud« often 
amounted to a significant percentage of the peak stress of the 
major pulse, was observed for all central strain records of appre- 
ciable amplitude on the */,-in. X *#/,-in. beams, but did not ap- 
pear on corresponding records for the more flexible beams. The 
effect is apparently produced by the successive reflections of the 
dilatational wave created by the impact between the two 
vertical beam faces. The measured frequency of this wave 
for the */;in. X 3#/,in. beam was 130,000 cps, corresponding 
roughly to the traverse time of an elastic wave over a distance of 
1.5in. This frequency would still be detectable by the Hathaway 
equipment, whose response drops off rapidly beyond 100,000 eps. 
For the '/;-in. X '/,-in. beam, however, the corresponding fre- 
quency would be about 500,000 cps, and this cannot be observed 
with gains available in the present recording apparatus. Conse- 
quently, the traverse of the dilational wave could not be de- 
tected in the thinner beams. 

It should be noted that the maximum value of any particular 
precursor did not usually occur at any of the artificially chosen 
gage positions. Such extreme values can thus only be determined 
by interpolation from a diagram such as Fig. 3. 

It may be noted that virtually no difference could be observed 
either in the stress level or in other parameters investigated upon 
use of either cold-rolled mild steel or annealed drill rod. Any 
scatter was considerably less than the deviations existing be- 
tween successive stress-strain curves of specimens of these ma- 
terials. 

The observed linear relationship between initial impact velocity 
and peak major pulse stress for normal impact is partially sub- 
stantiated by Fig. 7 which indicates that the variation of stress 
with angle is nearly a cosine curve. For a given beam, this effect 
demonstrates the exclusive dependence of this stress upon initial 
ball momentum and suggests that the process of crater formation 
either is subject to a linear law with velocity or else is not sig- 
nificant in determining the maximum longitudinal bending 
stress. 

Repetitive shots over the same crater, Fig. 5, cause work 
hardening of the surface along with associated enlargement of 
crater diameter. This permits the establishment of a greater total 
force of contact and consequent increase in the transfer of momen- 
tum to the beam, resulting in larger bending stresses. 

Indicated stresses beyond the corresponding value of 130,000 
psi cannot be considered as a reliable measure of the strain since 
a permanent set was observed to exist in all such instances. This 
condition was manifested by a terminal unbalance of the strain- 
gage amplifier amounting to several millivolts in extreme in- 
stances. However, a quantitative determination of the perma- 
nent set from the magnitude of the unbalance would be highly 
speculative and consequently was not attempted. Visual evidence 
of the formation of a central plastic hinge for the '/,-in. X '/,-in. 
beam was obtained for a number of runs at velocities of about 150 
fps and nearly normal angles of incidence upon examination of the 
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beam at the conclusion of each test. The beams had been bent 
into a V-shape through angles ranging from a fraction of a degree 
to several degrees. However, permanent bending for the next 
larger beam ('/, in. X '/2 in.) was visible only after a large num- 
ber of repetitive impacts, even though the unbalance of the 
amplifier indicated a permanent set after the first shot. The 
present case corresponds to that described by Duwez, et al. (5) 
for constant-velocity impact of long beams with a horizontal plas- 
tic stress-strain curve when the impact velocity was in the lower 
plastic range and produced a V-shaped yield hinge. 

The majority of the data of peak major pulse stress as a func- 
tion of the angle of incidence, Fig. 7, could be plotted more con- 
The loca- 


sistently as two straight lines than as a cosine curve. 


tion of the knee varied between the limits of 30 and 60 deg. The. 


deviation from a cosine law must be ascribed to the effects of the 
tangential-velocity component of the ball, since a linear stress 
variation with initial velocity was observed for normal impact. 
The more rapid reduction of peak stress at higher angles of inci- 
dence might be explained by the appearance of mounds surround- 
ing the craters. The energy required to produce this flow phe- 
nomenon would not be transmitted in the form of the oscillating 
dilatational wave at the center, and would result in a correspond- 
ing reduction of stress over cases of identical normal velocity, but 
at zero angle of incidence. The disappearance of the knee at 
positions removed from the impact point lends some support to 
the hypothesis that the crater formation does have some in- 
fluence on the magnitude of the peak stress of the major pulse. 
This stress will be even more drastically affected by the forma- 
tion of a plastic hinge 

The exponential relationship observed within the elastic range 
between peak stress and moment of inertia of the beam was not 
According to a very elementary model, stress should 
The information presented 


expected 
vary inversely with beam depth. 
shows that the stress is inversely proportional to approximately 
the square root of the moment of inertia. No simple relationship 
could be found between the peak stress and any other beam 


parameter 
CONCLUSIONS 


(a) The metamorphosis of the initial transient upon propaga- 
tion along the beam involves a continued periodic inversion of 
stress with the addition of a successively greater number of pre- 
cursors. The build-up of the precursors to a maximum value 
occurs over approximately the same distance as the decay of the 
major pulse, about four or five times the beam depth. The major 
pulse diminishes with distance according to an exponential law 


o@ = 0(1.79)-*/" 


b) Beyond a dynamic elastic limit of approximately 130,000 
psi the impact produced a plastic hinge in the beam, resulting in a 
permanent set of the gage. Readings above this value cannot be 
considered as reliable. At normal incidence, this threshold is 
reached at initial velocities of about 85 fps for the '/,-in. & */,-in 
beam and about 130 fps for the '/,-in. X '/:-in. beam. 

(c) A high-frequency vibrational transient exhibited on a num- 
ber of central strain-gage records corresponds to the frequency 
of dilatational waves traversing between the faces of the beam 

(d) Variation of the major pulse and precursor stresses with 
initial velocity was linear. 

(e) Repetitive shots over the same spot produced increases in 
both stress and crater diameter. A constant plateau for both 
parameters was reached after a number of impacts at nearly twice 
the initial value. 

(f) The peak stress of the major pulse varied approximately as 
the inverse square root of the moment of inertia within the elastic 
range. 

(g) The variation of peak stress with angle of incidence 
yielded two straight lines rather than a cosine curve. This is 
attributed to the crater formation 
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Kinematic Phenomena Observed During the 
Oblique Impact of a Sphere on a Beam’ 


By WERNER GOLDSMITH? ano D. M. CUNNINGHAM,’ BERKELEY, CALIP. 


Experimental data relating to the kinetics of oblique im- 
pact of a '/:-in-diam steel sphere upon steel beams at 
initial velocities ranging from 30 to 150 fps are presented. 
The variation of beam deflection, contact duration, tra- 
jectory of the sphere, and contour topography with angle 
of incidence, beam size, and initial velocity have been 
determined, and the velocity of propagation of several 
waves has been ascertained. 


INTRODUCTION 


HE current paper is the third of a sequence of articles 

describing the results of an experimental investigation of the 

oblique impact of steel sphere upon steel beams. The first 
of these papers contained an account of the instrumentation and 
delineated the analysis of a typical run (1)* while the second 
summarized the information col- 


was used as a target for comparative purposes in the phase of the 
tests dealing with contact times. 


RESULTS 


Beam Deflections Resulting From the Collision. Successive 
peak center deflections of the fundamental mode of vibration 
of several simply supported beams were determined by means of 
a Fastax camera. A typical record, shown in Fig. 1, for a '/,-in. X 
1/-in. beam, clearly indicates the excitation of higher vibrational 
modes. The peak center deflection ranged from 1.04 in. for the 
1/,-in. X 3/,in. beam to 0.06 in. for the */,in. X */,in. beam 
at normal incidence and an initial projectile velocity of 150 
fps, and varied as the cosine of the angle of incidence. 

Duration of Contact. A set of separate experiments was per- 
formed to determine the time of contact between a '/.-in-diam 





lected for bending stresses of the i 


beam (2). The present work pertains 
to data delineating the kinematic 
history of the ball and beam as well 
as to wave-propagation measure- 
ments deduced from strain gages 
placed longitudinally at various 
positions on the distal side of the 
beam. Beam deflections, duration 
of contact, initial and terminal ball 
velocities, crater topography, and 





> OIA BALL 


Vo * 150 ft./ sec 


ANGLE OF INCIDENCE: 0° 


RUN No. 43 





wave velocities have been examined 10 
in detail. 

Mild-steel and drill-rod beams 
employed in this investigation 
varied in cross section from '/;, in. 
x '/, in. to */, in. XK 4/4 in. and 
were either si »ply supported with a span of 30 in. or clamped 
at the ends with a 22-in. span. A Rockwell hardness of about 
95 B was obtained for both materials. A standard '/,-in. steel 
ball bearing with a surface hardness of 68 Rockwell C, traveling in 
a horizontal plane containing the central axis of the beam at ini- 
tial velocities ranging from 30 to about 150 fps, was employed as 
the projectile. Angies of incidence ranged from 85 deg to nor- 
mal. A mild-steel block screwed onto a rigid foundation also 
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ball bearing and simply supported mild steel beams of various 
cross section with a 30-in. span. Similar tests were conducted to 
ascertain the contact time upon a fully supported mild-steel 
block. The duration of contact was measured by a Hewlitt- 
Packard timer through the closing of a circuit composed of the 
beam (or block), a Litz wire attached to the ball, and a battery 
Fig. 2 shows the results of this investigation for normal incidence 
It may be observed that the contact time decreased markedly 
with velocity and increased slightly with stiffness. Fig. 3 shows 
the variation of contact time with angle of incidence and various 
initial ball velocities for a '/:-in. X '/:-in. beam. It may be ob- 
served that the contact duration for this case increases much more 
rapidly with angle than the corresponding reduction of the normal 
component of velocity would indicate. 

Crater Analysis. Fig. 4 shows the variation of the ratio of 
width to length for these craters as a function of angle for various 
beam sizes. Fig. 5 portrays the calculated penetration depth 
based on the chord of the circle of the measured width and the 
actual depth for one beam measured by means of a profilometer 
as a function of the angle of incidence. 

Profilometer measurements of the craters in a '/:-in. X '/;-in. 
drill-rod beam shot at various angles of incidence are shown in 
Fig. 6. The measured depth is based upon the penetration rela- 
tive to the flat surface of the beam. It was observed that in some 
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instances the raised surface produced by the transfer of metal in 
the generation of the crater extends as far as one crater diameter. 
This uplift extends to the beam edge in the transverse direction in 
all beams '/,-in. wide or smaller. 

Fig. 6 also shows the width of these craters as a function of 
angle of incidence measured at the lip of the crater and at the 
beam plane, respectively. The former is that observed on con- 
tour photographs, and corresponds to the information presented 
however, the data relative to the beam plane are 


in Fig. 5; 
The difference between these measured 


generally better defined. 
widths amounts to approximately 20 per cent. 

Wave Characteristics. The strain-gage measurements de- 
scribed in reference (2) were related to a common time base and 
ould thus be employed to ascertain arrival times of successive 


pulses. The arrival time of the earliest measurable signal at 


615 


X */-in. X 30-in. simply sup 
ported beam is portrayed in Fig. 7. The velocity of propagation 
of the initial disturbance for this and other tests averaged to a 
value of 17,900 fps. Since the instrumentation was not specifi 


cally designed to measure these velocities, the accuracy of these 


various gage stations for a */,-in 


data is not as great as that of other results, with a possible error 


of +10 per cent 








. 
iv Pherel— nj s\i-c¢ 


i 
> DIA BA 
2 BALL | 


FIV Ni nWi- aI B)/- > 
” 


Vo" 150 ft Aec 











0 
O 10 20 30 40 50 60 70 80 90 
6, ANGLE OF INCIDENCE, DEGREES FROM NORMAL 


Wipts-ro-Lenera Ratio or Craters AS A FUNCTION OF 
ANGLE or INcIpeNce ror Various Beam Sizes 





[CALCULATED 
|BY USING THE 
ME ASURED 
|WIOTH OF THE 
ICONTOUR AS 
|THE CHORD OF 


«2 \a CIRCLE 


EASURED 


e 


°o >. 
cele o-ni- al- vI- 7, 
pe 


7 
a wi- wi oi oC, 


> 





L 


INCHES 


CRATER DEPTH, 


d, 


> OIA BALL 


Vo * 150 ft/sec 











.e) - :, 
0 20 40 60 80 90 
6, ANGLE OF INCIDENCE, DEGREES FROM NORMAL 


CALCULATED AND Measurep Crater Deprus as A FunctTion 
or ANGLE oF IncipeNcEe ror Various Beam Sizes 


Fie. 5 





JOURNAL OF APPLIED MECHANICS DECEMBER, 1956 





portrayed by beam deflection is directly proportional to the initial 
ball momentum. 

The variation of contact time with initial ball velocity follows 
the pattern predicted by the Hertz theory of contact according to 
which the contact duration varies inversely as the fifth power of 
the incident velocity. In the present case, the contact times pre- 
dicted on the solid block in this fashion would be 20.7 and 28.6 
microsec for initial velocities of 150 fps and 30 fps, respectively. 

A calculation involving a Euler-type of beam with a '/:-in. X 
1/,-in. cross section and a Hertzian force law by the Timoshenko 
small-increment method (3) yields a duration of contact of 19.9 
microsec at an initial velocity of 150 fps. This result substan- 
tiates once again the observations of other investigators that the 
theory of Hertz provides remarkably excellent agreement with 
measured impact parameters in spite of the fact that its appli- 
cability is restricted to elastic contacts. 

A small, but nevertheless noticeable reduction of contact dura- 
tion was observed when the flexibility of the struck member was 
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The rise time of the major pulse at 
the center of the 30-in. beam averaged 18 
+ 2 microsec for beams '/, and '/;-in. 
thickness, while the decay time until the 
arrival of the reflected waves from the sup- 
ports averaged about 220 microsec. Both 
time intervals did not appear to vary signi- 
ficantly either with beam cross section or 
angle of incidence. The number of pre- 
cursors observable at any station was 
governed by the gain employed in the 
strain-gage amplifiers. With maximum 
ai plification, as many as nine precursors 
could be detected at a position 12 in. 
removed from the impact point. 
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Discussion 


x= DISTANCE FROM 


The extremely slow decay of the peak 
beam displacement of all beams inves- 
tigated attests to the presence of very 
little damping in the system. Neverthe- 
less, Fig. 1 reveals that the higher 
harmonics are damped out much more 
rapidly, as would be expected from the 
lower energy content of these mode shapes. 
The maximum discrepancy between ob- 
served and calculated periods of vibration 
of the fundamental was 4 per cent; the | 
lower observed period may be the result of 0 100 200 
a slight restraining action at the end sup- TIME AFTER CONTACT MICROSECONDS 
ports. The harmonic variation of center 
deflection with angle of incidence indicates 
that over-all response to the collision as (Numbers on peak refer to the number of the precursor.) 
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increased. This observation corresponds to the fact that the 
more flexible beams exhibited smaller crater diameters for iden- 
tical impact conditions and that the total contact time was con- 
sequently shorter in view of the smaller observed penetration. 
This can be explained in terms of & more rapid acceleration of the 
lighter beams and a consequent faster separation of ball and beam. 
The change in contact time with angle of incidence, shown in 
Fig. 3, is also much more rapid than would be warranted solely by 
the reduction of initial velocity. This effect can be attributed to 
the lengthening of the plastic crater and the mound formation of 
the material at its edge in the direction of motion of the ball. 

The observed percentage reduction in tangential ball velocity 
never exceeded 10 per cent, indicating that only a small fraction 
of the energy transferred to the beam will appear in the form of a 
wave generated by friction. The disturbance appearing during 
the decaying portion of the major pulse, described in references 
(1) and (2), which travels with longitudinal wave velocity, can- 
not be the result of the action of the tangential impulse since this 
disturbance also appears in the case of normal impact. Further- 
more, the amplitude of this disturbance is independent of angle of 
incidence. It must be concluded that any energy transfer due to 
friction is completely obscured by the lateral vibrations created 
by the bending action when single longitudinal gages are em- 
ployed for strain measurements. 

The reduction of the width-to-length ratio of the craters with 
increasing beam flexibility in Fig. 4 and failure to achieve a unit 
value of this parameter at normal incidence may be attributed 
both to the initiation of beam motion during the impact and the 
fact that the flow created by crater formation produced a mound 
extending to the beam edge in the transverse direction for all 
beams '/:-in. wide or smaller. This latter phenomenon also 
would lead to the prediction of a lower stress based on crater 
geometry than would be deduced from identical crater dimensions 
in a solid block where the raised surface did not extend to an 
edge. 

The difference in the values of the apparent and median-plane 
depths is emphasized by Figs. 5 and 6. Fig. 5 shows the variation 
of calculated penetration depths based on the measured crater 
diameter at the crater lip as a function of angle of incidence for 
various sizes of beams. These curves approximate a cosine law, 
and the crater depth decreases with beam flexibility for reasons 
cited previously. The depths measured with a profilometer for 
the '/:-in. X '/. in. beam are based on the median plane of the 
beam and are approximately 35 per cent below the values com- 
puted from the apparent diameters. The difference of 20 per cent 
between the apparent and median crater widths, shown in Fig. 
6. would translate into a difference of 36 per cent if the depths 
are computed on the basis of these two diameters, respectively. 
This calculation is based on a rigid ball, in which case aD = 
(*/ed)* where a@ ‘s the crater depth, D the ball diameter, and d the 
diameter of the crater. 

Fig. 6 also indicates that the crater width does not vary as a 
cosine with the angle of incidence, whereas the measured depth 
closely approximates such a curve. This may be explained by the 
hypothesis that the latter dimension is not affected nearly as much 
by the piling-up process, which occurs primarily during rebound 
after the maximum penetration has been achieved. 

As indicated previously, the measurements of wave velocities 
over the relatively short beam lengths are not as accurate as might 
be obtained with more suitable instrumentation. The velocity 
of propagation of the earliest measurable signal is approximately 
17,900 fps. When based upon the return of the reflected waves to 
any gage as determined by the end of the transient period of the 
record, the velocity of propagation of these waves appears to 
These values substantiate the data 
It should be reiterated that these 


average around 10,000 fps. 
presented in reference (1). 
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velocities were based on measurements from single strain gages 
located on the side of the beams in a longitudinal direction 

A number of theoretical investigations (4 to 13) have been con- 
cerned with the propagation of flexural waves in beams, utilizing 
either the exact three-dimensional equations of elasticity or the 
one-dimensional approximation including the effects of rotatory 
inertia and shear. Calculations performed on the exact equa- 
tions for a single flexural mode (5) indicate the dispersive nature 
of the bending wave and lead to a group velocity pattern rising 
from zero at infinite wave lengths to a relatively constant plateau, 
whose limiting value at infinitely short wave lengths approaches 
the Rayleigh surface wave, cg = 0.580, c. = 9860 fps, where co is 
the rod wave. These results have been applied to circular bars of 
comparable lengths to those used in the present experiments (4 
to predict that the maximum group velocity of flexurable waves has 
a value of 0.64co while the maximum phase velocity is only 0.582cy 
regardless of the frequency of the wave. Prescott (6) points out 
the possibility of the existence of other flexural-wave velocities, 
including some branches exhibiting velocities higher than c» 
However, little importance is attached to these branches since 
most of the energy is presumed to be transmitted by the basic 
mode. When the coefficients of the Timoshenko beam equation 
are rewritten in terms of a longitudinal and a shear wave velocity 
(11), it was shown that an impulsive moment is transmitted with 
velocity cy and an impulse shear is carried with velocity 

Vv (kG) 
p 


where k’ is a factor relating total shear across a section to average 
shear and depends only on the shape of the beam (7, 8). 

The gages employed in the present experiments were attached 
in a manner such that they would measure an elongation in the 
longitudinal direction (also, due to Poisson effect, they would 
measure a transverse strain but this is irrelevant to the present 
argument). Consequently, these gages cannot differentiate be- 
tween a pure flexural wave and tensile or compressive wave. 
Strain gages at the same location on opposite faces of the beam 
could have been suitably connected to read only bending stresses, 
but this was not done during the present sequence of tests 

Examination of Fig. 7 reveals further the nature of the energy 
transfer between the precursors from one station to the next. If 
the maximum strain at any location can be regarded as the pre- 
dominant group, the average velocity of propagation of this high- 


energy group is approximately 13,500 fps, a value still in excess of 


the maximum velocity of flexural waves of the basic mode of 
transmission. 

It may be assumed that, in view of the pronounced continued 
inversion of stress from the beginning of the signal at any station, 
the entire subsequent process during the transient period is 
activated by flexural behavior due to the action of an applied im- 
pulsive moment. The initial signal is limited, of course, by gain 
of the amplifier, but the earliest measurable arrival time corre- 
sponds closely to the rod-wave velocity in bars. 

Some recent measurements by Ripperger (14) using strain 
gages to measure bending pulses indicate a propagation velocity 
in the range of 11,000 fps. However, these values are based on 
admittedly indefinite disturbances, and the author does not at- 
tribute much qualitative significance to these data. 


CONCLUSIONS 


The following conclusions may be drawn from the experimental 
investigation of the contact phenomena and kinematic history of 
the oblique impact of spheres upon simply supported beams: 


(a) The magnitude of successive beam deflections indicated the 
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presence of little damping in the system. Computed and ob- 
served frequencies of beam vibration are in good accord. The 
magnitude of the center deflection varies as the cosine of the angle 
of incidence. 

(b) Contact durations decrease with increased beam flexibility 
and decrease with invreased velocity for normal incidence in a 
manner similar to that predicted by the Hertz theory of contact. 
Variation with angle of incidence is more rapid than would be 
expected on the basis of the normal velocity component. 

(c) Considerable deviation exists between crater dimensions 
measured at the crater lip and the median plane of the beam. In 
neither case does crater width vary as a cosine with angle of inci- 
dence, while penetration depth conforms to this law. Depths and 
width-to-length ratios of craters decrease with increasing beam 
flexibility. 

(d) The earliest measurable signal propagates at a velocity 
corresponding to that of longitudinal waves in rods. The pulse of 
maximum strain in the current tests exhibits a velocity of propa- 
gation halfway between that of rod waves and Rayleigh surface 
waves. 
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The Influence of Blast Characteristics on 
the Final Deformation of Circular 


Cylindrical Shells 


By P. G. HODGE, JR.,? BROOKLYN, N. Y. 


The final maximum deformation of a reinforced circular 
cylindrical shell caused by a briefly applied, intense loading 
is considered. The maximum deformation is obtained in 
a form which requires a double quadrature of the pressure 
where the limits of the integration are determined from 
side conditions. Attempts are made to find a simple 
analytic approximation, but the attempts are unsuccess- 
ful for loads of practical importance. A straightforward 
graphical-numerical method of solution is devised. Several 
examples are considered in support of the conclusions. 
The shell is assumed to be infinitely long, so that end 
effects may be neglected. The load is assumed to be ap- 
plied to the entire shell simultaneously. The shell is 
assumed a perfect cylinder, and the reinforcements are 
taken as rigid. Finally, the shell is assumed to be made of 
an ideal rigid-plastic material which satisfies a certain 
simplified yield condition and the associated flow rule. 


INTRODUCTION 


ACCORDING to the classical elasticity theory, the maximum 
A loads which a given statically indeterminate structure can 
support are the smallest loads which produce inelastic 
behavior at the most highly stressed portion of the structure. 
However, it is well known that if the structure is made of a ductile 
material, then it may still be serviceable under considerably 
Essentially, this is due to the relieving of stress 
If the loads are 


greater loads. 
concentrations by the mechanism of plastic flow. 
still further increased, there will exist a more or less sharply de- 
fined point at which small load increments will produce large 
deformations. The load for which this first occurs is called the 
“collapse load.’ 

The question arises as to the behavior of structures under loads 
greater than the collapse load. The quasistatic analysis used in 
determining the collapse load states that if the collapse load is 
maintained indefinitely, arbitrarily large deformations may ensue 
Further, the collapse load is the largest load for which the structure 
can support an equilibrium state of stress. It follows that under 
a load larger than the collapse load, the elements of the structure 
must accelerate and a dynamic analysis is necessary. Obviously, 

1 The results presented in this paper were obtained in the course of 
research conducted under contract with the Office of Naval Re- 
search. 

2? Professor of Applied Mechanics, Department of Aeronautical 
Engineering, Polytechnic Institute of Brooklyn. Mem. ASME. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Pasadena, Calif.. June 11-13, 1956, of Tue American 
Society oF MECHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
until January 10, 1957, for publication at a later date. Discussion 
received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, February 11, 1955. Paper No. 56—APM-25. 


if such a load is maintained for an appreciable length of time, the 
deformations will increase until the structure becomes unservicea 
ble. However, if the load is applied very briefly, as in an ex- 
plosion, the deformations may be so small that the usefulness of 
structure is not impaired 

Under such load conditions, the detailed analysis of a real struc- 
ture made of a real material is prohibitively difficult for all but the 
very simplest cases. However, it may be that some useful in- 
formation can be gained by a drastic simplification of the problem 
To this end, the real material is replaced by a rigid-plastic ma- 
terial. In simple tension such material is rigid at stresses less than 
the yield stress, and flows without strain hardening if the stress 
equals the yield stress. The behavior under general stress states 
will be discussed in the next section 


LOAD | 
\ 


b MEASURED 


TRIANGULAR 


Fic. 1 Pressure 

In an earlier investigation (1)* this problem was solved for the 
particular case of a circular cylindrical shell subjected to a step 
function load-time relation; i.e., the load was zero except for a 
given time interval during which it had a prescribed constant 
value, Fig. 1(a). This choice of load shape made it possible to ob 
tain a closed-form solution 
which a briefly applied excess load is experienced is in the neigh- 
In this situation the pressure rises 


However, one practical situation in 


borhood of an explosive blast. 
rapidly (almost instantaneously ) to a peak value and then decays 
rapidly. Fig. 1(6) shows a typical experimentally measured 

but smoothed) curve.‘ Obviously, this bears little resemblance 
to the step curve in Fig. 1(a). 

In the case of a free-free beam, subjected to a concentrated dy 
namic load at its mid-point, Symonds (3) has postulated that the 
final deformation for any load shape is well approximated by con- 
sidering a step function with the same peak load and the same total 
impulse as the given wave. In support of this conjecture he pre- 
sents computations for a triangular wave, Fig. l(c), and a sine 


wave, Fig. 1(d) 


s Numbers in parentheses refer to the Bibliography at the end of the 


paper. 


4 Reference (2), p. 155 
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It might appear reasonable to expect the same conclusion to be 
valid for circular cylindrical shells. However, in a particular ex- 
ample investigated (4), this was found not to be the case. 

The present paper is concerned with a general investigation of 
this problem. It will be found that the blast characteristics have 
a profound effect on the final deformation for peak loads slightly 
exceeding the collapse load, but that the percentage effect de- 
creases as the load increases. This may be qualitatively explained 
by observing that for very high loads the greater part of the 
deformation occurs after the load is removed and hence may be 
expected to be less dependent on the loading details. However, 
based upon the experience indicated in reference (4), it appears 
that these high loads have little practical interest as applied to 
cylindrical shells. Therefore, for this problem it is necessary to 
pay attention to the details of the blast characteristics. 

In an effort to make the paper reasonably self-contained, the 
basic equations are all stated in the next section, together with 
some of the reasoning which leads to them. More complete 
derivations may be found in references (1) and (4). 

The next sections are concerned with demonstrating the in- 
applicability of Symonds’ approximation to shell problems. 
Problems considered include a monotonically decreasing load of 
arbitrary magnitude, the effect of the load-rise-shape, and ‘‘me- 
dium’’ loads which rise to a peak and then decay. Next, a simple 
graphical-numerical procedure which enables the final deforma- 
tion to be easily computed for any arbitrary blast shape is de- 
veloped. This is illustrated by an example and compared with an 
exact solution. The results are found to be in excellent agree- 
ment. Finally, the paper closes with a discussion of the limita- 
tions of the theory as applied to actual physical problems. 


Basic THEORY 


A Statement of Problem. An infinitely long circular cylindrical 
shell is reinforced by equally spaced reinforcing rings and sub- 
jected to a time-dependent, uniformly distributed radial pressure. 
Obviously, the behavior of the shell is completely characterized 
by the behavior of any one bay. The bay in turn may be 
analyzed as a finite shell built in at either end. Dimensions of the 
shell are shown in Fig. 2. 








Fic. 2 Dimensions or SHELL 

B_ List of Unknowns. The problem is to be treated as one in 
shell theory, whereby the stress distributions across the thickness 
of the shell are replaced by their resultant direct stresses, bending 
moments, and shears. It can be shown (1, 5, 6) that the present 
problem can be formulated in terms of only two of these result- 
ants; namely, the circumferential direct stress N, and the axial 
bending stress M,. For purposes of analysis it is convenient to 
replace these resultants by dimensionless quantities defined by 


n = N,/2Yh, m = M,/Yh?. [1] 


where Y is the tensile yield stress. 
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Under the usual assumptions that normals to the centroidal 
surface of the shell remain straight and normal to the deformed 
surface, all the displacements in the shell are determined by the 
displacements of the centroidal surface. The only displacement of 
interest in the present problem is the radial displacement w, which 
is considered positive when directed inward Again, it is con- 
venient to replace w by the dimensionless displacement 


W = wsa/2Yht? 


where s is the surface density and é some representative time. 
C Yield Condition. When the yield condition is expressed in 
terms of the resultants n and m, a more or less complex interaction 
curve is obtained, depending upon the yield criterion. For pur- 
poses of analysis this curve will be replaced by the ideal ‘“‘square’’ 
curve, shown in Fig. 3. the 
this curve and the true interaction curve may be found in refer- 


Remarks on relation between 


ences (4) and (5). 





m ; 
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Fic. 3. Interaction Curve 


D_ Equations of Motion. The two equations of motion are ob- 
tained by adding the appropriate inertia terms to the equations of 
equilibrium in the radial direction and for axial bending. Radial 
shear may then be eliminated between these two equations to ob- 
tain a single,second-order equation 


(d*?M,/dz*) + (N,/a) + p = s(d*w/dt*) 


where z is the distance along a generator and p is the difference 
between the exterior and interior pressure. In terms of Equations 
[1] and [2], together with further dimensionless variables defined 


by 
y=2/L, tr =t/b, c=L +V/ ah, P = pa/2Yh [3] 
the equation of motion may be written 


(m"/2c?) +n +P Ww =0 [4] 


Here primes indicate differentiation with respect to y and dots 
with respect to r. 

E Flow Rule. 
stress and velocity resultants must be related by the plastic 
In the present case this states that the 


As discussed in references (6) and (7), the 


potential flow rule. 
“strain-rate vector’’ defined by 

E = (—W, —W"/2c*) (5) 
must be normal to-the interaction curve and directed outward. 
Thus, if the stress point is on side AB of Fig. 3, the velocity must 
satisfy 

w>0, w’=0 (6a, b] 

At a corner the strain-rate vector can have any direction between 
the limiting normals, so that at B the requirement is 
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Ww P< (7a, b] 
F Continuity. Ina complete solution for a real material there 
may exist certain regions of rapid change of some quantities. For 
the ideal material here considered, these regions may become arbi- 
tarily narrow and hence the quantities in question may become 
discontinuous. However, it can be shown (6) that even in the 
ideal case the quantities m, m’, W, and W must be continuous. 
Further, it also can be shown that the velocity slope W’ can be 
discontinuous only ifm = +1. Circumferences where this is so 
are termed “hinge circles’ in analogy to the “yield hinges’’ in 
framework theory 
G Boundary Conditions. At the built-in end (y = 0), slope 
and displacement must vanish while at the center, symmetry de- 
However, the conditions on 
Since the rotation 


mands that slope and shear vanish. 
slope need not hold if there is a hinge circle. 
and applied moment at a hinge circle must be in the same direc- 
tion, the boundary conditions may thus be written 


at y ‘ 7 = 


0 and either 


WwW’ = Ww’ 


0 and either W 
= Ww’ =0 


aty 


H_ Initial Conditions. Initially, the shell is at rest in an unde 


formed state so that at 


[9 

Further, it is evident that W and W must both be continuous 

functions of time. No initial or time-continuity conditions are re- 

quired on the stress quantities n and m since they are uniquely 
determined as time-functions from the pressure-time relation. 

I Stati Collapse 

smallest load for which the plastic-rigid material can deform. It 


The static collapse load is defined as the 


turns out (1) that the velocity slope at incipient collapse is dis- 
continuous at the center and support so that the Boundary Con- 


ditions [8] are 


m(O) =—1, m(1) = +1, m"( {10} 


Therefore, the ‘ 
plane, Fig. 3, of the stress resultants along a typical generator of 


‘stress profile’ (the image in the stress-resultant 


the shell) goes from A aty = Oto Baty = 1. 
If n is set equal to —1 and the inertia term equal to zero in 
Equation [4], the resulting solution satisfying the boundary con- 


ditions at y = 1 is 


c(P —1)(1— y)* 


m=1 


The boundary condition at y = 0 then requires that P be equal to 
the static collapse load 


Py = 1 + 2/e? 


f } 
{11} 


DecayING Loaps 


In the present section the pressure is assumed to be given as a 
monotonically nonincreasing positive function of time. Such a 


function may be written 


P = Pypf(r) [12a] 


where 


(0) =1, f(r) <0, f(r) >0 [12d | 


For p < 1 there will obviously be no plastic flow, while for p > 1 
but sufficiently small it is reasonable to expect the stress profile to 
go from A to B as in the static case. Under this hypothesis the 
complete solution is given (1) by 
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W = (3Po/2Xpf —1)y...+ 13] 


It is readily verified that this solution satisfies Equations [4] and 
[6b] and the Boundary Conditions [10]. However, it also must 
be shown that the stress point actually lies on AB, rather than on 
AB extended, and that the strain-rate vector is directed outward 
If m is plotted as a function of y, it follows from Equations [10] 
that the resulting curve will go through the point (0, 1) and 
will have a horizontal tangent at the point (1,1). Obviously, a 


necessary condition that m be between —1 and + 1 in the interval 
7's 9 S56 ii 


curvature nonpositive 


that the slope be nonnegative at y = O and the 
aty = 1 Since m is a cubic in y these 


conditions are also sufficient The resulting restrictions on the 


pressure can be written 
3P 
P. 


14 


Throughout the analysis to follow, it will be assumed that the 


left-hand Inequality [14] is always satisfied. In view of Equation 


11], this will automatically be true if the shell dimensions are 
such that c? < 6. So far as the right-hand Inequality [14] is con- 
cerned, since f is assumed to be nonincreasing, it is sufficient for 
Therefore, for the shells considered 


this to be satisfied at r = 0. 


provided 


the solution is given by Equations [13 


SP. 15 


The last requirement is that the strain-rate vector be directed 


outward; i.e. Inequality [6a] must also be met. Integration of 


the last Equation 13] together with the initial Condition [9 


furnishes 


16 


In view of the restrictions on f there isa unique positive time 7 
1 


defined by 
17 


Therefore the solution 
Atr 


velocity is zero and the applied load is less than the collapse load 


such that VW 
given by Equations [13 is valid for 0 <r < Te 


Is positive for U T Te 
= T, the 


so that there is no further deformation 
Finally, Equation [16] may be integrated to obtain the dis- 
placement. Since this will be linear in y and increasing in 7, the 


maximum displacement W,, occurs at the center of the shell at 
time 
Wea 

2/Po [18] 
where 72 is defined by Equation [17 

In the event that p is larger than (3P, 

the stress profile consists of plastic regime 
1, where v is to be determined 


2)/Po, it is found that 
AB for 0 < y < v, and 
plastic regime B for v < y < Asolu- 
tion similar to Equations [13] can easily be constructed for 0 

y < v by introducing W = ay, n = 1 into Equation [4], inte- 
grating with respect to y, and using the continuity of m and m’ 
at y = v together with m(0) = 1 to determine a@ and the con- 
stants of integration. This solution will satisfy Equation [65] 
and the Boundary Conditions [8] where y = 1 is replaced by y = 
1 where m = 1, the solution is immediately given 
It will subse- 


v. Forv < y< 


by Equation [4] and will satisfy Equation [75]. 
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quently be shown that this two-piece solution also satisfies 
Equations [6a] and [7a]. The solution is as follows 


Popf —1 
0<y<v: m= (Ft 1)(4 
P,o— 1 


__ 9 Pef—1 a(4 ‘ 
Pyo—1 v 
Popf — 1 (2 
+ | ——— vp? +3 —ji—] 
ES ey ) r 
Po—1 ~pf —1 
a (Po al "oma e—afy 


“Qp3 Py, — l 
1... [19a] 


v<y<l: 1, W = Poof 


The division point v must now be determined so that W is con- 


tinuous; hence v must satisfy 
” Popf —1 
| dr = a dr 
0 I 0 1 


3v "1 i Pwf—1. 
bd ‘ a ee 
2 Jo Po—1 


Division by v and differentiation with respect to 7 yields the equa- 


1 ie 1 Popf v 4 Popf 4 
v Pyo—! O54 fer 3 


the solution of which is readily verified to be 


’ Popf 1 
v? [ bowl. dt 3r = const 
2 0 ’ 


tion 


3 | Paf—1, 
2? | Py—1 


P,—1 


Since this relation must hold for some range of 7 starting at r = 0, 
the constant is zero. Thus 


_3(Po— 1) 


gt os ime’ 
Po f, fdr —r 


Atr = 0, Equation [19b] shows that v? = 3(P) — 1)/(Pop — 1) 
and hence v(0) is always between zero and 1 for p not satisfying 
Expression [15]. Further, it follows from the restrictions on f 
(Equations [12b}) that d(v?)/dr > 0 and hence v? is an increasing 
function of time and will, ingeneral, reach 1 at a time 7, defined by 


ie 3Po — 2 
- [ far = = 
M1 /0 Po 


Again, it follows from Equations [12] and [20] that pf, evaluated 
at 7 = 7), satisfies the right-hand Inequality [14]. Therefore, for 
T > 7;, the solution is again given by Equations [13]. 

The velocity may now be obtained by integrating the appro- 


priate Equations [19] and [13] 
3 al 
~ (Po — vv { 
* 0 


opt 1 
i ee 
| P,—1° | : 


v<y<1l: W = Pop Si ser T 


<y<1: W = Wn) 
(t n) | le} 


rT 
+ (3Po/2)y lo f fdr 
Ti 
Thus, for 0 < 7 < 7 the velocity is linear in y for 0 < y < v and 


[19b ] 


[20] 


O<tr<n, O<y<u We= 


[2la} 


[21b] 


independent of y for v < y < 1, while for 7; < 7 it is everywhere 
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linear in y. Therefore the velocity Inequalities [6a] and [7a] will 
be everywhere satisfied provided W is positive at y = 1. In viewof 
Equation [195], Equation [21b] can be written W =3(P, — 1)1/v?; 
hence W is always positive for 0 rt <;. Therefore the 
terminal time 7: must be greater than7;. If W(r2) is set equal to 
zero in Equation [21c] and then y is replaced by 1 and W (7;) is 
introduced from Equation [21b], it will be seen that the terminal 
time 72 is still given by Equation [17] after the expression is 
simplified by Equation [20]. With 7: known, the maximum 
displacement is found by integrating Equation [21c], setting y = 
1, 7 = 72 and using Equation [21b] to furnish W(r7;) and W(7;). 
Thus 


Po T2 r mT! °r 
Was = | [ f(dt)? 2 | | fi dr)? 
4 /J0 /J0 0 0 


2.—3 . siieiciaes 
Tae ee 


199) 


3r2? 
where 7; and 72 are defined by Equations [20] and [17], respec- 
tively. 
EXxaMpLe oF DecayinG Loaps 
Since an exponential curve closely approximates the pressure- 
time relation actually observed in underwater explosions (2), the 
function 


f(r) = e-’. [23 } 


was chosen for an example. The integrals in Equations [18] and 
[22] can then be evaluated easily in closed form. A numerical or 
graphical procedure is still necessary to determine 7, and 72 for a 
given p from Equations [20] and [17]. In order to obtain nu- 
merical results, the particular value Py) = 1.40, corresponding 
to c = 2.24 was chosen. The resulting values for W,, as a func- 
tion of p are shown as the heavy curve in Fig. 4(6). 

It is desired to compare these displacements with those due to 
a square wave. The latter is defined by 

1O<7r<I1/Pop 

f(r) = oo~ een 
; | 0,1/Pop <r qr 


where J is the impulse. Various square waves may be compared 
with the exponential curve by choosing different values for the 
impulse J. The total impulse of the exponential pressure wave is 
. [25a ] 


In = Pop 


However, it is evident that a portion of this wave reaches the shell 
after the plastic deformation has stopped and hence has no effect. 
To obtain a more realistic comparison, various partial impulses 
for the exponential wave. are defined as follows, Fig. 4(a) 


Impulse to T = 7;: 

0, p < (3P) —2)/Po 

(3P> — 2), p > (3Po — 
Impulse to tT = 7:2: I, = Pot: 
Impulse to P = 3P) — 2: 

0, p < (3Po — 2)/Po 
~ L Pop — 3Po + 2, p > (3Po 

I, = Pip —1).. 


Impulse to P = Pp: 


In each case the final deformation is easily computed from Equa- 
tions [18] and [22]. The results are shown as light curves in Fig. 
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COMPARISON OF EXPONENYIAL AND SquaReE WAVES 


Po = 1.40, p 5, 71 = 3.035, r2 = 4.965 


ACTUAL DISPLACEMENT W,, | 
APPROXIMATE DISPLACEMENTS DUE TO r 
SQUARE PULSE WITH SAME PEAK LOAD —+——+— 7, 

SAME TOTAL IMPULSE 

SAME IMPULSE TO T=T, 

SAME IMPULSE TO T= T, 

MPULSE TO P-30,-2 
SAME IMPULSE TO P-g 


| <a 
i 2 


Fic. 4(t Maxtmum DispLaceMENT FOR P = Pope-t 


4(b), with subscripts corresponding to those on the impulses. 

Fig. 4(6) was drawn in two sections to bring out the different 
degrees of approximation for different magnitudes of p. Gen- 
erally, it is evident that for large values of p all approximations 
appear to be reasonably adequate, but for small values none of 
them is. The approximations would therefore appear to be valua- 
ble only for initial pressures of the order of many times the 
collapse loads. 

In reference (4), some specifit examples using reasonable design 
values for the shell parameters were computed. In every case the 
displacement had become such as to render the shell unserviceable 
for a maximum load less than 3 times the static collapse load. It 
would appear, then, that for practical purposes, an approximation 
method which furnished good results only for very large pres- 
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sures was of little value. 
will be devoted to * 


Therefore, the remainder of this paper 
medium” values of the load which are of the 
same order of magnitude as the collapse load 


load 
Since Equation [18] for the maximum 


medium will be defined as one which 


satisfies Inequality [15]. 


Specifically, a 


displacement can be used in this case, the actual dependence of 

W,, upon Py is simply multiplicative. Therefore, if the dimension- 

less displacement is redefined by 
2W.. 


3P,  Yhto%(1 + 2/c?) 


w,sa 
™ on) 
126 


the analysis becomes independent of P, and hence of the shell di- 
that the 
maximum value of p for which the solution so obtained is valid 


mensions. However, it follows from Inequality [15] 
does depend upon Po, but in no case can be greater than 3 
In view of the relatively simpler form of Equation [18] and the 
4, for 
The 


The heavy curve shows the actual 


extreme divergence shown by the approximations in Fig 
small p, some further approximations have been attempted. 
results are shown in Fig. 5(b). 
solution while w, and a, represent the best approximations dis- 
cussed in Fig. 4 (observe that the change in scale is due to the 
change in dependent variable). 

The remaining curves, Fig. 5(a@) represent more complex pulses 


The displacement w, corresponds to a trapezoidal wave 


COMPARISON OF EXPONENTIAL AND OTHER Waves 


t 1.5, re 0.875 


———- ACTUAL DISPLACEMENT \,. 
APPROXIMATE DISPLACEMENTS 


SQUARE WAVE , SAME PEAK 
SAME IMPULSE TO T+ T, 
SQUARE WAVE, SAME PEAK 
SAME IMPULSE TO Po & 
TRAPEZOID WAVE . SAME PEAK 
SAME IMPULSE TO TT, 
SAME DURATION OF MOTION 
OOUBLE STEP WAVE . SAME PEAK 
SAME IMPULSE IN FIPST STEP TO Px P. 
SAME IMPULSE TO T= T, 
SAME DURATION OF MOTION 
DOUBLE STEP WAVE SAME PEAK 
SAME IMPULSE IN FIRST STEP TO P~e fT 
SAME TOTAL MPUL SE 
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| 1— a, O<T<T: 
-_- < , [27] 
| 0, ™T<T 


where @ is chosen so that the total impulse of the trapezoidal wave 
will match the impulse of the exponential wave to time 72, and 72 is 
given by Equation [17]. The curve for w; represents a two-step 
pressure wave defined by 
1, 0<T<a 
{ X, 
| 0, B<r 


a<rTr<8 . . [28] 


Here a, 8, and \ were determined so that (a) the impulse of the 
first step of the step wave is equal to the impulse to P = P, of 
the exponential wave, (b) the total impulse of the step wave is 
equal to the impulse of the exponential wave to rT = 72, and (c) 
the motion caused by the step wave stopped when the 
wave passed. It turns out that the duration of the motion pro- 
duced by both waves is also the same. Finally, ws, is the dis- 
placement due to the same two-step wave except that the total 
impulse of the step wave is equal to the total impulse of the ex- 
ponential wave rather than its impulse to rT = 7». 

Fig. 5(b) is perhaps a little misleading, owing to the steep 
slopes of all the curves which tend to make them look close to- 
gether. Actually, at p = 2 the closest approximation (w;) is in 
error by over 18 per cent. Further, the computations for we, ws, 
and w, require a knowledge of the actual termination time—a 
quantity which, in general, is not known. The best of the 
remaining approximations (a) is in error by 30 per cent. 

While better approximations certainly could be obtained by 
taking multistep functions, it will be shown later that a complete 
graphical-numerical procedure is easily set up for an arbitrary 
pulse. Therefore there appears to be no advantage to a complex 
approximation. 


Mepium Peakep Loaps 


The present section will consider loads which rise to a peak and 
then decay, the maximum load satisfying Inequality [14]. Thus 
P is given by Equation [12] where f now satisfies the conditions 

f'>0for0<7r<7 
f' < Ofort7<r [29] 


f(7) =1 


for some 7, and p satisfies Inequality [15]. The solution in this 
case is_still given by Equations [13], but only after the pressure 
has reached the value P = Po. In view of Equation [12a], then, 
plastic flow starts at a time 7» defined by 


pf(t)—1=0.. [30] 


Equation [16] must now be modified to take account of the 
initial condition W(7)) = 0. This, in turn, will lead to a terminal 
time 72 defined by 


rT? To 
p lf, fdr - f, jar | (rT: T) = 0 


rather than by Equation [17]. Finally, in view of Equation [26], 
Equation [18] for the maximum displacement is replaced by 


Wn = p Lf, f, f(dr)? —f, f, f(dr)? 


— (Tr 13) fi" far — (T2 1»)*/(2p) | 


j 
4 


[31] 


[32] 
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It will be observed that Equation [32] reduces to Equation [18] 
for the particular case tT) = 0, so that the preceding sections may 
be considered as a special case of the present analysis, provided p 
satisfies Inequality [15]. 
EXaAMPLEs OF PEAKED Loaps 

The first example is chosen to show the effect of the increasing 
load. For simplicity, the load will be assumed to start at a value 
P, so that T. = 0. It increases linearly to pP» in a time a, is main- 


tained at that value for one unit of time, and then suddenly drops 
Thus 


to zero. 
{1 + (pe — 1)r/a}/p, 
[33] 
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Fic. 7 DispLacement Dve To Pressure Putses SHOWN IN Fia. 6 
The pressure-time curve is shown as the solid curve in Fig. 6. 
The dashed curve gives the corresponding square wave of the 
same impulse. The resulting displacements as functions of the 
rise time @ are shown in Fig. 7 for typical values of p. It is seen 
that the displacement is quite sensitive to a, particularly for large 
p. Further, the reasonable appearing step approximation is in 
considerable error for even moderately large a. 

A second example is the triangle wave, Fig. 1(c), considered by 
Symonds (3) 
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[34] 


f(r) = 


This is compared with two matching square waves, each with the 
same peak load. If the square wave has the same total impulse 
as the triangular wave the displacement is considerably over- 
estimated. On the other hand, if the square wave is chosen so that 
the two waves have the same impulse due to that part of the 
pressure which exceeds Po, the displacement is quite a bit too low 
The results are shown in Fig. 8. 

SQUARE WAVE WITH 

SAME TOTAL IMPUL SE 


SQUARE WAVE WITH 
SAME IMPULSE OVER 


DisPLACEMENTS DvsE TO TRIANGULAR AND 
SquaRE Waves 


Fic. 8 ComPpaRISON OF 


Direct SOLUTION AND EXAMPLE 


Since none of the simple approximations suggested gives ade- 
quate results for medium values of p, it is desirable to develop 


techniques for a direct solution. The suggested procedure is as 


T 
follows: Curves of f(r) and f, S(r)dr are accurately drawn to a 
{ 


convenient scale. With reference to the curve for f(r), To is easily 
determined from Equation [30] for any value of p. 


[31] is then written in the form 


f, fdr = (T2/p) + (To/p) 4 f, fdr 


If 72 is replaced by 7, the right-hand side of Equation [35] may be 


Equation 
[35 ] 


T 
drawn as a straight line on the same graph as fdr, since Tt 
i} 


and p are both known. The termination value 72 is then deter- 
mined as the abscissa of the point of intersection of the straight 
line with the integral curve. Finally, with 7) and rt: known, w,, 
is easily found from Equation [32] by either numerical or graphi- 
cal integrations 

In order to discuss the accuracy of the foregoing procedure the 
following function for which an analytic solution could also be ob- 


tained was chosen 


107 
—(r—0.1 [36 | 
€ 


Fig. 9 shows the pressure curve, together with the level lines 1/p 


" Sr)dr 


for various values of p used to determine 7. The curve 


(computed numerically) is shown in Fig. 10, together with the 
straight lines used in determining 72. Fig. 11 shows the curve of 


rT rT 
: 
f, e S(r\(dr) 


INFLUENCE OF BLAST CHARACTERISTICS ON DEFORMATION OF 


SHELLS 





E ATION 


ee 
T 
10 | f(r)dr AND DETERMINATION 01 
0 


This curve was used to evaluate the integrals in Equation [32]. 
The resulting displacement is shown as the solid curve in Fig. 12 

The same problem was also solved analytically, using Newton’s 
method to solve the transcendental equation for 72, The results 
In view of the fact that 


»y slide rule, the agreement is 


are shown as the dashed curve in Fig. 12. 
all computations were carried out 
felt to be excellent. Therefore the proposed graphical-numerical 
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method of solution appears to be a practical method for finding 





the maximum displacement in a circular cylindrical shell syb- 
jected to an arbitrary blast loading. 


CONCLUSIONS AND LIMITATIONS 


Within the framework of the initial assumptions of the paper, 
the conclusion is obvious; namely, that a straightforward method 
for computing the maxinium deformation due to an arbitrary 
pressure wave has been presented. However, the relation be- 
tween the displacement so computed and the actual behavior of 
real shells is by no means clear. While it is reasonable to hope 
that such simplifications as the neglect of the elastic strains and 
strain hardening and the approximation of the yield condition 
will result in only small errors in the resulting predictions, it is by 
no means certain that this will be the case. Such questions can 
only be answered by experiments. 

In addition, there is an even greater source of potential error in 
the implicit assumption that the shell continues to be radially 


symmetric as it deforms. It seems quite likely that buckling in 
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some form will occur. This possibility has not been taken into 
account in the foregoing analysis. 

Despite these limitations, it is believed that symmetric solu- 
tions of idealized problems have a certain practical value in ad- 
dition to the fact that they may b.2Ip to point the way to a more 
realistic analysis. The assumptions of no elastic strains, radial 
symmetry, and approximate yield condition are all nonconservative 
in that the actual deformations will tend to be larger than pre- 
dicted. Further, the effect of strain hardening can always be ac- 
counted for by suitable choice of an average yield stress. There- 
fore the results may certainly be used in the following negative 
sense: If the predicted deformations are excessive the shell will 
not remain serviceable under the given pressure wave. On the 
other hand, if the predicted deformations are not excessive, it is 
still possible that the shell will become unserviceable due to 
buckling or some other cause. 
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Axisymmetrical Buckling of Circular 
Cones Under Axial Compression 


By PAUL SEIDE,' LOS ANGELES, CALIF. 


The axisymmetrical buckling of right circular cones 
under axial compression is investigated. A simple ex- 
pression is obtained for long cones of constant thickness, 
relating the cone buckling load to the buckling load of a 
long cylinder of equal thickness and the cone semivertex 
angle. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


D = bending stiffness per unit width of shell wall 


D = —— 
12(1 — v*) 
Young’s modulus 


additional middle-surface force per unit width due to 
buckling 
membrane force per unit width prior to buckling, in 


na) 
7s sin 2a 
additional shear force per unit width due to 

buckling 
critical axial load 
axisymmetric axial-buckling load of infinite 


direction of cone generator (, = 


cylinder with constant-thickness walls 
J P 2Etx 
m=" V pa — ais 
radius of cone cross section (r = s sin a) 
distance from vertex 
wall thickness, constant around circumfer- 
ence - 
additional middle-surface displacement in 
direction of cone generator due to buckling 
additional middle-surface displacement nor- 
mal to cone wall due to buckling 
semivertex angle of cone 
additional middle-surface strain due to buck- 
ling 
Poisson’s ratio 
additional change in curvature due to buck- 
ling 


Subscripts 


Fic. 


s = in direction of cone generator 
6 = circumferential 


1 Member of Technical Staff, The Ramo-Wooldridge Corporation. 

Presented at the West Coast Conference of the Applied Mechan- 
ics Division, Pasadena, Calif., June 11-13, 1956, of Tue AMERICAN 
Socrety or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
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Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, February 7, 1956. Paper No. 56—APM-36. 


INTRODUCTION 

While considerable information of varying degrees of rigor is 
available on the axial buckling loads of circular cylinders, little or 
no similar information 1s available for the more general problem 
of the right circular cone. In view of the extreme complexity of 
the differential equations involved, it appears practical to con- 
sider the axisymmetrica! mode of buckling of circular cones in an 
attempt to obtain some idea of the effects of taper. 

In deriving the differential equations to be solved, two ap- 
proaches are possible. One such approach is given by Pflueger 
(1)? where both stress and strain vary nonlinearly across the 
thickness of the cone. Furthermore, force components take into 
account the varying circumferential size of the element as a func- 
tion of distance from the middle surface. A second approach 
given by Timoshenko for cylinders and spheres in reference (2) 
neglects such refinements. While the first approach can be shown 
to be necessary to satisfy all the equations of equilibrium of 
forces on an element of the shell consistently, Timoshenko’s 
method has been found to yield adequate results with much 


- QstdQs 
<a 
Nets +0 (NetNg. ) 


Forces aND MoMENTS ON 
ELEMENT oF Cone 


Cone SUBJECTED TO AXIAL Fie. 2 


LoaD 


simpler equations. Accordingly, the latter method of derivation 


is used in the present paper. 


EQUILIBRIUM AND Srress-StratIn RELATIONS 
The stress state in the cone prior to buckling can be approxi- 
mated satisfactorily by the membrane stresses given by (see 
Fig. 1) 
2 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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dw 
+=; ds 

s ds 
Fic. 3(a) Force-Equitisrium DIAGRAM 


\ 


/\ 
\ d@ SiNa 


ena 7 
Msrd@ + —(Ms'd9) ds 


MoMENT-EqQuILisBRIUM DIAGRAM 


27 s sin @ cos @ 


Additional forces and moments per unit width acting on an ele- 


ment of the cone are shown in Fig. 2. The equilibrium relations 
for these can be read from Figs. 3(a) and 3(b) as 
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d ( ee dw + V t . d 0 
ds \m sin 2a ds “are [74 = 


[2] 


d 
(sM,) — M,g— sQ, = 0 
ds 
where only first-order terms havé been included 
Stress-strain relations are given by 
‘ Et 
N, = — (€, + ve) | 
1—y 
NV = (€ + ve,) 
Ne => € ve,) } 
=p 


\ 
| 


M, = —D(x, + xe) 


Me —D(xe + vx,) 


where (see reference 3) 
€, du/ds 


u—wcota 
€6 . 
8 


xX; d?w/ds?* 
dw 


xe = 1/s 


ds 
The displacements u and w are assumed to be measured from 
the equilibrium position of the cone prior to buckling. 
By the addition of Equation [2b] and Equation [2a] multiplied 


by cot a, an equation of equilibrium of load in the vertical direc- 
tion is obtained 


d ( : P dw 
— {i aN, cot a — —;— 
ds mr sin 2a ds 


af 20.) =0.. [5] 


Noting that the vertical component of the edge stress is assumed 
not to change after buckling 


r dw 


sN, cot a — —— 
mw sin 2a ds 


+s, = 0 
The addition of Equations [6] and [2c] then yields 
dw 


d A a ' 
= sh = M os j t ies ¥ 
ds (sM,) 6 org mw sin 2a ds 


Substitution of Equations [3] and [4] into Equations [2a] and 
[7] results finally in the following simultaneous differential equa- 
tions for the unknown displacements u and w 


Chl en ta) |! 

- 4) eon —r 4 

ae as v(u w cot a) | 
du 

— 1] 1/0 —weota) +r | = (. 

ds 

d e( d*w . dw e(1 dw, - d*w 

ds ae dl a ds? 


12 du 
— 12tcota]|s ds 


[8a] 


+ v(u — w cot a) | 


12P(1 — v*) dw 


mE sin2a ds 


Boundary conditions for these equations for the case of simple 
support at the edges and rigid rings are 








SEIDE 


d*w vy dw 


ds? . s ds , ee 


u sin @ wcosa = 0 
ConsTANT-THICKNESS CONE 
When the wall thickness ¢ is constant, Equations [8] can be re- 
duced to 


w dw 
v cot a = 0.. [10a] 


8s as 


1 d ( | 1d ( ~) ” P 1 ( dw 

FS. bh . — 

s ds? 7 ds s? ds , ds WD sin 2a s* ds 
12 cot a (“ 


t? x t? ds 


d* ) qd ) 
[ a + 3s ds ] 


is now performed on Equation [10] and leads to 
') 12P(1 — v*)[ d? ( dw ld ( dw 
ds , TE sin 2a | ds* ? ds s ds F ds 
12 vecot?a| d dw w 12 cot a@ 
t? ds . ds 8 e 
u ) ( du du 
+vis + - 
8 ds? ds 


Substitution of Equation [10a] into Equation [11] then yields a 
single equation for w 


P/D ( aZ aZ ) 12(1 v?) cot? a , 
- s + Z 
w sin 2 a@ ds? ds i? 


“ 


12v cot? a w 
4 


0.... [10] 


The operation 


where Z 


Equation {12] can be easily integrated if it is differentiated once 
more with respect tos. Then 

4 3 > 2 

d if 9 d if 1 I d a] 


$ = 
8 tT 28 
ds‘ ds 


8 
7D sin 2a ds? 


v?)cot?a . 
f=0 
? F 


dw ) 
This equation can be expressed as 


d? P ) ( df P 
s+ ; e—— 4+ . -f 
ds? = 2rD sin 2a ds? 27D sin 2a* 


( P y (7=: » - 
] cos* a 
2rD sin 2a P 


+- Qvry,2J fr) 


12(1 


where 


2? YA 2) 

2v Y2(2) 

212° V2'(ti2) + Qe Vo 212) 
2vY2(2x12) 


tu J 2"(run 
Zid 2'(2u) 
212° (212) + 
Lia) 2'(212) 


QvJ 2; 
Qvx 127d o( 212) 
QvJ A212) T2Y2'(2i2 


AXISYMMETRICAL BUCKLING OF CIRCULAR CONES UNDER AXIAL COMPRESSION 


2n3J_'(22n) + Qvrn?J fr) AY; 
IJ 2'(r2) 
220° 2"( 222) 4+ Qvre2*d of L22 2? Y2'( 222 


Laod o'(T2) 
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so that the complete solution for f is given by the solutions of the 
two second-order equations 


d*f 


ds? 


+ 


d*f 
ds? 
where 


P 


P. | @ s 
he = J  - l ( ’ cos? @ , 
2rD sin 2a | y P f 


The solution of Equations [15] can be found in reference (4) as 


dw ) 
8 ds = 


I¥i[2 V/ (bis)}} 


[16] 


b, {C,(2 V (bis)) Jil2 VV (bis)) 


a/ (bis) be {C3[2 V/ (bes) Js [2V/ (des) ] 


(bss) 1¥ [2 + 


[.J2(bes)] + Cy[2 y (bes) }} [17] 
Where J,(z) and Y,(z) are Bessel functions of the first and 
second kinds, respectively. Integration of Equation [17] yields 
the general solution for w 


w = Cy{QJo[2—/(bis)] + [2/ (bis) }J1[2-V/(bis)]} 


2Yo[2 v/ (bis)] + [2 v/ (bis) ]¥il2 Vv (bis)]} 


(bes) JJ (2 V/ (bes)]} 


t 


T C3} 27 [2 ¥ (bes ) | v [2~ 
+ C{2Vo[2 V/ (bes)] + [2 V/ (bes) ]¥il2 v/ (bas)]} + Ce. . (18) 


Solution of Equation [10a], which can be written as 


d d ( u ( dw ) 
s? = | vs w }cot a 
ds ds 8 ds 


yields the corresponding expression for the displacement u 


[19) 


. J [2 (bys) } 
2 cot a@ g Jo ile“ 18)] 


4 = 
' 2a (dis 


+ ws [2 4 (bs) 


L 


Y 


Yi [2 Vv (his)] + vY2(2 V (hs)) 7 + , {eM Bv ee) 
2 Vv (hs : f { 2 (bss) 
Y 2 b )] 4 

a Jo “8 [2 v (bss)! + vY;[2 V ow] 


4+. pJe[2 (des ) | > & 
216 V \2 { +) 24 (bes) 


+ Cy cot @ {20} 
It should be noted that, although there are five unknown con- 
stants of integration, only four boundary conditions are needed 
to determine the buckling load since the constant U; in both u and 
w corresponds to a rigid body translation in the direction of the 
cone axis 

Substitution of Equations [18] and [20] into the Boundary 
Conditions [9] yields, after some manipulation, the following 
criterion for instability of the cone 


(tu) + Qvry*¥2(2n) 
2QvJ 22) rn V2'(rn 2vY (22) 
+ Qvren* ¥o( 222) 
2vY 422) 


QvJ of re In Yo'( Zee 
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2y (bisi) ) 
= 2¥ (bisz) { 
= 2 -V/ (base) } 
and the primes indicate differentiation with respect to z. 
The stability determinant given by Equation [21] is rather 
complicated but gives a much simplified result when Poisson’s 
ratio v is set equal to zero. For this special case Equation [23] 


yields the two criteria 
) 


Ja! [2 V/ (bise) V2’ [2 V/ (diss) ] 


— J;'(2 V (bisi) V2" [2 V (bis) ] = 0 
.. [23] 


Ja! [2 V/ (be82) ]¥ 2" [2 V/ (ba81)] 
— J2'[2 V/ (bes:)]¥2" [2 V/ (bas2)] = 0 


It can be argued that buckling loads are usually not sensitive to 
Poisson’s ratio so that Equations [23] should be adequate for 
other values of v. 

The solution of Equations [23] can be expressed as 


82 
27 (hi, = X, = = 
V (bi,281) Ra n 
which expands to, from either equation 
eee ie: Oe "eae 
Peg cos?a 2 | (88;/t)+/[3(1 — v*)] cot a 


1,2,3 


a (8s; /t)+/ [3(1 — v*)] cot a 
ery. a ae 


Jnana. [24] 


The value of X,, to be used is that which yields the lowest value of 
P. For large values of the parameter 


(8s,/t)+/ [3(1 — v*)] cot a 
minimization of Equation [24] with respect to 
(8s,/t)+/[3(1 — v*)] cot a 
—e-Saee Fh AT 
yields 
P 
———- ss }. 25 
P.yi ~ C08? & [25] 
It is interesting to note that this is the buckling load of a 
cylinder having a thickness equal to the projection of the cone 
thickness on a plane perpendicular to the longitudinal axis. 


Discussion 


Although a particular mode of buckling has been assumed, the 
results of the present paper should be useful in determining the 
actual buckling load of cones of moderate length. The investiga- 
tion of reference (5) indicates that the theoretical axial buckling 
load of relatively long cylinders is equal to the axisymmetric 
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buckling load and that the actual buckling load can be expressed 


Pract = ¢(£) Pee... 


where r is the radius of the cylinder. This circumstance suggests 
that it may be possible to approximate axial buckling loads of long 
cones by 


as 


[26a ] 


r — 
P=C ( cos a) Preyi ~ CO8* a [26b } 
where 7 is some average radius of the cone cross sections. For the 
cylinder, the corresponding values of r/t and C are approximately 
as follows (5) 


600 
0.337 
1600 
0.183 


1400 
0.197 


1200 
0.218 
2400 
0.140 


1000 
0.248 
2000 
0.158 


800 
0.289 
1800 
0.169 


and can be represented by 


t \0-66 
C = 23.8 ‘) 


EXAMPLE 


[27] 


Given a cone having the following properties, what is the critical 
load 
a = 30 deg 
r; = 10 in. 
n= 30 in. 
E = 30 X 10 psi 
t = 0.02 in. 
v=1/3 


2rEt? 24 X 30 X 10° X 4 x 10~* 


Prey! « SS ae = - . 
Vv [3(1 — v*)] V(3 X 8/9) 


= 46,100 lb 


Then, from Equation [25] 
3 2 
P = 46,100 X (x ) = 34,600 Ib 


With 7/t taken as the average value of r/t for the cone, or 
ie ae 
~ 0.02 0.3 — 


r/t cos @ 1155 


C = 0.227 and Pac ~ 0.227 X 34,600 = 7580 lb 
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Electronic Analog Computer Solutions of 
Nonlinear Vibratory Systems of 


Two Degrees of Freedom 


By C. 


The main contribution of this paper is its account of the 
use of an electronic differential analyzer for solving the 
exact differential equations of certain two-degree-of-free- 
dom nonlinear vibrating systems, and the comparison of 
the differential-analyzer solutions with the approximate 
analytical solutions obtained from a single-term harmonic 
approximation (Ritz approximation). The results of these 
two methods for solving nonlinear differential equations 
compare favorably over much of the ranges of variables. 
Where discrepancies arise between the results of the two 
methods the value of the differential-analyzer approach 
can be practically appreciated. For example, in the region 
where superharmonics might be expected, the single-term 
harmonic approximation ignores them, while the analyzer 
solutions contain the superharmonic components of the 
exact solution. A secondary contribution of the paper is 
the account of the use of the differential analyzer for 
verification of suspected stability criteria for two-degree- 
of-freedom nonlinear vibrating systems. Analytical solu- 
tions that were reproducible on the analyzer were con- 
sidered stable; those that were not reproducible were 
considered unstable. This paper also can be considered asa 
call for further application of modern computer tech- 
niques to the problems of nonlinear mechanics. Since the 
computer solves the exact or complete differential equa- 
tions, the results are the complete solutions including 
transient phenomena, steady state, subharmonics, super- 
harmonics, and soon. These exact solutions are produced 
as functions of time which are analogous to the actual 
vibrations of the physical system studied. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


A = arbitrary constant in multiplier circuit 

¢; = spring constant, coefficient of algebraic expression for re- 
storing force 

D; = coefficient of damping term 

IC initial conditions on integrators 

m, mass 

m mass ratio m2/m, 


p = the ratio P/m, 
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Pp amplitude of harmonic disturbing force 
dimensionless displacement amplitude of mass m, 
dimensionless dependent variable of dimensionless dif- 
ferential equations of motion (q; = V 3/42; 
P P 
ratio = 
m ky? C} 


dimensionless disturbance amplitude Y 3/4y,s 

time, independent variable 

generalized variable of multiplier circuit 

instantaneous displacement of mass m, 

spring extension 

circular frequency of harmonic disturbing force 
frequency ratio 02/K, 

ratio ¢,;/m,; 

ratio K,*/K,? 

coefficient of nonlinear term in algebraic expression for 
restoring force. yu, has the units of reciprocal length 


L 


Code Words for Different Systems 


with a hardening main 


HOLO = 
spring and a linear coupling spring 
HILO = forced vibrations of system with a hardening main 


free vibration of system 


spring and a linear coupling spring. The disturbing force acts on 
the main mass 
SOLO = free vibrations 
pling spring. 
SILO = 


softening main spring; linear cou- 


forced vibrations linear 


disturbing force 


soitening main spring; 
coupling spring acts on the main mass 
LOHO 
coupling spring 
LIHO = 


coupling spring; disturbing force acts on main mass 


free vibrations; linear main spring; hardening 


forced vibrations; linear main spring; hardening 


LOSO = free vibrations; linear main spring; softening 
coupling spring 
LISO = forced vibrations; linear main spring; softening 


coupling spring; disturbing force acts on main mass, 


1 INTRODUCTION 


This paper is an account ol the results of the use of an electronic 
differential analyzer? for solving the exact differential equations 
of certain two-degree-of-freedom nonlinear vibrating systems. 
The differential equations are of the Duffing type; that is, the 
nonlinearities are in the form of nonlinear springs. The restoring 
forces in the springs are represented as polynomials of the form 
c(z + uz") where z is the spring extension. The springs can thus 
be linear, hardening or softening depending on mu and the + sign. 
For a further account of the systems studied refer to the next 
section. This paper can be considered further as experimental 
verification for the response curves of the systems as obtained by 
Beckman EASE 
Stanford Uni- 


2The electronic differential analyzer used is a 
computer located at the Timoshenko 


versity, Stanford, Calif 


Laboratory ’ 
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the approximate analytical method known as the Ritz averaging 


method. 

The results of the application of the Ritz approximation to these 
systems are presented, in part, in a paper by F. R. Arnold (1)? and 
more fully in his doctoral dissertation at Stanford University (2). 

The use of an electronic differential analyzer for the solutions of 
these nonlinear differential equations emphasizes its value as a 
scientific tool for the solution of the mathematicaliy untractable 
equations arising in nonlinear mechanics. The analyzer solutions 
presented in this paper verify the analytical results gotten by the 
single-term harmonic approximation over much of the ranges of 
variables but go further to show where the harmonic approxima- 
tion is deficient in depicting the true solution of the differential 
equations. The differential-analyzer solutions present the exact 
(within the accuracy of the analyzer) solutions of the vibrating 
systems studied. These solutions produced as functions of time 
indicate the nature of the vibrations and show, in the cases 
studied, the modified elliptic functions which are the solutions to 
the differential equations of the systems. In certain regions where 
the analyzer results differ from the analytical results the analyzer 
solutions show superharmonic components along with the funda- 
mental response given by the single-term harmonic approxima- 
tion. In other regions where the analytical results predict stable 
solutions the analyzer is unable to produce them, but only yields 
transients whose amplitudes increase with time, thus indicating 
instability of the vibrating systems. It is where the approximate 
analytical results do not tell the whole story of the vibrating sys- 
tem, that the differential-analyzer techniques prove most valua- 
ble. Modern analog computers are now available with ac- 
curacies of better than 1 -per cent for the generation of nonlinear 
functions. (The analyzer used in this paper can claim an accuracy 
of no better than 5 per cent.) The speed of the generation of solu- 
tions and the ease of reproducibility of solutions are additional 
factors for greater use of analyzer techniques for solving non- 
linear vibration problems. 

The analyzer results in this paper are presented as points in a 
plane whose co-ordinates are amplitude versus a squared fre- 
The amplitude for analyzer results 
represent q(t)max of the analyzer solution. The analytical re- 
sults are presented as response curves in the plane of amplitude 
versus squared frequency ratio. The analyzer results are thus 
compared with the analytical results over the frequency range of 
interest in the particular system studied. 


quency ratio (abscissa). 


The remainder of Part 1 describes the systems to be studied; 
presents the differential equations solved by the computer and de- 
fines the notation used in the paper. Part 2 presents the com- 
puter results and compares them with the analytical results. In 
Part 3 suspected stability criteria for two-degree-of-freedom non- 
linear systems are presented and the analyzer results are studied 
to confirm or refute these criteria. Part 4 is a general discussion 
of the analyzer results as compared with the analytical results with 
special emphasis on the discrepancies between the two methods of 
solution. 

(a) Systems Studied. The generalized system studied in this 
paper can be represented in mechanical notation as shown in Fig. 
l(a). The figure shows two masses and two springs with a har- 
monic disturbing force acting on the left-hand mass. The left- 
hand mass is referred to as the ‘‘main’’ mass, the left-hand spring 
the main spring. The right-hand spring is the “coupling” 
spring, the right-hand mass the ‘‘absorber’’ mass. The springs in 
this system will exhibit the nonlinearities. A spring which gets 
stiffer with stretching will be referred to as a hardening spring, 
Fig. 1(b). One that gets less stiff with stretching will be called a 


* Numbers in parentheses refer to the Bibliography at the end of 
the paper. 
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softening spring. Ths a spring may be linear, hardening, or 
softening and will be symbolized by the letters L, H, or § in the 
code word for any particular system. The code word (developed 
for reference 2) will be a group of four letters which will charac- 
terize the system as to type of spring, and whether or not a dis- 
turbing force is acting on the system. As an example, consider a 
system in which the main spring is a hardening spring, the 
coupling spring is linear, and the system is vibrating freely; the 
code word for the system is HOLO. Forced vibrations of this 
system with the disturbing force acting on the main mass is in- 
dicated HILO. Systems with a disturbing force acting on the 
absorber mass will not be considered. The nonlinearity assumed 
present in the systems to be treated is the cubic restoring force 
commonly associated with Duffing’s equation of single-degree-of- 
freedom systems. The possibility that a spring may be nonlinear 
is represented in Fig. 1(a) by the constants u,? and we”. Fig. 1(b) 


Pecos Mt 
> 


MARDENING SPRIN 


SPRING EXTENSION RVE 


Mope. or MECHANICAL SysTeM AND SpriNo Force VerRst 


SprRinG ExTension CuRVES 


Fie. 1 


gives the expression for a nonlinvar restoring force as c(z + uz?) 
where z is the spring extension. 

Applying Newton’s second 'p w to the system shown in }ig. 1(a) 
the most general equations of motion »re as follows 
“ 


) + wer. x; )] 
= P cos Qt 


mid, + c(a, + pi2x,*) — c2[(z2 


Mz#e + C2[(t2— a1) + p22 — Z1)'] = O..... [1] 
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The coefficients c; and c: are the usual spring constants, and 4, is 
the square root of the constant coefficient of the nonlinear term 
and has the units of reciprocal length L~'. Note that with u:? = 
M2? = 0 the system is reduced to the linear vibration-absorber 
system with the code words LOLO or LILO representing it. 
The positive sign used before u,? indicates a hardening spring, the 
negative sign a softening one. With u.? = 0, u,? = 0, and the 
negative sign used before yu? the system would be referred to as 
SOLO for free vibrations, or SILO for forced vibrations. The sys- 
tems to be studied in this paper are: 

1 HOLO, HILO, SOLO, SILO. 

2 LOHO, LIHO, LOSO, LISO. 

Other systems representable by different letter combinations 
are not considered herein (e.g., SISO). 

(b) Dimensionless Differential Equations Solved by Computer. 
The specific differential equations of motion of each system were 
derived from the general Equations [1] by the choice of the co- 
efficients of the nonlinear terms. These specific equations were 
then made dimensionless and solved on the electronic analog 
computer. Mr. Arnold’s results were presented by plotting his 
calculated values of Q;, a dimensionless amplitude, versus 7?, a 
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squared-frequency ratio. To verify these results the amplitudes 2 The range of resonance 0.75 < 9? < 0.85 was avoided 
of the computer solutions q,(t) are compared with the Q; of the 3 0.85 < yn? < 1.0. In this range three possible values for Q, 
calculated results for corresponding values of 7?. and Q: are calculated. The computer produced results correspond- 
The dimensionless differential equations solved by the com- _ ing to the lower branch of calculated response curve, mari.ed 2. 
puter for the particular systems are as follows; first for HILO and 4 1< »* < 3.0 for curves 2. Computer solutions were ob- 
SILO we have tained for this range of n*. For 7? above 1.7 the computer re- 
sults indicate an amplitude from 10 to 20 per cent greater than 
R*m(q2 — m) = § cos a| the calculated results. 
5 1.65 < 9? < o. In this range three possible solutions are 
indicated; the curves 2 and the looped curves 3. The computer 
produced solutions for the curves 2 (mentioned previously) and 
for the lower loops only of the curves 3. 
in which the use of the positive sign before the nonlinear term in b) Computer Results for SILO and SOLO. Fig. 4 presents the 
the first equation yields the equations for HILO; the negative calculated response curves for system SILO (and SOLO 
sign gives the equations for SILO. For free vibrations § = 0. (These are the code words for a system with a softening main 
Then spring and a linear coupling main spring.) The computer results 
* ire represented by circles (Qh ) and crosses (Qe) for forced vibra- 
Ee tions, and squares ( Q and triangles (2) lor tree vibrations. The 
K,? results for free vibrations can be summarized as follows: 
2 Response curves for free vibrations are calculated for the 
K» * Mi) = Q \d v) range 0.2 < 9? < 0.73 and 1.12 < yn? < 1.37. The computer would 
i produce no stable free vibrations for 7? < 0.56. The « omputer re- 
for systems LIHO and LISO, depending on whether the upper or sults obtained for the remainder of the range of 7? fall 10 to 20 per 


lower sign is used cent below the calculated re sponse curves 


T™ 
|| 
|| 


Fic. 2 GENERALIZED ComPpuTER CIRCUIT 


The computer solved these reduced equations for m = 0.1, Fic. 3 CarcuLarep Response Curves ann Ce ResuLts 


. ‘ Be . " aoe me Oo O Sys 
K,? = K,? = AK? = 1,5 =0.1. (System LISO is solved for § = ror THE HII roreM 


. , Hardening main spring 
0.1 and § = 0.03 ig main 8} g 


A generalized computer circuit is shown in Fig. 2. 
2 Computer REsuLts 


(a) Computer Results for HILO and HOLO. Fig. 3 presents the 
calculated ‘response’ curves for system HILO and HOLO 
(these are the code words for a system with a hardening main 
spring and a linear coupling spring). The computer results are in- 
dicated by small circles (Q,) and crosses (Q») for forced vibrations 
and by squares (Q,) and triangles (Q2) for free vibrations. The 
crosshatched curves indicate that such curves are suspected to be 
unstable. This will be considered in Part 3. 

The computer results for free vibration (HOLO) are in agree- 
ment with the calculated results. 

The computer results for forced vibrations (HILO) confirm the 
calculated results in the following ranges, see Fig. 3: 

1 0 < »*? < 0.7. Computer solutions were obtained for this 


fn. Th litud f th luti Fie. 4 CarcuLtatep Response Curves anp Computer Resvutts 
range ol 7°. 1e amplitudes of these solutions are seen to check FOR THE SILO SysTem 


the calculated amplitudes quite well in this range. Softening main spring 
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The computer results for forced vibrations of SILO are as 
follows: 

1 0<7?<0.5. Three possible amplitudes for an 7? are given 
by the calculated results in the range. They are looped curves 1 
and the curves 2. Computer results were obtained for only the 
lower loop of curves 1. Computer results for curves 2 could not 
be obtained for n? < 0.6. Note that this corresponds to the range 
for which free vibrations could not be produced. 

2 0.6 < 9? < 1.0. The computer produced solutions through 
this range. A damping term 0.1 ¢; was required to go through the 
region of the resonance for Qo. 

3 1.0 < 9? < 1.2. Three possible solutions are calculated for 
this range. The computer produced only the lower branches of 
curves 2, 

4 1.2<7n*<2. Thecomputer produced results corresponding 
to curves 3. A damping term was needed in the range of reso- 
nance. The computer results fall 20 per cent below the calculated 
response curves. 

(c) Computer Results for LIHO and LOHO. Fig. 5 presents the 
calculated response curves and the computer results for system 
LIHO and LOHO. (This system has a linear main spring and a 
hardening coupling spring.) The notation is similar to that in 
Figs. 3 and 4. 
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The computer results confirm the calculated results over the 
range from 0 < n? < 1.96. Above n? = 1.96 there are three re- 
sponse curves. The computer produced solutions for curves 2 
and the lower branches of curves 3. 

(d) Computer Results for LISO and LOSO. The calculated 
response curves and the computer results for LISO (LOSO) are 
given in Fig. 6 for an § = 0.1 and in Fig. 7 for an § = 0.03 
Computer results could not be obtained for free vibrations for the 
range 1 < 9? < 1.16. The results for forced vibrations are as 
follows: 

(a) § = 0.1, Fig. 6 

1 0< 9? < 0.5. Three pairs of calculated response curves 
are given in Fig. 6 for this range of n*. Computer results were ob- 
tained for only the lower branches of the looped response curves 
marked curves 2. Neither curves 1 nor curves 3 could be pro- 
duced. 

2 0.5 < yn? < 1.4. No computer solutions were obtained in 
this range even with a damping term 0.14; in the circuit. 

3 1.4 < n* < 3. Computer results were obtained in this 
range to correspond with curves 3. 

(b) § = 0.03, Fig. 7. 

1 0 < 9? < 0.6. Three pairs of calculated response curves 
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are given for this range of n?. Computer results were obtained for 
only the curves marked 2+. 

2 0.6 < ?< 0.98. In this range of n? only one pair of caleu- 
lated curves is given. Computer solutions were found to cor- 
respond to these curves in this range. The magnitudes of the 
computer results for g:(f)max are as much as twice the calculated 
values however. A damping term of 0.14; was used in this range. 

3 0.98 > yn? < 1.20. All solutions failed in this range unless 
a damping term 0.14; was used. 

4 1.20 < n? < 3.0. The computer results gotten for this 
range verify the calculated curves. 


3 Suspecrep CRITERIA FOR NONLINEAR Systems For Two 


DEGREES OF FREEDOM 
(a) Stability Criteria. The stability criterion for nonlinear sys- 
tems of a single degree of freedom requires that the partial 
derivative of the form 0| Q |/d5 be larger than zero. The sus- 
pected stability criteria for nonlinear systems of two degrees of 
freedom are d| Q,; |/25 > 0; that is, the partial derivative of each 
amplitude Q, and Q, with respect to § must be positive. If one 
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(or both) of the partial derivatives is (are) negative the system is 
suspected to be unstable. 

Figs. 3 to 7 which contain the calculated response curves 
have some of these curves with crosshatch lines over them. This 
crosshatching indicates that the particular response curve is 
suspected to be unstable. The remainder of this part of the paper 
will discuss the computer results in the light of the suspected sta- 
bility criteria. 

(b) Stability of System HILO (hardening main spring). The 
suspected unstable response curves for system HILO are indicated 
by the crosshatched lines in Fig. 3. These are the upper loops 
of curves 2 (0.85 < 9? < 1.0; 2] Qi2|/5 < 0) and the upper 
loops of curves 3 (1.65 < 9? < ©; d| Qi2|/03 < 0). No com- 
puter results were obtained to correspond with any of these re- 
sponse curves which are suspected to be unstable. Computer 
results were obtained to correspond with the remainder of the re- 
sponse curves, all of which are suspected to be stable. 

(c) Stability of the System SILO (softening main spring). The 
crosshatched curves in Fig. 4 indicate that those response curves 
are suspected to be unstable. The upper loops of curves 1 (0.17 < 
n? < 0.6; 2| Q:.2 |/O5 < 0) and the upper loops of curves 2 (1.11 < 
n? < 1.26; 2) Qi2 |/2F < 0) are so marked. No computer results 
were obtained for these ranges of 7. 

The free vibrations for this system (SOLO) are of interest with 
regard to stability criteria because computer solutions for free 
vibrations for the range n*? < 0.56 could not be produced. No 
reason is suggested for this lack of free vibrations and no sus- 
pected stability criterion for free vibrations is presented. This 
fact is mentioned because forced vibrations could not be produced 
for nearly the same range of suspected stable curves 2 (0.3 < 7? 
< 0.6) for which free vibrations could not be produced. 

The remainder for the computer results for system SILO bear 
out the suspected stability criteria. 

(d) Stability for System LIHO (hardening coupling spring). 
The crosshatched response curves in Fig. 5 indicate that the 
upper loops of curves 3 (1.94 < 4? < @; d| Qi2 |/d5 < 0) are sus- 
pected to be unstable. No computer solutions could be obtained 
to correspond with these response curves. Stable computer re- 
sults were obtained, however, to confirm the suspected stability 
criteria for the remainder of the response curves. 

(e) Stability of System LISO (softening coupling spring): 

1 s = 0.1, Fig. 6. The crosshatched response curves in 
Fig. 6 marked 3+ in the range 0 < n? < 1.4, are suspected to be 
unstable since d| Q, |/0s > 0; | Q2|/23 <0. No computer re- 
sults were obtained to correspond with response curves 3 in the 
suspected unstable range. Although the remainder of the re- 
sponse curves are suspected to be stable no computer results could 
be obtained for the curves 1 (7? < 0.5 to the point where the rela- 
tive displacement is greater than 0.866). 

Computer results could not be produced for free vibrations of 
this system (LOSO) for the range 1.0 < 7? < 1.16. 

2 § = 0.03, Fig. 7. The 
marked 3+ in Fig. 7 for the range 0 < n* < 0.6 are suspected to 
be unstable since d| Q, |/25 2 >0 and d| Qs |/d5 < 0. No computer 
results were obtained for these curves. No computer results were 
obtained for curves 1 although they represent stable vibrations as 
long as the relative displacement is less than 0.866. 

In the range 0.96 < 7? 


crosshatched response curves 


n? < 1.04 the upper branches of the curves 
3 are unstable. The computer results in the range were obtained 
only for the lower branches of the curves 3. The range 0.96 < n? 
< 1.1 is a resonance band in which a damping term was needed to 
produce a computer response. The computer solutions are un- 
stable without damping because the spring extension exceeds the 
limit of (Q: + Q:) = 0.866. However, the unstable range ex- 
tended to n? = 1.20 for computer solutions. 
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CoMPARISONS BETWEEN SusSPECTED STABILITY 


CRITERIA AND Computer RESULTS 


SUMMARY 0} 


The suspected stability criteria for nonlinear systems of two 
degrees of freedom are 0} Q 0s > 0; 0} Qe if §>0 

Unstable response curves were suspected if one or both of 
these criteria did not hold. The following summary relates com- 
puter results with suspected stability regions: 

(a) For system HILO there is complete correspondence be- 
tween computer results and the suspected stability criteria 

b) For system SILO there is considerable correspondence be- 
tween the computer results and the suspected stability criteria. 
The only discrepancy occurs along “curves 2” of Fig. 4 for the 
0.6 where response curves are suspected to be 
Note that this 


where free vibrations (SOLO) 


range 0.28 < 7? « 
stable 
corresponds closely with the range 


No computer results were obtained. 


could not be obtained. 

c) For system LIHO there is complete correspondence be- 
tween the computer results and the suspected stability criteria 

d) For system LISO with § = 0.1 there were no computer re- 
sults for curves 1 of Fig. 6 although they were suspected to be 
stable. Free vibrations (LOSO) could not be produced for the 
range 1.0 < ? < 1.16. 
stability criteria for the rest of the response curves. 


e) For system LISO with § = 0.03 there were no computer re- 


The computer confirmed the suspected 


sults for the curves 1 of Fig. 7 although they were suspected to be 
stable. Except for the resonance range of n*, the computer con- 
firmed the suspected stability criteria for the remainder of the 


calculated response curves. 


4 Discussion or CompuTEerR REsuuts 
a) The computer results for the HILO system (hardening 
main spring) as given in Fig. 3, compare favorably with the calcu- 
lated response curves. The reason that computer results for both 
Q, and Q: are larger than the analytical results for n? > 1.7 is not 
It is interesting to note that Mr. Sethna (5) had similar 
The fact that the computer results 


too clear. 
results for a similar system. 
for Q» are less than the analytical results in the range 1 < n? < 1.7 
can only be explained by saying that single-term harmonic ap- 
proximation yields too large an amplitude. The fact that the 
analyzer results for free vibration in the range n? > 1.3 follow 
the calculated results quite well indicates (to the author) that the 
analyzer results for forced vibrations are close to the true ampli 
tudes 

In the range 0.1 < 7? < 
produced on the analy zer solutions 


0.4 superharmonic components are 
For § = 0.1 the amplitude 
of these components is less than 10 per cent of the fundamental 
When § was increased to 1.0, superharmonics with amplitudes 
These 


It might also be stated that these 


equal to 50 per cent of the fundamental were produced 


are not indicated in Fig. 3. 
harmonics were of third, fifth, and higher orders depending on n? 

b) The computer results for SILO 
given in Fig. 4 for n? < 0.2 show Q, and Q, at least 50 per cent 


softening main spring) 


greater than the calculated response curve. This can be a 
counted for by harmonic components generated in this range 
The computer solutions produce these harmonic components. No 
obvious reason can be given for the fact that free vibrations can 
not be produced by the computer in the range n? < 0.6. It is 
noted that for both cases of softening springs presented here, in 
SILO and LISO, that no free vibrations are produced beyond the 
maximum point in the Q.-curve for free vibrations. Further in- 
vestigation into the energy relationships in the systems might 
clear up these problems. 

(c) The LIHO system of Fig. 5 has no discrepancies to discuss. 
The computer results and the calculated response curves are in 
good agreement. There is some computer evidence of super- 


harmonics for n? < 0.3. 
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(d) The LISO system of Figs. 6 and 7 presents some evidence 
concerning the ‘‘danger zones” and “‘forbidden regions’’ sometimes 
mentioned when considering the LISO system as a nonlinear vi- 
bration absorber system. Roberson (6) has defined forbidden 
regions as starting at such amplitudes where the tangent to the 
softening spring-characteristic curve becomes horizontal. Ar- 
nold (2) allows the softening spring to be extended further to the 
point of negative restoring force, thus producing a narrower for- 
bidden region than Roberson. 

Computer results of Fig. 6 with § = 0.1 indicate that no solu- 
tions are producible for the range 0.5 < n? < 1.4 even with heavy 
damping. Arnold’s work indicates a forbidden region of 0.9 
< n*? < 1.15. Computer results indicate that Roberson’s for- 
bidden regions are closer to the computer results than Arnold’s. 
Similarly, in Fig. 7 for the LISO system with 5 = 0.03 the com- 
puter’s forbidden region is from 0.6 < ? < 1.2 since damping 
was required to produce a stable solution, whereas Arnold’s for- 
bidden region is 0.98 < n* < 1.08. 

The results of this paper indicate the value of an analog com- 
puter for solving the nonlinear-vibration problems arising in non- 
linear mechanics. The fact that the computer can easily solve the 
mathematically untractable differential equations and produce 
exact solutions as functions of time make such a computer valua- 
ble not only for experimental verification of analytical results 
but also as a tool for probing the unknown areas of the vast field 
of nonlinear problems. 


JOURNAL OF APPLIED MECHANICS 


DECEMBER, 1956 


ACKNOWLEDGMENT 


The investigation of nonlinear systems presented in this paper 
was made under the direction of Prof. Karl Klotter of Stanford 
University. The subject matter of the paper is part of the results 
presented in a thesis for the Degree of Engineer received at 
Stanford University, 1955. 


BIBLIOGRAPHY 


1 “Steady-State Behavior of Systems Provided With Nonlinear 
Dynamic Absorbers,"’ by F. R. Arnold, JournaL or AppLtiep Me- 
cHanics, Trans. ASME, vol. 77, 1955, pp. 487-492. 

2 “Steady-State Oscillations in Nonlinear Systems of Two De- 
grees of Freedom,”’ by F. R. Arnold, PhD thesis, Stanford University, 
1953. 

3 “Nonlinear Vibrations in Mechanical and Electrical Systems,” 
by J. J. Stoker, Interscience Publishers, Inc., New York, N. Y., 1950. 

4 “A Comprehensive Stability Criterion for Forced Vibrations in 
Nonlinear Systems,’"’ by K. Klotter and E. Pinney, JourNaL or 
AppLiep Mecuanics, Trans. ASME, vol. 75, 1953, pp. 9-12. 

5 “Steady-State Motion of One and Two Degrees of Freedom 
Vibrating Systems With a Nonlinear Restoring Force,’’ by Pathrasp 
Rustomji Sethna, Proceedings of the Second U. 8. National Con- 
gress of Applied Mechanics, ASME, 1954, pp. 69-78. 

6 “Synthesis of a Nonlinear Dynamic Vibration Absorber,” by 
R. E. Roberson, Journal of The Franklin Institute, vol. 254, 1952, no. 3, 
pp. 205-220. 

7 “Analysis of a Nonlinear Dynamic Vibration Absorber,”’ by 
L. A. Pipes, JourNau or AppLtizp Mecuanics, Trans. ASME, vol. 
75, 1953, pp. 515-518. 





Transient Response of a Nonlinear System 
by a Bilinear Approximation Method 


By E. I. ERGIN 


A line-segment approximation for a nonlinear elastic 
force has been developed which makes it possible to obtain 
analytical solutions to a number of transient-load prob- 
lems which formerly could be solved only by graphical 
or numerical methods. It is shown that for many prob- 
lems involving even large nonlinearities, two line segments 
only are sufficient to give satisfactory accuracy. For some 
problems where the classical analytical approximate 
methods of Lindstedt or of Kryloff and Bogoliuboff can be 
applied, it is shown that the bilinear method leads to an 
improved accuracy. 


NOMENCLATURE 
The following nomenclature is used in the paper: 


= displacement 
transition constant 
first and second spring constants of bilinear approxima- 
tion 
transition amplitude 
transition time 
kyx 
kex +- xk, — ke) 
nonlinear portion of the spring force 
linear plus nonlinear spring force: kix + A(x) 
nonlinear parameter 
or x(0), initial amplitude 
or £(0), initial velocity 
forcing function 
pulse length 
phase angle 
maximum deflection 
approximate displacement for |z| < z, 
approximate displacement for |z| > z, 
transition velocity (v,) 
linear frequency 


INTRODUCTION 


Steady-state forced vibrations of nonlinear systems have been 
treated by many investigators and a number of special features, 
such as jump phenomena, ultra and subharmonic resonances, 
which cannot be found in linear systems, have been discussed. 
At present, however, no analytical method exists for the treat- 
ment of a large class of problems involving transient motions. The 
present investigation was undertaken primarily to find a proce- 
dure for solving pulse-excitation problems in nonlinear systems, 


1 At present with Beckman Instruments, Inc., Fullerton, Calif. 

Presented at the West Coast Conference of the Applied Mechanics 
Division, Pasadena, Calif., June 11-16, 1956, of THe American 
Society or MecHANICAL ENGINEERS. 

Discussion of this paper should be addressed to the Secretary, 
ASME, 29 West 39th Street, New York, N. Y., and will be accepted 
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received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received by ASME Applied Mechanics 
Division, January 18, 1956. Paper No. 56—APM-37. 


and to develop a method which would combine the advantages of 
engineering accuracy with ease of application. Numerical and 
graphical methods are, of course, available for such problems. 
These numerical methods, however, are not only long and 
tedious to work out, but they almost never exhibit answers in a 
general form so that the effect of parameter changes can readily be 
seen. 

It is a well-known principle that any function can be approxi- 
mated by a number of straight line segments. Each line can be 
determined by its slope and a point through which it passes; 
this point can be picked to be the transition point where two seg- 
The slopes and the transition points can be deter- 
mined such that the mean square error between the function and 


ments meet 


the series of line segments is minimized within a range of variables 
The application of this idea to the solution of nonlinear equations 
is a direct one. Any nonlinearity, which is a function of the de- 
pendent variable only, can be described by a number of line seg- 
ments which are determined to approximate the nonlinear func- 
tion as closely as possible. The problem, then, resolves itself to 
the solution of the same number of linear equations as there are 
line segments, with the proper matching of displacement and 
velocity at the transition points. The determination of the opti- 
mum slopes and the transition points for n line segments requires 
the solution of (2n 1) nonlinear algebraic simultaneous equa- 
tions. 

There are certain simplifications which bring this method of 
Most 
functions encountered in practice can be approximated satisfac- 
In addition, it is possible to 


linear approximations within the realm of practicability. 


torily by two line segments only. 
choose the slope of the first line segment as the slope of the func- 
tion at the origin without appreciable loss of accuracy. This sim- 
plifies the problem to the determination of the second slope and 
the transition point only, by minimizing the mean square error. 

It will be shown that for any nonlinearity which can be ex- 


pressed as a power in the dependent variable, the second slope 
and the transition point are simple functions of the maximum 
It also will be shown that for small nonlinearities the 
solution of the problem in many cases is insensitive to the exact 
choice of the maximum deflection used to calculate the parame 
ters of the bilinear approximation, and hence the choice of the 


amplitude. 


linear maximum amplitude for this purpose gives satisfactory re- 
sults 

One of the significant applications of the concept of the line- 
segment approximation is in the field of electric analog computing. 
It has always been difficult to synthesize exactly nonlinear func- 
tions for the purposes of electrical analog computations, and ap- 
proximation by straight line segments has been one of the common 
ways of handling the problem. The studies of the present paper 
indicate that, for many such problems, line-segment approxima- 
tions of a simple form will give results which are well within the 


accuracy of an analog computer. 
Tue BrrnearR Meruop 
A differential equation of the following form will be investigated 


d*r 


dt? 


T kz + h(x) = F(t) 1} 
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It will be shown that Equation [1] can be approximated by two 
linear equations 


od 

, dt? 

d*z 

ae 

where g:(z) and g(x) are linear functions of z, and 2, is the 


transition amplitude where the linear restoring force changes from 


gi(z) to gx(zx). 

For purposes of simplification g,(x) is taken to be equal to k,z. 
In other words g;(x) will have a spring constant which is the 
slope of the nonlinear restoring force at the origin. Then 


+g(z) = F(t) for |z| <2, 


+ g(r) = F(t) for |x| > 2, 


g(t) = kz, glx) = kee + 2k, — ke) 


where z, and kz are as yet undetermined constants. This form of 
g2(z) guarantees that at z = z,, g:(z) = g2(x); in other words, at 
the transition point the spring force is continuous. 

Terms z, and k, will be determined such that the mean square 
error (FE?) between the nonlinear spring force and the bilinear 
spring force is a minimum. Hence 


Bm 21 f™ tover—atonras + f™ tone) —ater ash 
m 0 Zz / 


where g;(z) and g(x) are defined by Equations [4], and z,, is the 
maximum amplitude of the oscillations. Later on the exact na- 
ture of z,, and its importance in the solution of the equation will be 
discussed more fully. 


The condition that £* has an extremum is 


(E*) 
oz, 


ir2 
a = (0) [6] 


Since g:(x) and g(x) are not functions of z,, Equation [5] be- 
comes 


oe) 1 
oz, | 


Im 
+ 2 f [ox(z) — g(2)) eee) ae ~ oxtz,) — xz =0 
“4 


ze 8 


{iacro — o(z,)}" 


Since g:(z,) = g2(z,) by definition, and 
dg2(r) 
O(z,) 


is a constant with respect to z, the foregoing equation becomes 


1 [g2(z) — g(x)] dx = O.. . [7] 


Zz 


Condition [6] will give the equation 


oe dg2(z) 
)—g(x)) = dr =0 
f a ™ : Oke ‘ 
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hence 
} [gxz) — g(x)] (2 — z,)dx = 0 
and because of Equation [7] one gets 
; hy (g(x) — g(z)]a dz = 0. (8] 


Putting the value of g.(z) in from the Equation [4] and letting 
g(x) = k(x) + h(x), Equations [7] and [8] will simplify to 


Lijeladladdcarell owe i h(z)dz.. . _. [9] 
(2, — 2)? 


qt 


ees ae Spat a aS 3 h(x)z dr... [10] 


“ (z,,— 2) 2rm +2) J,, 


Simultaneous solution of Equations [9] and [10] will give the 
required values of kz and z,. If h(x) is a single power in z instead 
of being a polynomial, the problem can be solved quite easily. 
Let A(z) = ex* where n > 1, and let 


2, = G2,... [11] 


where a is a proportionality constant. Then Equation [9] be- 


comes 


2er,,"~ (1 —_ a"*!) 


—— (1 — a)*%n + 1) 


and Equation [10] becomes 


6exr..*-"1 — a*+?) 
h—h = —__been* (1 — 2 


~ (1—a)%a + 2)(n + 2) 
Solving for a from Equations [12] and [13] 
_ 3(n + 1) 1—a"*s 


2 
“+ n+2 1- 


-q" +1 
Since a < 1 and n > 1, one can take 
1 — a**? 
a ~ 
1 — g**! 
in which case Equation [14] simplifies to 


n—1 


= —, [15] 
n+2 


where n is the power of the nonlinear term. With this value of 
a, kz can be calculated from Equation [12]. 


APPLICATIONS OF MeTHoD 


An equation with cubic nonlinearity in the spring force will now 
be solved by the bilinear method for various transient exciting 
functions, and the results will be compared with solutions of known 
accuracy formed by analytical, numerical, or graphical methods. 

The differential equation to be solved is 


& + kx + ex* = F(t) = Fo = const........ . [16] 
where # is the second derivative of x with respect to time, and the 
mass of the system is taken as unity for simplification of the alge- 
bra. 

Equation [16] will be approximated by the two linear differen- 
tial equations 


4 + kyr = F, |z| < 2, . [17] 


and |z| > 2,... 


B, + kere + 2(ki — he) = Fo 





ERGIN 
The initial conditions for x; will be 
Att =0 
z,(0) = #(0) =0 
and the conditions for z; at t = t, 
a(t.) = x(t,) and z(t.) = 2(t,) 


Terms z, and kz are determined from Equations [11] and [12], 
respectively, and the constant a used in Equations [11] and [12] is 
given by Equation [15]. The solution of Equation [17] satisfying 
the initial conditions will be 


Fo 
ky 


y1= (1 — cos w,t) [20] 
where w, = +/k;, since mass was taken as unity. 


For 2, = z, 


Fy 


COS w@t,) 


ts] 
or = 


hence 


Foon . rt ; kiz, 
Z(t.) = 4 sin wl, = yin — 7, 
The solution of Equation [18] is 
_ Fo + aks — hi) 


+ A cos (wet + >) 
ke 


2 
where GQ: = ¥\ ‘ke. 
In order to satisfy the conditions of Equation [19] 


Fo + 2,(ks — ki) 
z,= 
ke 


.. fhe 
z(t.) = Fox, (| 2 os = —Aw>» sin (Wet, + ) 
t F 
0 


A and ¢ are found by solving the two simultaneous Equations 
[24] and [25]. Thus 


Fy 


+ A cos (wel, + ) 


. [25] 


So far nothing has been said about the choice of maximum de- 
flection z,, from which the second slope kz and the transition am- 
plitude x, are determined. It will be shown that this choice is not 
very critical and an error relationship for the maximum deflection 
for any power of nonlinearity will be derived. 

Assume that the actual maximum deflection Z,,, as found from 
the solution of the bilinear equations, differs by an amount 6 
from the assumed maximum deflection z,, such that 6/z,,< 1. 
Hence 
[28] 


and z 


where s is any power. 


TRANSIENT RESPONSE OF 


A NONLINEAR SYSTEM 637 

The differential equations of motion were given by Equations 
{17} and [18]. Letting 2, = »; and #: = v; and integrating Equa- 
tion [17] between the limits of 0 < 2; < z, and Equation [18] be- 
tween xz, < 2: < #,, where Z,, is the maximum deflection defined 
by the point where the velocity is zero, we obtain 


ky 
> 


=o! + [29] 


zr? = Foz, 


(since the initial displacement and the velocity are zero), and 


ke 
9 (2,,* — z,*) 


> 


rke ki (2m Z,) = Foz, zy 30 


Combining Equations [29] and [30] and putting the value oi 


(ke — k,) in from Equation [12], the value of 


31] 


Equation [31] clearly shows that any small change in 6 will not 
affect the value of Z,, as found from this equation as long as 6/2,, 

1, or better yet, is of the order of ¢. This means that the 
original assumption of #,, can be made quite freely as long as it is 
in the neighborhood of the correct deflection. 

This suggests that one can choose, for example, the linear 
maximum deflection in order to calculate the second slope k; and 
the transition point z, without any appreciable loss of accuracy 
For very large nonlinearities where the actual maximum deflec- 
tion may be very different from the linear one, an iterative proce- 
dure can be developed. 

If 6 is taken as zero in Equation [31 

€z,, 

T +1 

is obtained. This is the best that can be done by the bilinear ap- 
proximation. In other words, the maximum deflection calculated 
from Equation [32] will be the most accurate possible using the 
bilinear method. The exact maximum-deflection equation can be 
obtained, in this particular case, by integrating the original non- 


linear Equation [16]. This integration will give 


From the comparison of Equations [32] and [33] the difference 


is seen to be 


€ 
n+1 

Since a < 1, as n gets large the foregoing difference will approach 
zero. This means that for a given maximum deflection the ac 
curacy of the solution will increase with increasing powers of non- 
linearity. 

For a cubic nonlinearity (n = 3) the two amplitude equations 
are of the form 


0.50er,,* + kiz,, 2F, = 0 (exact) [34] 
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Fig. 1 


0.487ez,,? + kiz,,— 2Fo = 0 (bilinear) ....... . [35] 


It is seen that even for very large nonlinearities such that the 
linear term k,z,, can be neglected compared to the nonlinear term 
¢€,,, the error in maximum amplitude is only about 1 per cent. 

In the step-function response, then, for any power n and co- 
efficient € of the nonlinearity, the error in maximum deflection will 
always be less than 

a” +1 


3 X 100 per cent 


Two numerical examples have been worked out for this case, 
and the results for a quarter period are shown in Figs. 1 and 2. 
These figures also include the linear solution, the exact solution, a 
solution obtained by the Kryloff procedure (1),? and a solution 
obtained by the method of equivalent linearization (2) for 
comparative purposes. In Fig. 1 


and in Fig. 2 


€ € 
— = — = | (large nonlinearity) 
ky Wo? 


? Numbers in parentheses refer to the Bibliography at the end of the 
paper. 
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In both of these instances the bilinear approximation follows the 
exact solution very closely. 

The exact solution is obtained by performing a numerical inte- 
gration of the integral 


3% dz 
t= a 
° V (2. — kx? — . “) 


It is interesting to note that if the exact maximum amplitude 
of 1.74 (for ki = 1, € = 0.1, and Fy = 1) is used to determine the 
parameters of the bilinear approximation, the calculated maxi- 
mum amplitude will be 1.75. If, however, instead of the exact 
maximum amplitude of 1.74, the linear maximum amplitude of 2 
is used to calculate the parameters of the bilinear approximation, 
the resulting equations will give a maximum deflection of 1.73, 
which is still within 1 per cent of the exact maximum deflection. 
This fact numerically illustrates the flexibility in the choice of the 
maximum amplitude upon which the parameters of the bilinear 
approximation are based. 

From the foregoing solution we also may obtain the solution to 
the square pulse-excitation problem. Suppose that F(t) in Equa- 
tion [16] is replaced by 


F(t) = F = econst for O-: 
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F(t) =0 for t>r= a 
We 
The treatment of this rectangular pulse is quite simple since the 
step-function response and the homogeneous solutions are readily 
available. A particular example has been solved and the results 
are shown in Fig. 3 (3). For comparison purposes the linear solu- 
tion is drawn on the same graph. The effect of nonlinearity on 
both the frequency and the amplitude becomes quite apparent. 


— 


Hawr-SinE Putse Excitation 
We next replace F(t) in Equation [16] by 


sinwt for O<it<r 


F(t) = 


F(t) =0 for t>rT 


Here the bilinear method is expanded into a region where no 
analytic solution, approximate or otherwise, has been obtained. 
The only available tool for such problems as these has been the 
use of graphical integration or numerical iteration methods, both 
of which are very time consuming (4, 5). 

To check the results obtained by the bilinear approximation, 
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exact solutions to the problems are obtained by numerical itera- 
tion of the differential equations. 

Let the differential equation of motion be 
O0<t< 


= + kx + ex? sin wt 


+ kx + ez’ 


For ¢ = w/w the solutions of the differential Equations [36] 
and [37] must correspond. The initial conditions are 

Att =0 

z(0) = 2(0) = 0 one [38] 

Since an exact solution of Equation [37] exists, the main in- 
terest lies in finding an approximation to the differential Equation 
[36] such that the motion during the pulse can be obtained. The 
complete analysis requires the solution of a transcendental equa- 
tion and hence cannot be done in a general form. 

In the following example a numerical solution will be worked 
out by the bilinear method to show the amount of work involved 
in such a calculation. 

Let the differential equation be 


sin 2¢ 


T 
t> 
2 
For a cubic nonlinearity the transition amplitude was calculated 


to be 


and the second slope 


ke = ky + 1.352,,2 + 1.352,,2 [41 


(z,,) is calculated as the maximum amplitude of the linear solution 
of Equation [39], hence 


#+ 2 = sin 21 


The solution with the required initial conditions will be 
l ‘ 149} 
— (2 sin ¢ — sin 2¢) 42 


The maximum value of z in Equation [42] is z,, = 0.667. Hence 


z, = 0.267 and k, = 1.60 43] 


The two bilinear equations to be solved are 


% +2, = sin2t; 2,(0) = 2,0) =O for iz z,. . {44 


0.16 = sin 2t; 


[45 


where t, is the transition time, the time which it takes 2, to reach 


the value z,. The solution of Equation [44] is 


1 = (2 sin t sin 2¢) 


from which the transition parameters can be determined as 


x(t,) = z, = 0.267, t, = 58°, a(t.) = 0.646 [47] 


The sclution of Equation [45] which satisfies the conditions 
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zo(t,) = 0.267 and 22(t,) = 0.646 is 


, —= as 
az, = 0.1 + 0.582 sin (+/ 1.6 t — 4.8°) — 24 2t. . . [48] 


The displacement and the velocity at the end of the pulse can 
be calculated by letting = w/2 


| 


Tv 
de (=) = 0.592 


The values obtained by numerical iteration to four-place ac- 
curacy are 


s (=) = 0.6518 and (=) = 0.6001 


The approximate results obtained are within about '/, per cent 
of the exact amplitude and 1!/, per cent of the exact velocity when 
the nonlinear force is about 60 per cent of the linear one at the 
maximum deflection point. 

If more than one cycle of the system occurs during the pulse, a 
cycle-by-cycle analysis is necessary to obtain the complete solu- 
tion. In the following example the nonlinearity is increased to 
investigate its effect on the accuracy of the solution. 

Let the differential equation of motion be 


5 


#+2+ 52 = sin 2 


Since the effect of nonlinearity is to decrease the maximum 
amplitude, z,, will be assumed to be 0.60 instead of 0.667 which 
was the linear maximum displacement. This helps the results to 
converge faster, and, as it will be shown later, makes it possible 
to get an accurate answer after only one step. 

Then 


z,=0.24 and k, = 3.5.. [51] 


If one goes through the process of solving the two linear equa- 
tions 


4+2, = sin2 jz) <2, [52] 


Z. + 3.5%, + 0.6 = sin 2t jr| > 2, [53] 


and matching the boundary conditions at ¢ = ¢, (the transition 
point) the solutions are found to be 


(2 sin t sin 2?) 0O<it<t, [54] 


1 
i= 
am 


t. = 1.98 sin (+/3.5¢ — 1°) + 0.172 — 2 sin 22 


T 
’i£<t<— [55] 


2 

where ¢, = 55.5°. The conditions at the end of the pulse are de- 
termined by letting ¢ = 2/2 and finding the displacement and the 
velocity from Equation [55]. Hence 


2(2 0.581 and z( ~) =038 


. [56] 
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It is seen that the increased nonlinearity has caused a reduction 
of about 13 per cent ‘u amplitude and 47 per cent in velocity at 
the end of the puls >. 

The accuracy of the results at any point can be checked readily 
without the necesasiiy of obtaining an exact solution to the dif- 
ferential Equation |50}. Since Equations [54] and [55] satisfy 
the initial conditions, their value at any point can be substituted 
into the differentia! equation and an error in acceleration at that 
particular point calculated. 

For the example solved above at ¢ = 2/2 the error in the dif- 
ferential Equation [50] is about 2 per cent; this means that the 
error in displacement must necessarily be less than this. 

Fig. 4 shows a comparison of the bilinear and the exact solu- 
tions for the case just treated. The linear solution is also indi- 
cated on the graph for comparison purposes. 

For any pulse shape and duration, of course, one can theoreti- 
cally always solve the problem by the use of numerical or graphical 
integration methods. The solution by the bilinear approximation 
is also theoretically possible, but becomes more complicated than 
it was for the simpler cases treated above. However, by making 
the bilinear approximation before resorting to a graphical solution 
the work can be considerably reduced, and the accuracy of the 
solution can be improved (6). 
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CONCLUSIONS 


The foregoing examples have shown that for certain types of 
nonlinear problems, the bilinear approximation gives more ac- 
curate results than the classical perturbation methods, and may 
beeasier toapply. The accuracy obtained by the bilinear method 
is for many problems not significantly decreased for large non- 
linearities. For the pulse-excitation problems solved the bilinear 
method is faster than graphical or numerical methods, and the 
limitations on the size of the nonlinearities are not severe. The 
method may also be adapted to an iterative procedure if an im- 
provement in accuracy is desired. 
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Design Data and Methods 


It is important that the data contained in technical papers be made readily available to designing engineers. 
In order to satisfy these needs of industry, this section of ad ce includes a concise presentation of data 


and information drawn chiefly from papers previously publis 
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Biezeno Pressure Vessel Heads 


By R. A. STRUBLE,' CHICAGO, ILL. 


The equation of thin-walled pressure vessel heads with 
constant maximum shear stress throughout is derived. 
Such heads, used on cylindrical vessels with uniform in- 
ternal pressure, were first conceived by Biezeno* in 1922 who 
gave a semigraphical prescription for determining the 
head shape. 


INTRODUCTION 
I EADS for cylindrical vessels are generally surfaces of revo- 


lution about the vessel axis joined tangentially to the 

vessel at one end while closing smoothly at the other. 
A plane containing the axis of revolution is called a meridional 
plane and the trace of the head in a meridional plane is referred 
to as the shape of the head. The radius of curvature of the head 
at a point P, Fig. 1, in a meridional plane will be denoted by Ro. 
A plane that is normal to the meridional plane in the direction of 
R, will be called a circumferential plane. The radius of curvature 
of the head at P in this plane will be denoted by R;. For thin- 
walled vessels with bending stresses neglected, the principal 
tangential stresses are given by the formulas® 


= Bi (2- me ac §, 1] 
2h R, 


— Ph 


C2 


where o; is the circumferential plane stress, 72 the meridional 
plane stress, h the head thickness, and p the internal pressure. 
The stresses a, and og are tensile when positive and compressive 
when negative. The radii of curvature 2; and R; are positive as 
shown in Fig. 1, and are positive throughout convex heads. Thus 
0: is always tensile while o; is tensile only for R, < 2R: and com- 
pressive for R; > 2R». 


When go; is compressive, the maximum 
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nology. 

* “Bijdrage tot de berckening van ketelfronten,”” by C. B. Biezeno, 
Ingenieur, Haag 37, 1922, pp. 781-784. 

5 “Advanced Strength of Materials,”’ by J. P. den Hartog, McGraw- 
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Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, April 13, 1956. 
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Fic. 1 NoMENCLATURE OF A Pressure Vesse, Heap 


shear stress at P is given’ by one half the difference between the 


pR ( R ) 
a) = l 
th Ry 


When both principal stresses are tensile, the maximum shear 


two principal stresses 


stress is one half the maximum of the principal stresses. In par- 
ticular, the maximum shear stress in the cylindrical portion of the 
vessel is 

pR 


Dh 


- 


(dO, Jey! = 


where R is the vessel radius. 
BrezENo Heaps 


A Biezeno head is defined as a thin-walled vessel head of con- 
stant thickness with a shape such that under uniform internal 
pressure, the maximum shear stress throughout the head is con- 
stant. In the following, it will be seen that a Biezeno head con- 
sists of a knuckle and a cap. The cap will be spherical, while the 
knuckle will be a transition section joining the spherical cap to the 
cylindrical vessel. The Biezeno head thus resembles the tori- 
spherical head which is a spherical cap with a knuckle of constant 
meridional curvature. Discontinuities in the meridional curva- 
ture occur at the vessel-knuckle juncture and at the knuckle-cap 
juncture introducing, in practice, secondary bending stresses near 
these points. 


DERIVATION OF THE EQUATION oF BrezENo HEADS 


The equation of the knuckle is obtained from Equation [3] 
which may be written 
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tho, 
Pp 


where 4ho,/p is maintained constant. In terms of the rectangular 
co-ordinates of Fig. 2, with 


dy \? "/2 y 
dx 1R, = 14 (% 2 
d*y — * \ dz 


dx? 


= : ? 15) 


Equation [5] becomes 


d*y 


y 
tho, 2 dr? 


yp \ x 5 (# 3 
y+ (i) 


The right-hand member of Equation [6] may be recognized as the 


R _ dy \? 
oe \ dr 


and hence upon integration we have 


[6] 


y-derivative of 


tho, ; ls (2 2 
= 4+ ¢ 
ny y s + de ri 


The boundary conditions at the vessel 


neansen 


where c is a constant. 
juncture, dy/dz = O for y = R, require that 
tho 
“inR 
Pp 


so that Equation [7] becomes 
R, y | (# eS 

> 2 « A ke = 
R R y dr 


The quantity 


2ho, C, 


Rp (a, Jey! 
is the ratio of the maximum shear stress in the knuckle to the 
maximum shear stress in the cylindrical vessel of the same thick- 
ness. The variables in Equation [8] may be separated to yield 


- dy 


y[1—em(4)T-(4) 


Integration of Equation [9] results in the equation of the knuckle 


dr = 


z l 


= 0 
R 2 (10) 


f aa at 
(sy VO- B in t)? t 


where ¢ = (y/R)*. The knuckle extends to a point EZ, Fig. 2, 
where the circumferential plane stress a, becomes tensile so that 
the maximum shear stress is no longer given by Equation [3]. 
This point is determined by the condition 


nal 
—— KNUCKLE 





x AXIS 


Fic. 2 Geometry or a Brezeno Pressure Vesse. Heap 


or from Equation [5], by the condition 


R tho, 
= = 2 {12} 


R Rp 


The y-co-ordinate of E is given by Equations [8] and [12] as 


= [13] 


VE , l 
- (:- 


The ratio 8 may vary from 1/2 to + « 
2 corresponds to a vanishing knuckle, yg/R = 1, where the head 
The limiting value 8 


The limiting value 8 = 


becomes simply a hemisphere of radius R 
= + © corresponds in some sense to a largest knuckle with y»/R 
= 1/e but such that the entire head becomes a flat disk. Hence, 
Biezeno heads vary in depth from a maximum of RF represented 
by the hemisphere to a minimum of zero represented by the flat 
disk. The head is completed by adjoining a spherical cap of 
thickness A and of radius R, = 4ho,/p at the point E. This value 
of R, is the limiting value of the circumferential radius on the 
knuckle side of FE so that the tangent is continuous across the 
juncture. In addition, the maximum shear stress in the spherical 
cap is given by 


(oun = Ee = @, 
: 4h 

Hence the maximum shear stress is maintained constant through- 
out the entire head. The meridional radius of curvature at FE 
jumps from a value of R, = R,/2 = BR, Equations [11], [12], on 
the knuckle side to a value of R; = R, = 28R on the cap side 
The principal stresses a; and 02 in the knuckle are given through 
Equations [1], [2], [3], and [8] and may be written 


y 2 
= [23 + 6m (4)'—1] 
» \2 
= | 8in(*) 
1 R 


In the spherical cap, the principal stresses are, of course, constant 
and given by 
0; 02 


(oO, )eyl 


- = 28 
(¢, Jey! 
Tue [peat Brezeno Heap 

An ideal Biezeno head is defined as a Biezeno head with its 
maximum shear stress equal to that of the maximum shear stress 
in the cylindrical vessel to which it is joined. 
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The ideal Biezeno head is of particular importance since vessel 
and head become of equal strength. Strength here is based upon 
maximum shear stress which is a good criterion for yielding in 
steel plates. For vessels and heads of equal thickness, the ideal 
Biezeno head is given by 8 = 1. The equation of the knuckle be- 





[14] 


Ss +f dt 
Rk” 2 (gy Vo—Bo—e 


ie 
R Ve 
The integral in Equation [14] is not tabulated but may be 


evaluated by standard numerical methods. The singularity at 
t = 1 may be removed by the substitution 


t = cos 0 
so that Equation [14] becomes 
sin 6 


y : 
igh ane «ieee 
— = rd +/(1 — In cos 6)? — cos 6 
0 


R 2 





[15] 


The integrand in Equation [15] is now finite throughout with the 
limiting value 12/3 for 9+ 0. A plot of the integrand is given 
in Fig. 3, together with a plot of the quantity 


0.30 + 0.52 cos @. 


a __| swe | __ (EXACT) 
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Fic. 3 Exact anp AppRoxIMATE INTEGRAND IN Equation [15] 


which is an excellent approximation to the integrand. Using 
Equation [16] in [15] and integrating, there results 


= 0.15 (4 ” + 0.26 h-(2 [17] 
— =, are cos | — ' eee ‘ 
v are R \ R j 


Equation [17] is accurate to within '/, per cent for the range of 
interest 


1 y 
Y a Ss > < 1 
Ve R 
In particular, the depth of the knuckle is given by 


tz 


= 0.421 
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From Fig. 2 it is seen that the spherical cap adds to the depth 
of the head by an amount equal to 


2k —R \! = 


e 


= 0.094 R 


Hence the over-all depth of the ideal Biezeno head is given by 


[18] 


Fig. 4 gives a plot of the ideal Biezeno head together with plots 
of an ellipsoidal head and optimum torispherical* head of depth 
d = 0.5R. Extensive tests in the past have repeatedly demon- 
strated® the desirability of the latter two for the reduction of 
yielding in the knuckle region. It appears now that this is be- 
cause of the pronounced similarity with the ideal Biezeno head 
which is indicated by Fig. 4 and Table 1. 
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Fic. 4 Simiiarity or THree Pressure Vesse. Heaps 


TABLE 1 DATA FOR VARIOUS HEADS 
Ideal Optimum 
Biezeno torispherical elli 
head head 
d = 0.515R d = 0.5R 


Optimum 
oidal 
head 


Depth d = 0.5R 


Minimum radius R - 022: 1 V/ 5 elt R , 
of curvature.. 3 0.333R 25 — R = 0.345R 7° 0.25R 


Maximum = ra- 
dius of curva- 2R — 
ture..... 
Discontinuity in 
radius of cur- 
vature at 
knuckle - cap 
juncture 


1.81R = V 5R = 2.79R 


AREA AND VOLUME oF IDEAL Biezeno Heap 


The volume of the ideal Biezeno head as measured from the 
vessel-knuckle juncture within the knuckle is given by 


2 y dz 
Ver] yde=ar] y?— dy 
0 1 dy 


‘Optimum Torispherical Pressure Vessel Heads,"’ by H. C. Board- 
man, The Water Tower, vol. 35, 1949, pp. 8-9. 

*“*Report on the Design of Pressure Vessel Heads,”’ Welding 
Journal, vol. 32, 1953, Welding Research Supplement, pp. 31s—52s. 
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where dz/dy is given by Equation [9] with 8 = 1. With? = 


(y/r),? Equation [19] becomes 
1 
: ane [ — <A 
2 y\? V(1— Int)? —¢ 
(i) 


Using the substitution ¢ = cos @ and the Approximation [16], 
there results upon integration 


V f y 2 y 2 | r y \ 4 
Re = 0.13 arc cos ( R + 0.13 R y j— R 


+ 0.5 a). (2) .... (21) 


which is accurate to within '/; per cent. The volume contrib- 
uted by the spherical cap can be obtained from well-known 
formulas. 


V= [20] 





Brief Notes* 





On the recommendations of the Executive Committee 
of the ASME Applied Mechanics Division, it has been 
decided to initiate a section devoted to brief notes on 
technical matters in mechanics. These notes must not be 
longer than 750 words (about 2'/; double-spaced type- 
written pages, including figures) and will be subject to the 
usual review procedure prior to publication. After ap- 
proval such notes will be published in the next issue of 
the Journal. The notes should be submitted to the 
Secretary of the ASME Applied Mechanics Division. 





Approximate Energy and 
Equilibrium Equations for 
Cylindrical Shells 
By E. H. KENNARD,' WASHINGTON, D. C. 


In a recent paper (1)* additional results were reported 
for cylindrical shells of uniform thickness h, obtained by 
the method of systematic expansion in powers of h (2, 3). 
The expressions thus obtained are so lengthy, however, 
that their chief practical value seems to lie in checking 
the precision of simpler approximate expressions. 


Evastic ENERGY 
HE expression for the energy U per unit area of the median 
surface as given in reference (1), which will be denoted by C, 
appears to be complete through terms of order h* except for h?- 


! Physicist, David Taylor Model Basin. 

2 Numbers in parentheses refer to the Bibliography at the end of the 
paper. 

* Discussion of papers in Brief Notes should be addressed to the 
Secretary, ASME, 29 West 39th Street, New York, N. Y., and will 
be accepted until January 10, 1957, for publication at a later date. 
Discussion received after the closing date will be returned. 

Nore: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received by ASME Applied Mechanics 
Division, December 22, 1957. 


The surface area of the knuckle may be written 
1 
on [ , dz \? j 
é y + _ dy 
Jy \ dy . 
l j - 
= wi? { 


(4)'¥" 


With the substitution ¢ = cos @ and the approximation 


Int 


In t)? 


(1 In cos 6) sin 0 
3 = 1.08 — 0.26 cos @ 
V (1 In cos 6)? cos 6 


Equation [22] becomes, upon integration 


S y \2 | 
rR? 1.08 are cos Rp 0.26 \ , ( y 


which is also accurate to within '/, per cent. 


terms involving applied shearing stresses. A much simpler 
formula, denoted hereinafter by BD, was proposed by Bleich and 
DiMaggo (4). It is difficult to invent a case in which the dif- 
ference Letween BD and C exceeds a per cent or two. Sometimes 
this is beca:se, in the h*-terms, the principal bending terms U,, 
predominate, a1. these terms are the same in all formulas. More 
often, the membrane part of the energy U,,,, being proportional to 
h, greatly predominates, so that relatively large errors in the h*- 
terms cause only a trivial error in U. The case is different, of 
course, if U,, = 0; but then BD agrees exactly with C! 

Other simplified forms can be derived, however, which differ 
less from C and which likewise agree exactly with C when U,, = 
0. Perhaps the least arbitrary approximation is the following 

U =U, + Un 


= + Us 


Ww here 


l 
, = hE u,” t l vy? ! vu, T YU, 
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¢ > 


wR)? 


1+ vy) (u, 4 2) | + (1 +v)hE if se + S,? 


Qv — 3v*)u,R- + vil 4y)v,R 


2v)wR-?) 


(2 4 v)wR 2 


w,,(v(2 + v)u,R-' + 30,R 
v(2 + v)u,wR-* 
(2 + v)w*R~* 


wR? 4 v)*w,,(u, 


- 


rt es (1 + v)hE-! (2P,? + 2P,* 
f° 24 ; 
-v)~* (1 — 2y)P;?] [3] 


-p)? u,? + 30,9R 
+ (1 


Here the co-ordinates are z axial and s = R@ where @¢ is angle 
around the axis and F is the median radius; u, v, w are correspond- 
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ing components of displacement, w being positive inward 
(not outward as in C); E is Young’s modulus and pv Poisson’s 


ratio; and 


Pi, =1*+—11-, P: = 12+— 72, Ps = 03+ — 037 


28, =71++717, 28: =t2+ +717, 2S; = o3* + 037 
where 7,;*+ and 7,* are applied shearing stresses in the z and s- 
directions, respectively, and o;* the applied tension, on the outer 
surface of the cylinder, and 7;~, T2~, ¢3~ are the corresponding 
quantities on the inner surface. 

The conditions that U,, = 0 are 
S, = S, = §; = 0 


u, = v,—wR =u, + v, = 0, 


z 
In obtaining Equation [3] from Equation [1b] in reference (1), 
those terms containing P;, P:, P;, S:, S2, S; which vanish when 
U,, = Onear any point on the median surface were dropped. To 
simplify the remaining terms, quantities were subtracted which 
vanish through the second order when U,, = 0, such as multiples 
of u,*, u,,, (u, + v,), (v, — wR)’, etc. The resulting expression 
for U,2 agrees with the approximate form of Equation [2] given 
in reference (1) except that here certain minor load terms are 
dropped. 

The approximate expression for U thus obtained should be 
adequate for all practical purposes. The load-free part of Ux: 
contains three more terms than BD but should be much closer to 
C. Usually further simplification can be made by dropping 
the three terms containing u,w, u,w,,, Or U,w,,. 


EQuaTIons OF EQUILIBRIUM 


In reference (1) it was pointed out again that an ambiguity at- 
taches to the idea of equations of equilibrium ‘correct to order 
h®” and that such equations can be thrown into many forms of 
almost equal accuracy. The simplest form of the equations was 
then sought. In the equations found, half of the terms contain 
both the factor h? and the loads on the surfaces of the shell and 
hence are of doubtful interest. With omission of these latter 
terms, the proposed equations of equilibrium can be written as 
follows (w being positive inward here) 
1 + v)v oi 
2 ( v)v,, vw, 


Uge + QJ 2 V)U,, + 


+ E-[(1 — v)Fih-! + v(1 + v)Sae) 
+ . a 
Vv) 
24 


1h?[(2 — 3v — 2v*)w,,,R-' — (1 + 2v*)w,,,R- 


+ (1 v)*u,,R-? — v(2 + v)v,,R-?] = 0 


1 l 
Vo ¥ 2 (1 — v)o,, + FA (1 + v)u,,— wR + E[(1 — v*) 


(Fh 1+ §.R-') + vil + v)S3s | 


I 
‘ (1 — v)“h?(3(1 — 2v)w,,,R- 


— 3ryw - 3rv,,R-?| = 0 


R-'— 3(1 v)*u,,R-? 


- y?)(Fsh-! — Siz 


sas 


wR 24 E (1 Se;) 


vu,R-! + v,R- 


l 
+ vil + v)S;R-] - 24 (1 — pv) “1h2(2(1 — p) 


(Wyesz + ZW, e00 + Wea) + (4 2v + y*)v,,,f' 
+ (4— v)w,,R-* + (2 + v)o,R-] = 0 
Here F;, F2:, and F; are the net face loads per unit area of the 
median surface in the directions of u, v, w, or F; = P; + AS,/R, 
F, = P; + hS:/R, FP; = —P; —hS;/R. The F’s are naturally, in 
effect, of order h. 
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In the h*terms, these equations differ considerably from those 
given by Fliigge (5). In particular, his third equation contains a 
term in w/R* and consequently is not satisfied in the case of a 
simple axial stretch (w = —vRu,, v = 0, F; = S; = 0). The 
terms in S,, S2, S;, which are not included by Fliigge, represent 
small curvature corrections on the face loads. 

The equations of equilibrium just written have only one more 
h*-term than Fliigge’s; they should be at least almost as valid 
as any others that can be given and hence seem to deserve con- 
sideration for general use. 
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Note on the Boundary Conditions 
for Bending Experiments With 
Bars and Plates’ 


By W. H. HOPPMANN IT? ano W. G. SOPER,? 
BALTIMORE, MD. 


N A PREVIOUS paper‘ there was presented a method for- 
providing prescribed elastic rotational constraint on the- 
boundary of plates used in technological investigations requiring 
the use of vibrations of plates. It may be recalled that in order to 
obtain a given edge condition it was proposed to provide a V- 
notch of specified depth-to-plate-thickness ratio at the boundary 
of the plate, leaving a narrow flat rim extending beyond, The 
rim was then to be mounted rigidly in a surrounding support. 
Lateral deflection at the edge is zero. The purpose of the present 
note is to discuss the importance of the location of the throat of 
the notch in the section. 

For clarity in discussion, a sketch of the details of a boundary 
notch is shown in Fig. 1. An important element is what is called 
the throat of the notch. It has a thickness shown as T’and a lo- 
cation given by its eccentricity Z with respect to. the middle sur- 
face of the bar or plate. It is now intended to demonstrate the 
importance of always using a symmetrically located throat; that 
is, requiring L to be zero. 

In the previous paper‘ it was proposed to use a beam with 
notched end to determine the elastic rotational compliance desig- 
nated there asa. The angle of rotation was measured as a func- 
tion of applied force. In Fig. 2 an alternative experimental ar- 
rangement for the determination of the elastic rotational con- 
' This note arose in connection with investigations sponsored by 
Office of Naval Research under Contract Nonr 248(12). 

2 Associate Professor in Mechanical Engineering, The Johns Hop- 
kins University. Mem. ASME. 

3 Graduate Student, The Johns Hopkins University. 

‘An Experimental Device for Obtaining Elastic Rotational Con- 
straint on Boundary of a Plate,”’ by W. H. Hoppmann II and Joshua 
Greenspon, Proceedings of the Second U. 8. National Congress of Ap- 


plied Mechanics, 1955, p. 187. 
Manuscript received by ASME Applied Mechanigs Division, June 


6. 1956. 



















CLAMPED 


















H= THICKNESS OF BAR OR PLATE 

T= THICKNESS OF THROAT OF NOTCH 

L= DISTANCE OF CENTERLINE OF THROAT OF 
NOTCH FROM MIDDLE SURFACE OF BAR 
OR PLATE 

(3 *HALF-ANGLE OF NOTCH 


Fic. 1 Deratts or Norcu at Bounpary or Bar or PLATE 


cUAMPED| CLAMPED 
EDGE A EDGE 























SECTION A-A RESULTANT FORCE F AND MOMENT M 
CAUSED BY TRANSVERSE FORCE P 














1ia.2 Transversecy Loapep Bar or PLatTe 


straint is shown. The corresponding constant @ can be deter- 
mined from the deflection at the center of the bar caused by 
transverse force P. The bar has both ends identically notched 
and clamped. Now it may be observed that, in this experimental 
arrangement, a horizontal compressive force F will develop if the 
throat of the notch is eccentric; that is, if Z is not equal to zero, 
This can be seen from a little reflection about the nature of the 
constraint provided by the end clamping, which provides no free 
horizontal adjustment. Also, this force will develop a moment FL 
which contributes to the moment at any point in the bar or 
plate. 

Now a very important practical case usually studied is that of 
simple support, for which both the deflection and elastic con- 
straint must be zero. However, as may be suspected and as will 
be shown presently from experimental results, if Z does not equal 
zero and even if 7 is small there will be a residual horizontal 
force at the notch and hence a corresponding moment on the 
beam. 

In order to illustrate the mn a notched bar held and loaded 
in the fashion shown in Fig. 2 was tested. The throat thickness 
was set at 10 per cent of the thickness of the bar and three cases of 
eccentricity were investigated. These eccentricities L were 
zero, 0.25H, and 0.45H, where H is the thickness of the bar. For 
L equal zero the theoretical deflection curve for a simply sup- 
ported bar is checked very closely. In the other two cases the 
deflection is reduced appreciably, indicating the restraining ef- 
fect of the moment FL previously discussed. These experimental 
results are shown in Fig. 3. 

Although it is more convenient to machine a notch from one 
side of bar or plate and although some statical problems may be 
investigated with such eccentric notches, the authors consider that 
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the best practice is to locate the throat of the notch symmetrically 
in the cross section; i.e., make Z equal zero. The required elastic 
rotational constraint can be obtained by properly determining a 
corresponding throat thickness 7’, which may vary from ap- 
proximately zero to the full thickness of bar or of plate. Such a 
condition requires machining on the notch from both sides of the 
bar or plate, but this procedure is recommended, especially in the 
case of vibration for which the deflections alternate in direction 
Lack of symmetry in the location of notch may give a somewhat 
different effective rotational constraint depending on the direc- 
tion of rotation. 

Furthermore, the experimental arrangement shown in Fig. 2 is 
suggested as an alternative means for determining the angular 
rotational compliance @ and it is essential if one insists on using 
an asymmetric notch. For the simply supported plate condition, 
the thickness of throat 7’ should be about 10 per cent of plate or 
bar thickness. More than this introduces appreciable angular 
constraint, and less than this gives a joint which is probably too 
weak for experimental purposes 


Torsional Buckling of Moderate- 
Length Cylinders 


By HERBERT BECKER! ann GEORGE GERARD,? 
NEW YORK, N. Y. 


Previous SOLUTIONS 


UCKLING of various-length circular cylinders in torsion 
was first discussed comprehensively by Donnell? in deriving 
the simplified equilibrium equation 


DV*w + (Et/R*)w,.2, + 27tV (w.2,,) = 0 1] 


1 Engineering Scientist, Research Division, College of Engineering, 
New York University. 

2 Assistant Director, Research Division, College of Engineering, 
New York University. Mem. ASME. 

’“Stability of Thin-Walled Tubes Under Torsion,” by L. H. 
Donnell, NACA TR 479, 1933. 

Manuscript received by ASME Applied Mechanics Division, May 
9, 1956. 
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Through the use of Equation [1], Donnell determined the 


buckling stresses of circular cylinders of various lengths. The. 


solutions can be conveniently divided into three ranges corre- 
sponding to flat plates, moderate-length cylinders, and long 
cylinders, the last being essentially unaffected by the boundary 
conditions at the ends of the cylinders. In this note, moderate- 
length cylinders are considered since the flat-plate and long- 
cylinder solutions are well known and can be obtained readily. 

Donnell utilized an infinite series solution of Equation [1] and 
employed certain simplifying assumptions to obtain r,,._ Subse- 
quently, Batdorf, Stein, and Schildcrout‘ refined the solution by 
using a modified Donnell equation in conjunction with Galerkin’s 
method. By fitting an equation to the plotted results obtained 
for a moderate-length cylinder simply supported at the ends they 
found that, for 


10(t/R)'/* < L/R < 3(R/t)'/* 
Ter = O.747E(t/R)(R/L)'*; v = 0.316 


A highly significant aspect of both investigations is that the re- 
sults for a cylinder with clamped edges are only 10 per cent higher 
than for simply supported edges as given by Equation [2]. As 4 
consequence, for the analysis of buckling of moderate-length 
cylinders in torsion, Gerard® suggested a solution to Equation [1] 
which satisfies the single boundary condition w = 0. Conditions 
on w, or w,, are not prescribed in view of the small difference be- 
tween simple support and clamping in this range. 


PRESENT SOLUTION 


The solution to Equation [1] is assumed to be 


W = Wm, {sin (m@z/L + ny/R) — sin [(m + 2)rx/L + ny/R)} 


where 
m = number of buckles in length of shell 
n = number of buckles in shell circumference 
L = length of shell 
It can be noted that either term of Equation [3] is a solution of 
Equation [1}. 
Upon substitution of Equation [3] into Equation [1) 
{ (n/R)*[(m@R/nL)? + 1]* + (n/R)*(m@R/nL)*12(1 vy?) /R%? 
- (n/R)*(m@R/nL)|(m@R/nL)*? + 1)224(1 — v*)r/EC?} 
sin (mrz/L + ny/R) 
+ {(n/R)§[([m + 2]rR/nL)? + 1]* 
+ (n/R)*([m + 2]#R/nL)*12(1 pv?) /R%? 
(n/R)*([m + 2]rR/nL)[([m + 2]rR/nL)? + 1]224(1 — v?) 
7/Et*} 
(—1) sin [(m + 2]az/L + ny/R) = 0. . [4] 
An assumption which can be confirmed for the intermediate 
length range is (mrR/nL)*?< 1, ({m + 2])7R/nL)?< 1. With 
this simplification used in Equation [4], the buckling stress may be 
found in the form 


Et? Ey 


eee 24(1 — v*) (m@R/nL) + ([m + 2\rR/nL) 
+ (R/n)*|(mrR/nL)* + ({m + 2]rR/nL)*)12(1 


{2(n/R)* 


< v?) /R} 
[5] 
‘Critical Stress of Thin-Walled Cylinders in Torsion,” by 8. B. 
Batdorf, M. Stein, and M. Schildecrout, NACA TN 1344, June, 


1947. 

5 Torsional Instability of a Long Sandwich Cylinder,” by G. Ger- 
ard, Proceedings of the First U. 8. National Congress of Applied 
Mechanics, June, 1951, pp. 391-394. 


JOURNAL OF APPLIED MECHANICS 


DECEMBER, 1956 


Upon minimization of Equation [5] 


Le a 
om On 


it is found that 


Ter = 0.749E(t/R)*/*(R/L); vy = 0.316. . (6) 
Equation [6] is in the same functional form as Equation [2] 
directly and without curve fitting, and agrees well with the simply 
supported case. 

In addition to providing a simple explicit solution to the prob- 
lem of torsional buckling of isotropic cylinders, this method is also 
useful in determining buckling stresses of moderate-length cylin- 
ders in the plastic range and of orthotropic construction. 


Maximum Torsional Stress in Splined 


and Serrated Shafts 


By SENNOSUKE SATO,'! SENDAI, JAPAN 


to torsion problem for a shaft containing longitudinal 
grooves has been studied at length by various workers 
(1).2 In most cases, however, because of the complicated anal- 
ysis, the final expressions for the stresses are too cumbersome 
for practical use in the computation of the stresses in splined or 
serrated shafts. In this note a simpler solution for the maximum 
stress, suited to numerical calculation, is obtained by an inverse 
method. It is expressed in terms of the two essential parameters 
specifying the shape of the grooves; namely, the groove depth h 
and the radius of curvature p at the base of grooves. 

Consider a shaft containing m grooves. Let the conjugate 
torsion function (2) be the plane harmonic function which in 
polar co-ordinates (r, @) is given by 


m 2m 
log [1 +2 (+) cos m@ + (=) ] oo ae 
To To 


It has been shown that the corresponding equation of the perime- 
ter of the cross section (3) is 


o = 


where A, C, and ro are arbitrary constants. As Equation [2] 
contains three unknown constants, three conditions relative to 
the bounding curve can be specified. Let these constants be 
determined for assigned values of the depth h and of the radius of 
curvature p at the base of the grooves and for the outer radius 
R of the shaft. 

The shearing stress in the 6-direction is given by (4) 


To, = T,, cos 9 — r,, sin 0 


= Ga (r— ~~). (3) 
or 


where G is the modulus of rigidity and a is the angle of twist per 
unit length. From Equations [1] and [3], the maximum shearing 
stress which occurs at the base of groove, r = R —h, 6 = x/m, is 
1 Institute of High Speed Mechanics, Tohoku University. 
? Numbers in parentheses refer to the Bibliography at the end 


of the paper. 
Manuscript received by ASME Applied Mechanics Division, 


July 28, 1955. 
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mA (* ~ “ 
To ro [4] 
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1 = 
To 


Tmax = Gal R h + 


Figs. 1 and 2 present a comparison in the shape of the grooves 
in a splined or serrated shaft of practical design and the shapes 
given by Equation [2]. For assigned values of A and p, the shape 


294 ‘h) 
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Fie. 2. Prorite or Invo.ute Serration; 10/20 DP, m = 60 
of the curve given by Equation [2] is in fairly good agreement 
with the profile of a, splined or a serrated shaft as used in practice. 
Accordingly, it would seem that Equation [4] should approximate 
the maximum stress which occurs in shafts of practical design. 

The maximum stresses, as obtained from Equation [4] for 
dimensions of standard splined and serrated shafts (5), are 
plotted in the curves of Fig. 3. With increasing m, the maximum 
stress is seen to increase for any assigned value of the diametral 
pitch DP. 

In conclusion, the author wishes to express his sincere thanks to 
Prof. H. Okubo of Nagoya University for his kind suggestions. 
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Some Effects of Vortex Formation 
in the Wake of a Suspended 
Cylindrical Cable 
By R. F. STEIDEL, JR.,! BERKELEY, CALIF. 


'THE cause of wind-induced aeolian vibration of such things 

as suspended cables, pipelines, and smokestacks is basically 
simple. Under certain conditions there is the periodic formation 
of vortexes or eddies in a vortex street in the wake of the fluid 
flowing past the object. The appearance of such vortex streets 
in wakes has been well established and has been the subject of a 
number of papers. Resonance occurs if a natural or resonant fre- 
quency of the object or its supporting structure coincides with 
the frequency of the formation of vortexes. It is this phenomenon 
when severe enough, which results in structural-fatigue failures 

In particular, for the case of circular cylinders, these periodic 
eddies or vortexes have been detected in the range of Reynolds 
numbers from 40 to 400,000. Above this upper value, disturb- 
ances have been detected, but they are weak and definitely 
aperiodic. Usually, the appearance of the vortex street is limited 
to the lower Reynolds-number range by turbulence, with very 
little known about the phenomenon in the higher Reynolds- 
number range. 

In Fig. 1 the Strouhal number of the flow has been plotted as 
a function of the Reynolds number, from five basic investigations 


of the problem 
= y (R 


Because of the relatively flat appearance of the curve in the 
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range R = 1000 to 5000, for design purposes the Strouhal number 
is usually taken as 0.2. 

At the Engineering Field Station of the University of Cali- 
fornia, 900 ft of 1-in. reinforced stranded aluminum cable were 
suspended normal to the path of prevailing winds in an experi- 
mental test span to study the stresses and strains in suspended 
cables caused by wind-induced vibration. Actual strains were 
measured at a number of points along the cable for an extended 
period of 3 months. At the same time, measurements were made 
of the flow conditions causing the vibration. 

The observations of air velocity and vibration frequency, for 
air flow normal to the suspended cable (90 + 5 deg), show that 
the Strouhal number decreased as the Reynolds number increased 
from 5000 to 25,000. The observed excitation frequency was as 
much as 40 to 50 per cent below that expected. This decrease is 
definite and represents the general trend for a very large number 
of readings. Only those readings of assured steady state have 
been included. The results also have been included in Fig. 1. 

It was noticed that the actual observed dynamic strains induced 
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in the suspended cable are a maximum before the Strouhal num- 
ber decreases and are practically insignificant when the Strouhal 
number has decreased 40 to 50 per cent (i.e., above R = 14,000). 
The deduction here is that, above a critical Reynolds number 
(from 2000 to 5000), the regular shedding of vortexes undergoes 
some change. Consequently large dynamic strains do not result. 
The data are plotted in Fig. 2, with the broken lines below each 
maximum indicating that the flexure strain varies at each reading. 
This information should be of significant importance where 
instances of aeolian vibration have been encountered and vibra- 
tion protection is desired. For example, in designing and applying 
dynamic-vibration absorbers for suspended cables, the absorbers 
would be most effective if designed to alleviate the dynamic 
strains at frequencies corresponding to flow in the critical range. 
Supports for tubular or circular structures such as antennae, sus- 
pended pipelines, and so on, should not be spaced at distances 
corresponding to loop lengths for these critical frequencies. 





Discussion 


Combined Stress Tests in Plasticity’ 


E. A. Davis.?. This paper emphasizes the desirability and the 
need for experimental verification of physical theories, and it is an 
important contribution to the understanding of the relationship 
between the increments of strain and the applied stress. There 
are two points, however, which the writer believes should be 
clarified. 

In Fig. 5 the authors show that the equivalent stress-equivalent 
strain relationship (Equation [16]) does not hold for the present 
tests. The disagreement seems to be as great at the incidence of 
yielding as it is where the strains are large. Since this C-series of 
tests was first loaded in torsion and later in tension, it would be 
helpful if the authors would indicate in Fig. 5 the point on each 
curve where the tension loading was started. The reader could 
then determine what part of the disagreement results from pure 


1 By Aris Phillips and L. Kaechele, published in the March, 1956, 
issue of the JouRNAL or AppLieD Mecuanics, Trans. ASME, vol. 78, 
pp. 49-55. 

* Advisory Engineer, Westinghouse Research Laboratories, East 
Pittsburgh, Pa. Mem. ASME. 


torsion and what part is due to combined tension and torsion. 

In the rotation experiments the authors say that “The angle 6, 
shown in Figs. 7, 8, and 9 is the angle between the direction of 
the maximum total plastic strain component €,” and the axis of the 
tube.’’ If no strain occurs during the rotation of the stress field, 
then €,” should be along the axis of the tube, but where strain does 
occur there is some question about the definition of the plastic 
principal strain. From the incremental point of view it appears 
that the principal strain €,” should be the summation of all the 
principal increments de,”. Since the increments will not all 
have the same principal direction if strain occurs during the rota- 
tion process, it is not obvious what the direction of the integrated 
principal strain should be. The writer would like to ask how 
the principal strain €,” has been defined and how the angle @ has 


been determined. 


J. L. M. Morrison.* There appears to be a growing tendency 
to regard the details of experimental work as unimportant and 


* Visiting Professor of Engineering, Brown University, Providence, 
I 
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unworthy of publication. But in a paper relating primarily to an 
experimental investigation of the validity of a theoretical argu- 
ment, or of the premises on which it is based, it seems that the 
briefest possible exposition of the predictions which are to be ex- 
amined, supplemented by appropriate references, should suffice, 
and that in the additional space thus made available the fullest 
possible description of the materials used, of the experimental 
apparatus and techniques, and of the results of the tests should be 
given. How else can the interested reader judge whether the 
work has been carried out with adequate care and skill, every 
avoidable error and vitiating circumstance guarded against, and 
the residual inaccuracies noted and clearly stated? How else can 
the following worker, who wishes perhaps to repeat or amplify 
the work, be saved from the pitfalls into which the leader has 
fallen and from which he has escaped only after the expenditure 
of much time and effort? 

The present paper is only one of many which seem in at least 
some of these respects to fall short of the ideal. The testing 
equipment and measuring devices, it is said, are described in an 
earlier paper, but this earlier description consists of four photo- 
graphs and a like number of brief paragraphs which leave much to 
the imagination. Clearly, accuracy of loading and of measure- 
ment are of vital importance; much of the value of the paper 
rests on the assumption that the errors are negligible. No doubt, 
in general, they are; but in the absence of a full description some 
doubts arise. For instance, it is easy to demonstrate that the 
arrangements used to obtain axiality of loading would not insure 
it; lateral adjustment at one end only of the specimen can too 
easily lead to a load axis at an angle to the tube axis. In some of 
the earlier stages of loading the authors themselves point out that 
to obtain reasonable agreement with the theory they are in- 
vestigating they have to assume maximum errors in both strain- 
measuring instruments, one error having a positive value, the 
other negative. This is equivalent to saying that at this stage the 
possible errors are so large that the theory cannot be examined. 
Again, the authors remark that under certain conditions negative 
(and therefore absurd) values of measured strain were found to be 
due to the equipment which was “modified slightly . . . in an 
attempt to reduce the weight.’’ Of course the final equipment 
may wel] give accurate results, but how can one know whether 
such a happy outcome has been assured? By seeing whether or 
not the results agree with the theoretical predictions? Surely not, 
since the object of the experiments is not to “‘verify’’ the theoreti- 
cal work but to assess the magnitude of any discrepancy be- 
tween the predictions of the theory and what actually happens. 

The authors state briefly that the yield strength of the material 
is 5000 psi, and that this value, together with Figs. 1, 2, and 3 
gives an idea how far into the plastic range the tests were carried. 
Stress-strain curves for the material subjected, say, to pure ten- 
sion and pure shear would have been vastly more informative. 
From such curves it would have been possible to judge whether or 
not the material was (a) uniform and (b) one whose behavior 
satisfied the flow criterion chosen. There is ample internal evi- 
dence that one at least of these two desiderata is far from being 
satisfied. Direct evidence is given by Figs. 3 and 5. 

Curve C5 in Fig. 3 shows that although the specimen has been 
loaded in almost pure torsion to an equivalent stress well over 
twice the stated yield stress, yet Fig. 5 shows that plastic flow does 
not begin until the equivalent stress is 1.7 times the stated yield 
stress. Similarly, the enormous discrepancy between curves Cl 
and C? in Fig. 5 cannot reasonably be ascribed to the slight dif- 
ferences in their strain history, since C3 and C4 have strain his- 
tories which are far more widely different from both Cl and C2 
(see Fig. 3) and yet give curves which are intermediate between 
But the authors make it quite clear that they regard the 
A as arising out of the strain 


them. 
conveniently variable constant 


history, since they say “the dependency of the constant A upon 
the path of loading could not be determined because of the 
small number of experiments performed in the series C.’’ This 
appears to be indefensible. 

The writer greatly regrets that he has felt it necessary to be so 
apparently adversely critical of some parts of the pith and the 
presentation of a valuable piece of experimental work. It is be- 
cause it is valuable and, in the writer's opinion, could be even 
more valuable and convincing that it is desirable to be forthright 
rather than platitudinously complimentary. The most novel part 
of the paper is of course that which deals with the rotation ex- 
periments, and here again it would have been of interest to learn 
how the not inconsiderable difficulties associated with the experi- 
mental techniques were overcome. This might have shed some 
light on the reason why some of the tests conform so much more 
closely than others to the behavior predicted by the incremental 
type of theory. That the total-strain theory would give wholly 
erroneous predictions in this type of test could nowadays hardly 


be doubted. 
Avutuors’ CLOSURE 


The authors thank Mr. Davis for hiscomments. His questions 
may be answered as follows: 

In the series C of tests, tension loading started at rT, = 2130, 
2413, 3162, 3672, and 5074 psi, for tests 1 to 5, 
Obviously, in tests 1 and 2 the disagreement shown in Fig. 5 of the 


respectively 


paper is due to combined tension and torsion alone, whereas in 
the other three tests it is due both to pure torsion and to combined 
tension and torsion. In the rotation tests the angle @ and the 
principal strain €” have been defined as in small strain theory 


procedure may not be permissible where plastic strains of several 


because in these tests the plastic strains were quite small 


per cent are present 

The authors wish to thank Professor Morrison for his interest 
in the paper. They regret that lack of space did not allow them 
to give a fuller description of the experimental technique. They 
feel, however, that a careful reading of this paper as well as of the 
previous paper [reference (1) of the Bibliography] would answer 
most of the questions of Professor Morrison. For example, 
lateral adjustment at one end of the specimen would not lead to a 
load axis at an angle to the tube axis because the spherical seat A 
see Fig. 8 of reference (1)] was on the axis of the specimen 

It is obvious also that in the early stages of loading when the 
strain increments are very small it is not possible to test the 
theory. This is the reason why in tests 9 and 10 of Fig. 1 of the 
paper the first strain-increment vectors are not in the directions 
predicted by the theory. This is also the reason why in the series 
Band C the strain-increment vectors have been drawn beginning 
at relatively higher levels of stress 

The text clearly states that comparison of measurements by 
means of SR-4 strain gages with those by means of the modified 
mechanical gage used in series B has shown that there is no 
error due to the mechanical gage after the first one or two incre- 
ments of torque load were applied Thus, the “happy outcome”’ 
which Professor Morrison mentions is there 

In the series C, plastic strains started at To = 2130, 2527, 


2148, 2371, 2426 psi, for tests 1 to 5, respectively. In the be- 


ginning, however, the increments of plastic strain were very 
Thus in test 5 the plastic flow started at about the same 


small 
level of 7) as with the other specimen and not at 1.7 times the 
stated yield stress. However, until 7) has increased to a higher 
level the value of I)” was much too small to be shown in Fig. 5 
By introducing the constant A varying from test to test we 
neglect the small plastic strains at the earlier stages of loading 
Whether this constant A is a function of the path of loading is 


not yet known 
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Aerodynamic Interference of Cascade 
Blades in Synchronized Oscillation’ 


M.A. Bror.? It seems of interest to point out that the method 
of conformal transformation yields particularly simple solutions 
if we use it in conjunction with the method of the acceleration 
potential as shown by the writer several years ago.’ It is par- 
ticularly well suited to the present case of the oscillating cascade. 
The directness of the method is due to the absence of any vortex 
sheet in the acceleration field. The acceleration potential is 
written 

A sin 4; 
= ~ 


where A sin @,/r; is the potential due to a dipole at point A (lead- 
ing edge) of the circle. The polar co-ordinates r,6; in the &-plane 
are from A as origin. The term ¢; is the acceleration potential 
due to the apparent mass, i.e., due to acceleration of the cascade. 
The value of the acceleration may involve terms of the type 
Va& and h. The constant A is the unknown intensity of the di- 
pole. The pressure on the airfoil is p = —py. The Kutta- 
Joukowski condition is automatically satisfied by the fact that 
the pressure is zero at the trailing edge. 

To determine the constant A we express that the vertical ve- 
locity v of the airfoil at the leading edge is equal to the integrated 
upwash of the acceleration from — © to z = —1, namely 


—tws 1/: z' 
p= . a <a. eiwr/v oe dx 
i ae oy 


with the limiting value z' = 1 +¢€(¢€—0). The integral is evalu- 
ated by taking the limiting value of x’ to be at the leading edge 
and by replacing d¢/dy by —dw/d z where y is the harmonical!y 
conjugate function of ¢. This relation yields the value of the 
constant A, representing the circulatory term. It is proportional 
to Theodorsen’s function in the case of the single airfoil and should 
be proportional to C (u, k) for the cascade. 

Since sin 6,/r; = '/2 tan 0/2 on the circle, we may write for the 
pressure on the airfoil 


1 
teem pA tan 0/2 — pe 


This shows the interesting property that the circulatory pressure 
distribution in terms of the angle @ is the same as for the single 
airfoil. It is also the same as for the stationary cascade. 


N. H. Kemp.‘ The paper just presented deals with a subject 
which also has been considered recently by a number of other 
authors. 

1 Mr. Roy Fanti, of the United Aircraft Corporation Re- 
search Department, worked out the expression for lift and mo- 
ment on an unstaggered cascade in synchronized pitching and 
plunging oscillation in an unpublished report in 1950. He made 
use of the transformation,’ which is more symmetrical than the 
1 By Chieh-Chien Chang and Wen-Hwa Chu, published in the 
December, 1955, issue of the JournNat or ApPpLieD Mecuanics, Trans. 
ASME, vol. 77, pp. 503-508. 

? Research Consultant, Cornell Aeronautical Laboratory, Buffalo, 
N. Y., and Shell Development Company, New York, N. Y. Mem. 
ASME. 

+ “Some Simplified Methods on Airfoil Theory,” by M. A. Biot, 
Journal of the Aeronautical Sciences, vol. 9, 1942, pp. 185-190. 

* Research Department, United Aircraft Corporation, East Hart- 
ford, Conn. 

“Aerodynamic Theory,”” by W. F. Durand, Julius Springer, 
Berlin, Germany, vol. 2, 1935, p. 93. 
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one used by the present authors. No numerical work was pre 
sented. 

2 Mendelson and Carroll of the National Advisory Committee 
for Aeronautics, also considered the problem. They used vortex 
distributions in the physical plane, and treated not only in-phase 
oscillations, but also cases where adjacent airfoils are 180 and 
90 deg out of phase. They give numerical results for the in- 
phase case, 

3. L. C. Woods’ also has dealt by conformal transformation 
with nonsteady flow in unstaggered cascades, giving results in 
terms of associated Legendre functions of imaginary index. 

4 The present writer has applied the methods of von Karman 
and Sears** to general in-phase nonsteady flow in unstaggered 
cascades. Using a theory for such cascades analogous to Munk 
thin-airfoil theory for isolated airfoils, results exactly analogous 
to those of von Karman and Sears have been obtained. These 
results have been specialized to harmonic pitching and plunging 
oscillation as well as to several other nonsteady motions, both 
harmonic and nonharmonic. It is hoped to publish this work 
in the near future. 

When the results of all these investigations, which are in sub- 
stantial agreement, were compared with those of the present 
paper, it was found that both lift and moment agree provided 
that the integral F, in the present work is equal to 72, i.e. 


F, = Vive = 


4 1 
ES {In cosh yp] [in (1 + cosh » | co Be 
ue 2 


This identity, if true, simplifies both lift and moment expressions, 
Equations [26] and [27] of the paper. To check it, the quantity 
VY, was plotted in Fig. 2. The resulting curve falls on top of F; 
up to about c/G = 1.25, but diverges from it thereafter, reaching 
1.39 at c/(G = 2. A rough numerical integration of the ex- 
pression in Equation [28a] for F,; at c/G = 2 yielded a value of 
1.32. Numerical integration for c/G > 1.5 is made difficult by 
the very strong singularity of the integrand at the upper limit 
when tanh uy = 1. For the case mentioned, c/G = 2, 99 per cent 
of the value of F, comes from the interval 178° < @ < 180°. 

In the light of the other investigations mentioned, the writer 
suggests that the values of F; given in Fig. 2 of the paper for c/G > 
1.25 may be in error and should be checked to see if the correct 
values do not yield the relation of Equation [1] of this discussion. 

No similar check on the values of F; was possible since no ex- 
plicit closed integration of this function has been obtained, to the 
writer’s knowledge. 

Finally, note that a cascade Theodorsen function Cy related 
to the one in Fig. 3 is plotted in TN 3263.6 The relation between 
them is 
1 
a+ cosh pz) 


— 


Cy = e~*C — (tk/p) In 
=e "C — tkuv,/4a 


AutTuors’ CLOSURE 


Doctor Biot has pointed out an interesting alternative ap- 
proach to our problem by using the acceleration potential ¢ 


Po, Fe P 


= const 
ra) oz p ? ‘ 


* “Lift and Moment Equation for Oscillating Airfoils in an In- 
finite Unstaggered Cascade,’’ by Alexander Mendelson and R. W. 
Carroll, NACA TN 3263, October, 1954. 

7“On Unsteady Flow Through a Cascade of Aerofoils,”’ by L. C. 
Woods, Proceedings of the Royal Society of London, England, series A, 
vol. 228, 1955, pp. 50-65. 

§ Reference (5) of the Bibliography of the paper. 

* “Operational Methods in the Theory of Airfoils in Non-Uniform 
Motion,” by W. R. Sears, Journal of The Franklin Institute, vol. 230, 
1941, pp. 95-111. 
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as given in his previous paper.’ In the pressure field, it appears 
necessary to make an ingenious guess of the singularities in the 
circle plane to yield an elegant solution quickly. For a relatively 
general motion, this approach is just as complex as that in the 
velocity field. On the other hand, the Neumann problem for a 
circle is solved for any arbitrary small oscillations. For quasi- 
steady sinusoidal motions, the strength of the wake-vortex sheet 
is undetermined also to a constant without the Kutta-Joukowski 
condition. The disappearance of wake-vortex sheet in the pres- 
sure field simplifies the mathematical formulation in some respects 
at the loss of the familiar physical picture to all engineers. In our 
results, simplification is achieved, for instance, by integrating the 
induced tangential velocity due to each pair of source and sink on 
the unit circle to obtain 0¢,/30 v‘+:>h is part of the acceleration 
potential—a differentiation under in‘egral sign for $,(8). It is 
noted that the introduction of the conjugate function of ¢ is only 
to carry out some mathematical operation and that the deter- 
mination of the constant strength of the doublet in the pressure 
field for flapping motion, necessitating a transformation to the 
physical plane, is in parallel with the determination of the 
strength of the wake-vortex sheet in the velocity field. The 
choice between the acceleration potential ¢ and the velocity po- 
tential @ seems to be a matter of preference. 

The authors would like to acknowledge their appreciation to 
Dr. N. H. Kemp for pointing out the graphical inaccuracy in the 
figure for FP, and F; (beyond uw = 4.5, i.e., c/G = 4.5/r = 1.43) 
due to a numerical error at c/G = 2 and the interesting fact that 
FP, — vy", = 0. The actual fundamental functions appeared in the 
following form 


] t In*(1 + tanh uw cos 6)dé 
PY: o (1 + tanh pu cos 6)8 
where a, 8 are integers; a 2 2,8 2 0. The authors fail to ex- 


press I; and Lp in a closed form of elementary functions. How- 
ever, an analytical proof has been reached to show 


Leo = In cosh yp In = py, 


1 sk 
Ff, = sech bu s tes —_ ue 


i.e., Fy = v2 precisely.” It is remarked that, in evaluating the 
following, two definite integrals were used 


(a) Lie = | In (1 + tanh yp cos 6)d0 = x In ( 


0 


* In (1 + tanh p cos 6) 
(b) Lu = [ HM ; 
J0 1 + tanh pu cos 6 


1 + cosh yu 
cosh yu 


cosh 4 (1_+ cosh ph) 
2 


Lo is given by D. Bieren de Hoan.” The expressions for Z,; and 
F, can be proved by the method of contour integration. The 
path of integration is deformed from a unit circle to that shown in 
Fig. 1 of this closure. Whether F; can be expressed in a closed 
form of known functions remains unanswered. 

Finally, our result may be rewritten as 


de = 


m@ cosh yp In 


Y"-a0 Va! Fe": [26a] 
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= pU? { ik + k*a)a 


3 pU? } [1 + ik(vs —a)]a z= ; vsc(t, k). . [26c] 


The authors have available an Appendix demonstrating proof 
for F; = »»:. A copy may be obtained from them on request. 


Z,=-coth a +coshu +7 
Z,=-coth m -Ccosh x Jtxo 


0,Z,, Z, are 


branck points 


G@ )Vsc\ MM, 


where 


Fs, v 


, Ys, Ye, and c(u, k) are given in the paper. 


The Solution of Multiple-Branch 
Piping-Flexibility Problems by 
Tensor Analysis’ 


A. R.C. Markt.? To the writer’s knowledge, this and its com- 
panion paper® are the first to apply tensor methods to piping 
flexibility. This approach with its use of matrix notation, as 
sketched in bold strokes by the author, provides a surprisingly 
clear road map by which the analyst can orient himself regarding 
the major stages of his jourfiey toward the solution of flexibility 
The very 
brevity which gives this exposition much of its merit as a general 
guide, however, might lead the unwary to overlook the fact that, 
in this, as in other methods, the road to be followed in the solution 
of an actual problem is a rough one. Many of the factors desig- 
nated by a simple letter symbol in reality are complex terms, 
and the bold-face symbols representing matrixes involve con- 
siderable time and effort in their evaluation. 

The writer has not yet found time to check the author’s 
He did note, however, that the basic deter- 


problems of any conceivable degree of complexity. 


approach in detail. 
minant, Fig. 3, contains a number of zeros; this, and the repeti- 
tion of certain parameters, lead him to conclude that the author 
has chosen to disregard certain terms which would appear in a 
precise analysis but which are frequently neglected as constitut- 


ing secondary effects 
AuTHOR's CLOSURE 


The author is in general agreement with Mr. Markl’s discus- 
sion and with his statement that the road to be followed in the 
solution of flexibility problems can be a rough one. The author 


i By J. W. Soule, published in the June, 1956, issue of the Journat 
or AppLiep Mecuantcs, Trans. ASME, vol. 78, pp. 176-180 

? Research Consultant, Tube Turns, Louisville, Ky. 

’“Tensor Flexibility Analysis of Pipe-Supporting Systems,”’ by 
J. W. Soule, Journnat or Apptiep Mecuanics. June, 1956, Trans. 
ASME, vol. 78, pp. 181-184 
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believes, however, that in the near future more general use of the 
electronic computer will greatly lessen the time and effort re- 
quired to evaluate the basic flexibility parameters. In addition, 
the fact that the derivation of the equations of performance 
for any system can be accomplished by a single formula (Z’ = 
C,ZC), implies that it will be possible to program a computer 
not only to evaluate the parameters, but also to derive the 
equations of performance and solve them. 

Mr. Markl mentions the fact that the author neglected sec- 
ondary terms in constructing the flexibility matrix, Fig. 3 of the 
paper. Although derivations exist which express such secondary 
terms in various ways, analysts do not all agree on their accuracy 
nor to which problems they should be applied. The author pre- 
fers to deal with this point simply by saying that, when neces- 
sary, secondary terms can be included very easily merely by 
inserting them in their proper places in the basic A flexibility 
matrixes. Perhaps it is well that Mr. Markl brought up this 
point, as the author certainly would not wish to convey the im- 
pression that it is never necessary to include these terms. The 
experience and good judgment of the analyst, together with his 
knowledge of fundamental theory, must guide him in deciding 
just what degree of accuracy is required by any given problem. 
For certain types of problems, such as those involving skewed 
bends, for example, it also may be found expedient to divide 
the system into smaller components than were required by the 
example considered in the paper. Although numerous varia- 
tions are possible to. meet different situations, the general ap- 
proach described in the paper remains unchanged. Regarding 
the analysis of pipe bends, the author would like to recommend 
to the reader a paper by Vigness.* 

In conclusion, the author would like to thank Mr. Markl for 
contributing his valuable discussion. 


Comparison of Slip-Line Solutions 
With Experiment’ 

C. T. Yane.? In two-dimensional plane-strain problems of 
plasticity the characteristics of the plasticity equations (equi- 
librium equations and yielding condition) are the same with the 
following slip lines, i.e. 

P + 2k 
P — 2ko 


= const on @ line} 1] 


const on 8 linef * ; 
By Hencky’s geometrical theorems, the slip-line field can be easily 
constructed based upon the constant angular relationship between 
two points along a@ or 6 lines. Thereby the plane-strain problem 
is said to be solved by slip-line method. 

Now in three-dimensional axially symmetrical problems, Hill 
derived the following equilibrium equations in curvilinear co- 
ordinates on a meridian plane, using @ and 8 lines of a slip-line net 
as co-ordinate axes 


***Elastic Properties of Curved Tubes,”’ by Irwin Vigness, Trans. 
ASME, vol. 65, 1943, pp. 105-120. 

1 By E. G. Thomsen, published in the June, 1956, issue of the 
JouRNAL OF AppLiep Mecuanics, Trans. ASME, vol. 78, pp. 225- 
230. 

Senior Research Engineer, Ford Motor Company, Dearborn, 
Mich. 
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The von Mises yielding criterion was used. Multiplying by ds, 
and dsg, respectively, the foregoing equations yield 


4 
or 
— d8q, 


08g 
\ 


d 
dp + 2rdp + (o + p —rT cot >) = 
‘ 


along a@ line 

[3] 

or | 
a dsg, 

Seq 


along 6 line 


1 
dp — 2rd + (o + p—r tan d) — = 
: 


If using rT = '/2Y as yielding condition, we have 


i 
dp + 2rdb + (o + p—r cot d) — = 0, alonga 
r 


Ir 
dp — 2rdo@ + (oc + p —r tan >) oe 0, along 8 
r 


Both Equations [3] and [4] are not the characteristics of plas- 
ticity equations. 

Although they satisfy the von Mises and Tresca yielding cri- 
teria, respectively, the geometrical theorems of Hencky do not 
apply. Therefore it is questionable to construct the slip-line net 
using Hencky’s method. 

Even if Equations [3] and [4] can be used to construct thé slip 
lines, they are quite different from the slip lines in plane problems 
owing to the existence of the third term in the equations. Thus 
the similarity of the slip-line net in two-dimensional and three- 
dimensional plasticity problems could be merely a coincidence. 
Theoretically they are not the same. 


AvuTHOR’s CLOSURE 


The author wishes to thank Dr. Yang for his discussion, but 
differs with him in his interpretation of the results reported in the 
paper. It was stated in the paper that Hill’s equations (dis- 
cusser’s Equations [4]) could be integrated if an artificial yield 
condition is substituted in order to eliminate the third stress 
from these equations. Under these conditions the slip lines be- 
come characteristic and the author showed that, for the extrusion 
problem, the plane strain and axially symmetric slip lines were 
nearly the same. However, there appears to be at present no 
method to integrate Equations [4] unless the foregoing artifice is 
used; hence the author did not offer a solution or make a com- 
parison of results using Equations [4] in their complete form. 
Thus the question of coincidence of slip lines was not raised, but 
it was shown that the stresses calculated from experimental strain 
rates and from slip lines for the plane strain problem were in 
good agreement. Whether or not this latter fact is coincidental 
cannot be stated a priori and requires further experimental in- 
vestigations. 








Book Reviews 


Surveys in Mechanics 
Mecnuanics. The G. I. Taylor 70th Anniversary 
Edited by G. K. Batchelor and R. M. Davies. Cam- 
bridge Monographs on Mechanics and Applied Mathematics. 
Cambridge University Press, New York, N. Y. 1956. Cloth, 
5 X 8'/sin., vii and 475 pp., illus., $9.50. 


SuRVEYs 
Volume. 


IN 


Reviewep By Hues L. Drypen! 


N commemoration of the seventieth birthday of Sir Geoffrey 

Taylor the editors invited several active research workers to 
write survey articles for nonspecialist readers in fields in which 
Taylor has been active. The result is a most interesting book, 
from Sir Richard Southwell’s anecdotal biographical note to 
Ken Davidson’s scientific account of “The Mechanics of Sailing 
Ships and Yachts,”’ a field waich both Taylor and Davidson have 
investigated in less scientific fashion. 

The longest contribution (102 pages), ‘Viscosity Effects in 
Sound Waves of Finite Amplitude,’’ by M. J. Lighthill is said 
by its author to have been a iabor of love, and in fact every one 
of the surveys shows evidence «° this spirit in the care taken to 
produce a readable account of recent developments. 

Another contributor, N. F. Mott, states that “it is remarka- 
ble how close our present ideas of the nature of a cold-worked 
solid are to those given by Taylor.’’ His survey of “Dislocations 
in Crystalline Solids’’ as well as several other contributions reveal 
the key creative and catalytic role played by Taylor in several 
difficult basic areas of investigation in mechanics. The ten 
articles contain references to 39 of Taylor’s publications. 

The first article by R. Hill on “Plastic Deformation’’ reviews 
the theory of the plastic behavior of crystalline aggregates in 
terms of the general deformation of single crystals, together with 
related experimental data. 

N. F. Mott describes the Frank-Read model of dislocation 
sources, barriers, piled-up groups, vacancies (holes in U. 8. 
terminology ), and the theory of their behavior in plastic flow. 

R. M. Davies treats “Stress Waves in Solids,’’ elastic, vis- 
coelastic, and plastic. He notes the continual rediscovery of 
solutions and equations which have lain dormant for years, 
mentioning as an example the exact theory of vibrations of 
circular cylinders, first presented in 1876 and again independently 
in 1889, then dormant for a half century, with seven independent 
investigations published between 1931 and 1949. There is a 
large section on modern experimental methods. The theory of 
plastic waves is traced to independent papers by Taylor, von 
Karman, and White and Griffis. 

H. B. Squire summarizes the known solutions of the flow of 
rotating fluids, especially for flows symmetrical about the axis of 
rotation. 

W. R. Lane and H. L. Green write on “The Mechanics of 
Drops and Bubbles.’’ The chief topics are drop formation, 
motion of falling drops, deposition of drops on obstacles, internal 
circulation in drops, bubble formation, dynamics of rising bubbles, 
and bursting of bubbles. 

F. Ursell’s contribution is on “Wave Generation by Wind.’’ 
An account is given of the theory of instability of the boundary 
layers in air and water and of the interface. This is followed by a 
discussion of various theories of a semiempirical nature of the 

1 Director, National Advisory Committee for Aeronautics, Wash- 
ington, D.C. Fellow ASME. 
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generation of waves by the wind and of related experiments. 
The available information on the roughness of the sea including 
the spectrum of sea waves is also reviewed. 

M. J. Lighthill’s paper describes the opposing processes which 
tend to alter the wave form of sound waves of finite amplitude 
in their travel, the nonlinear effects leading to steepening of the 
wave front; i.e., shock-wave theory, and the irreversible proc- 
esses due to viscosity, relaxation effects, and heat conduction 
leading to diffusion which tend to remove steep fronts. 

G. K. Batchelor and A. A. Townsend summarize the present 
state of basic knowledge and set down the essential ideas in 
“Turbulent Diffusion.’’ 

T. H. Ellison in an article on ‘Atmospheric Turbulence’’ 
treats, primarily from an experimental point of view, the turbu- 
lent flow of air over the ground; i.e., wind profiles and turbulent 
fluctuations. 

The final article by K. 8. M. Davidson breathes the atmos- 
phere of the sea with an account of the progressive improvement 
of sailing craft from square-rigged ships to modern yachts and 
racing craft in their ability to sail close to the wind. These 
accomplishments are examined in the light of modern aerody- 
namic and hydrodynamic knowledge to study the chances for 
further improvement. 


Heat Exchangers 


A Summary of Basic Heat Transfer 
By W. M. Kays and A. L. Lon- 
Cloth, 8 X 


Compact Heat ExcHANGERS 
and Flow Friction Design Data. 
don. The National Press, Palo Alto, Calif., 1955. 
103/, in., xii and 156 pp., illustrated, $5. 


REVIEWED BY JosEPH KayYE?* 


N the past decade a large body of interesting and useful data 

and analyses of compact heat exchangers has been published 
by several engineering research laboratories. These data have 
been assembled and analyzed in this book to form a comprehen- 
sive treatment of compact heat exchangers on a common basis. 
The book presents heat-transfer and fluid-flow data for many 
types of surfaces which are used in a large number of current ap- 
plications. 

After a brief introductory chapter, chapter 
analyses for heat transfer and fluid flow for the conventional two 
fluid-heat exchangers, for liquid-coupled indirect type of heat ex- 
The approach used 


2 introduces the 


changers and for periodic-type exchangers. 
in these analyses is that of the NTU, or number of heat-transfer 
units. The calculated performance of the various exchangers 
analyzed in chapter 2 is shown in some ten tables and 17 charts at 
the end of the chapter. 

Chapter 3 discusses briefly the problem of temperature varia- 
tion of fluid properties in the exchangers and the method of 
evaluation of “mean’’ temperatures. Chapter 4 discusses the 
fluid-flow losses at entrance and exit to the heat exchanger; i.e. 
the contraction and expansion loss coefficients; four charts are 
given for rapid estimation of these coefficients. Chapter 5 pre- 
sents some analytical solutions for heat transfer and fluid flow in 
circular and rectangular tubes, in the form of seven charts. 
Chapter 6 contains a summary of analyses and correlations of heat- 
transfer and flow-friction performance for simple geometries, such 
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as round and rectangular tubes; the correlations are contained 
in seven charts. Chapter 7 discusses briefly the experimental 
techniques employed in obtaining the data. Chapter 8 summa- 
rizes the many kinds of heat-transfer geometry in the form of five 
tables and a multitude of drawings. Chapter 9 summarizes the 
test data on heat transfer and fluid flow for 88 compact surfaces 
in the form of some seventy-odd tables and some seventy-odd 
charts; this collection of data is, indeed, valuable to the heat- 
transfer engineer. 

The three appendixes contain abbreviated tables of properties 
of air, water, gaseous mixtures of air and water vapor, and com- 
bustion products, some sample calculations, and a derivation of 
the effectiveness—NTU relations. The book does not contain an 
index but does have lists of tables and of charts. 

On the whole, the authors have performed a valuable service 
in summarizing and analyzing the vast amount of test data 
available for heat transfer and fluid flow for many different sur- 
face geometries. The book is recommended to those engaged in 
the design and utilization of compact heat exchangers. 


Molecular Flow of Gases 


Mo.ecutark Fiow or Gases, by G. N. Patterson. John Wiley and 
Sons, Inc., New York, N. Y., 1956. Cloth, 5'/2 X 9 in., x and 217 
pp., illus., $7.50. 


Reviewep By Hues L. Drypen*® 


‘THs book presents a molecular theory of gas dynamics based 

~ on an assumed relatively simple molecular model and velocity 
distribution function. Such an approach is necessary to deal with 
problems of the flow of rarefied gases encountered in the flight of 
airplanes and missiles at very high altitudes, as well as to under- 
stand the fine structure of shock waves in supersonic flow. Per- 
tinent experimental data on free molecule and slip flow and on 
shock-wave thickness are included. 

The book is based on a series of lectures to advanced students 
in engineering, physics, and applied mathematics at the Uni- 
versity of Toronto. The mathematical level is that of elementary 
differential equations. An appendix contains the values of certain 
definite integrals, definitions of the gamma and error functions, 
and a brief review of the characteristics of certain differential 
equations. The author’s aim is to assist the student in making 
the transition from continuum theory to molecular theory; not 
to write a text on kinetic theory of gases. 

The first chapter describes the models of molecules to be used, 
derives the Boltzmann equation for the velocity distribution func- 
tion, and the transfer equations for mass, momentum, and 
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energy. Chapter 2 outlines the molecular theory of isentropic 
compressible flow based on Maxwell’s velocity distribution func- 
tion, and applies it to expansion waves in one-dimensional un- 
steady flow in a shock tube and in two-dimensional steady flow 
around a corner. 

Chapters 3 and 4 treat nonisentropic flows arising when com- 
pression waves are present. The theory of these flows requires a 
modification of the Maxwell velocity distribution. Effects are 
described which correspond to the introduction of viscosity and 
heat conduction in continuum theory. Application is made to 
the shock transition and to compressible flow in boundary layers. 
The final chapter deals with the mechanics of rarefied gases in- 
cluding free molecule and slip flows. 

Engineers will find this book a useful introduction to an ex- 
ceedingly complex subject. 


Mathematical Physics 


MetxHops or MaTHematTicat Puysics. By Sir Harold Jeffreys and 
Bertha Swirles (Lady Jeffreys). Cambridge University Press, 
New York, N. Y., Third Edition. 1956. Cloth, 10'/: X 7'/sin., 
ix and 714 pp., $15. 


Reviewep By A. Aut Kuerracia* 


‘THE first edition of this treatise has been ably reviewed by 

Prof. E. Reissner in the June, 1948, issue of this JouRNAL so 
that the following remarks will be largely confined to a description 
of important changes in the later editions. 

In the second edition the fifth chapter on multiple integrals 
was largely rewritten and now includes material on multidimen- 
sional continuity, differentiability, and change of variable. The 
discussion of relaxation methods in the ninth chapter was ex- 
panded. In chapter 11 the theory of inverse functions was 
thoroughly revised. 

The section on the method of stationary phase in the seven- 
teenth chapter has been extended and the discussion of multipole 
radiation in chapter 24 expanded. 

In the third edition an elementary proof due to Prof. A. S. 
Besicovitch of the theorem of bounded convergence for Riemann 
integrals has been included. In chapter 17 a more detailed dis- 
cussion of the Airy integral for complex argument has been given. 

The entire treatise is written in an admirable style which com- 
bines accessibility to a broad group of engineers and physicists 
with a consistent emphasis on the importance of an appreciation 
of mathematical rigor even on the part of those readers not ac- 
customed to apply it. 

4 Mathematician-Physicist, Lessells and Associates, Inc., Boston, 
Mass. 





